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BBenenue

JInmb cirygait — 3aKOH, & 3aKOH BCErJia CIyYaeH.
Ipux Mapus Pemapx

[Ipu wnccieoBaHUN MHOTUX TPODJIEM, HAYYHBIX, COIUAJb-
HBIX, TMPOM3BOJICTBEHHBIX, BOGHHBIX W JIazKe OBITOBBIX, TACTO TIPH-
XOJIUTCST BCTPEYATbCSI ¢ OCOOBIM THITOM sIBJIEHUH, KOTOPBIE MPUHSI-
TO HA3BIBATL CiydaiiHbiMu. [IpuMmepamu Takux ciydaiiHocTeit Mo-
IYT CJIy?KUTH TPACKTOPUH TIOJIETa, CAMOJIETOB, CJIyYaillHbIE TIOSTBJICHUST
PerpaJi Ha YKEeJE3HOMOPOKHBIX IIyTAX, CIydaiiHble OTKA3bl HABUra-
[MUOHHBIX TPpUOOPoB U mpoune. CirydaiiHOCTb — 5TO aJbTEPHATHRA
3aKOHOMEPHOCTHU. 3aKOHOMepHbIe (MU JIeTeDMUHUPOBAHHBIE) SIBJIE-
HUsT U3YYalOTCsT B paMKaX KJIACCUYIECKUX HAYyJIHBIX Teopuit. Bozmu-
KaeT BOIPOC, MOYXKHO Jin u3ydarh ciydaitHoctu?! CorjiacHO JIOTHKe
U TEOPUH TO3HAHUSI OTBET OUYEBWIHBIN — KOHEYHO, HeT. VHTywmmms
U yrajblBaHue UCKJIo4Yaiorcs. OTBET HEOUEBMIHBIH — MOXKHO, HO
TOJBKO B TOM CJIy9ae, KOT/Ia B CYIafHOCTAX MPUCYTCTBYET 3aKOHO-
MEPHOCTD.

Teopusi BEpOSITHOCTEN — MAMEMAMUYECKAA HAYKG, U3YUAIO-
WaA 3GKOHOMEPHOCTNY 6 CAYHATUHLET ABAEHUAT. Ba30BBIM IMMOHSITH-
€M 3TON TeOpHuU SIBJSIETCST Cobbimue — BCSIKUN MCXOJT HEKOTO OIbI-
Ta, (ucublTanust), HabJIOIaeMOro uccseopareseM. Kiaccuaeckumu
IPUMEPAMH SIBJISIIOTCS COOBITHS 13 O0JACTH a3apTHBIX UID ( WIPBI
B MOHETKY, KOCTHU, KapThl)— BbIlIaJeHue JIOOOH rpaHu UrpaabHON
KocTH, Beimagenne "opusa" wiam "pemku" u apyrume. Mepsl ciydaii-
HBIX CODOBITHI, TIPUMEHsIEMbIE Ha OBITOBOM yPOBHE, XOPOIIIO U3BECTHBI
(ImaHc, BO3MOYKHOCTb, IIPOIEHT YIauu, BCe PaBHO U 1p.) Mepoii cobbI-
THS HA MATEMATUYECKOM SI3LIKE SIBJISETCS 8EPOAMHOCMb. DTO OJTHA
U3 YUCJIOBBIX XapPAKTEPUCTUK BO3MOYXKHOCTH IOSBJIEHUS CJIy9aiiHOro
cobbrTust, Koropast Mensiercst or 0 1o 1. VI3BeCcTHBI UCTIBITAHUS, TTO-
CTABJIEHHBIE B OJHUX U TEX YK€ YCJOBUSX, KOTOPBIE BCET A ITPUBOIAT
K OIPEJIEJICHHOMY COOBITHIO (MOJOPOIIEHHBII KAMEHb BCEr/a MaiaeT
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Ha 3eM110). Takue coObITHST HA3BIBAIOTCS JIOCTOBEPHBIMU U UX BEPO-
SITHOCTH paBHa 1. A M3BECTHBI OIIBITHI, KOTOPBIE TIOKA3BIBAIOT, ITO CO-
ObITHsI HUKOT/[a He HACTYIIST (MOHeTa, OpOIeHHAsT HA CTOJI, HUKOI/IA
He craHeT Ha pebpo). Takne cOOBITHS HA3BIBAIOTCS HEBO3MOKHBIM,
1 ux BeposTHOCTH paBHa 0. Takum obpasom, ciydaiiHble COOBITHSI
BCErla JieyKaT MEXKIY JABYMs KPAWHOCTAMHU — OBITH JOCTOBEPHLIME
U HEBO3MOXKHBIMU, CJIEJIOBATEILHO, UX BEPOATHOCTHASI Mepa JIEXKHUT
mexy 0 m 1.

Borpochl BepogTHOCTHOIO XapakKTepa BOSHUKAJIN BO MHOTHX cde-
pax 4ejoBedecKoit jiesiTeibHOCTH. HO TJIaBHBIM CTUMYJIOM pa3BUTHS
TEOPUH BEPOSTHOCTEN CIIYKUJIN 331891, KOTOPbIe BOZHUKAJIU B CTa-
TUCTHKE, IPAKTUKE CTPAXOBLIX ODIIECTB, IpU 0OPabOTKe pe3yJibTa-
TOB aCTPOHOMMYECKNX HaOJI0aeHuil. BOJIbIIMHCTBO MepBBIX 3a1at
TEOPHUH BEPOATHOCTE OBLIIO CBSI3aHO ¢ a3apTHbIMU urpamu. CeromHs
9TU 3aJlav9M He IIPEeJICTaB/IAI0T HUKaKOMN HpaKTI/I‘{eCKOﬁ 3HAYUMOCTH,
HO C METOAMYECKON TOYKM 3PEHUs] — aKTYaJbHbI W IIOJIE3HBI, TaK
KaK TO3BOJISIOT N30€2KATh OMMUOOK MPU TOCTPOCHUHN BEPOSITHOCTHBIX
MojeIell M U3ydeHUuU BEpPOSITHOCTHBIX xapakTepucTuk. B XVII Be-
Ke TIOSIBJISIIOTCSI U3SIIITHBIE PEIIeHNsT OT/IeJIbHBIX 38184, CBSI3AHHBIX C
MCCJIEIOBAHNEM BEPOSTHOCTH IOSIBJIEHUST OHOTO U3 PABHOB03MONHC-
HYLT, UCKIIOYAIOMINX IPYT Apyra coObiTuii. CaMble IPOCTHIE TIPUMe-
PBI TAKMX PABHOBO3MOYKHBIX COOLITHI JTalOT UI'PHI B MOHETKY, WI-
paJIbHYI0 KOCTh, KapThl. [l09TOMY BBIJE/ICHNE B ONbITE (MIpE, MPO-
necce) HabOpa MPOCTEHNINX (/IEMEHTAPHBIX) PABHOBO3MOXKHBIX HC-
XOJIOB OKa3bIBAJIOCH HAMOO0JI€e BayKHBIM, IIOCKOJIBKY OHU CPa3y JIaioT
BEPOATHOCTH B BUJIC BEJIMYUHBI OOPATHOIN KOJUIECTBY BCEX PaBHO-
BO3MOKHBIX MCX0/10B. HO Kak 0Ka3ajoCh, BOIPOC O PABHOBO3MOXK-
HOCTHU He 00sizaresbHO mpoctoit. Hambosiee moyaureabHOM U XOpO-
IIT0 OIIMCAHHOW B COBPEMEHHOI JTuTeparype saBisgerca 3adawa de Me-
pe 2], (0boOIEeHNsT U MHOTHE TOHKOCTU KOTOPOH MOXKHO HaiiTu B
kuure [O.Heiimana [13]). Vcropust sroit 3ama4n Takosa. B komre
CEMHA/IIIATOI0 BEKa OAUH (PPAHILY3CKUI BeJIbMOXKa IeBajbe e Me-
pe (M3BECTHBI CBOUM COBPEMEHHUKAM KaK JIIOOUTE/Ib a3aPTHBIX UID,
U B YaCTHOCTH, UTPbI B KOCTH ), 3aMHTEPECOBAJICS MATEMATHIECKIMU
BO3MO2KHOCTAMU IPOTHO3UPOBaHUA YAa9HBIX CTaBOK. OH 3aMeTnJI,
9TO IpU OPOCAHNN TPEX UTPAJLHBIX KOCTEH KOMOMHAIINSA, JAIOIIas B
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cymme 11 09KOB, OsBIISIETCS Halle, 9eM 12, XOTs BEPOATHOCTDH IO-
sIBJIEHUST ODEMX CYMM Ka3aJaCh €My OJIMHAKOBOI, IMOCKOJIbKY U TY,
U IPYTyH KOMOWHAIIMUA MOXKHO IMOJIYIUTH OJHUM U TEM YK€ UUCJIOM
c11oco0oB:

11=6+4+1=6+3+2=5+5+1=
=5+4+2=5+3+3=4+4+3; (+)
12=64+5+1=64+44+2=64+3+3=5+5+2=
=5+4+3=4+4+4.

[TpoBems JIMHHYIO CEPUIO OIBITOB U yOEAMBIINCH, YTO €r0 MaTe-
MaTHIECKNE PACCYKISHUS HE COTJIACYIOTCS C SMIUPUIECKIMU BBIBO-
namu, jie Mepe 1j1eT ruHeBHOE TOC/IaHue CBOEMY COBPEMEHHUKY, 3Ha-
MenuTomy dusocody, maremaruky u mexannky B. ITackasro (1623
1662), e 0OBUHWJI HAYKY W yY€HBIX B MOJHOI OTOPBAHHOCTH OT
Mupa 1 6ECCMBICTIEHHOCTHA HAYYIHOTO TPYIA.

Baes Ilackanab pemmmi sTy 3arajky cieayomuMm obpasom. On
[IPEJITOIOXKUI, UTO 1IPpU OPOCAHUHU UTPAJIBHBIX KOCTEH KOMOMHAIMN
oukoB (a,b,c), (a,c,b), (b,a,c), (b,c,a), (c,a,b), (¢,b,a), rme a, b, ¢ —
dpUKCHpOBaHHBIE YUCIA, CIIEAYET CIUTATH PA3HBIMU U PABHOBO3MOXK-
HBIMU, T.€. PABHOBEPOSTHBIMU CJIEJIyeT CUUTATH (B3aMMOUCKJIIIOYAIO-
7€) MCXOJbI, OMICBIBACMBIE YNOPAJOUEHHbLMY TPOHKAMHI THCEII, &
He UCXOJIbI, OITUCHIBaeMble ITPOCTO TPOUKAMU UHCeNT, KAK ITO IIPEIIo-
narasock B (*). flcHo, uro ecam BepHO npennosnoxenne b. Iackass,
TO KOJIMYECTBO KOMOWHAIUI BBIMABIINX OYKOB HA TPEX UIPAJIBHBIX
KOCTSIX, OIPEIC/IIEMbIX TpeMs (PUKCHPOBAHHBIMU YHCIAMU, 3aBUCUAT
OT KOJIMYEeCTBa HEOJIMHAKOBLIX 1udp B 9T0# Tpoiike. Hanpumep, kom-
ounanust u3 nudp 6,4,1 MoKeT BBIMACTD 6 PA3TUIHBIMU CIIOCOOAMM:
(6,4,1), (6,1,4), (1,4,6), (1,6,4), (4,1,6), (4,6,1); u3 mabopa nudp,
COJIEP2KAINMX J[BE OIUHAKOBBIE UGB — 3 CrocobamMu, HAIPUMED:
(5,5,1), (5,1,5), (1,5,5); u HakoHer, HAOOD, COJEPXKANIMI BCE OJIH-
HAKOBBIE 4ucja, Hanpumep, (4,4,4), MOXKeT BBIIACTb TOJBKO OJHIM
crtocobom. Temepb MBI MIPEIOCTABUM YUTATEII0 BO3MOXKHOCTDL II€pe-
canTaTh B (*) KommuecTBo pasnuuHbIX "PaBHOBO3ZMOXKHBIX" HCXOJI0B
st cyMMbl 11 m st cymmbt 12. Pegynbrat, coorBeTcTBEHHO — 27 1
25, aro u nozsosuso b. [Tackasio obbsicHuTh mapajioke jae Mepe.
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N3 sToit mcTopun MBI JIOJIZKHBL Ce/1aTh J1Ba OYeHb BaYKHBIX BbI-
BOJA.

IlepBolit:  das 00noll 300a4U MOIICHO NOCMPOUMD PA3NUHHBLE
"seposammocmuvie modeau" | u 6 xascdotll modeau bydym nosyuervl
HEOAUNAKOBBIE 0omBeemo, 1a 00ur u mom dice sonpoc. Ipu amom co-
BEPUEHHO He0OTOdUMO omeemumsd U Ha 0pY20l 80NPOC: KAKAA U3
amuzx "modeaelr* cnpasedausa (wu cnpasedausee) 7 drum u 0by-
CJIOBJIEHO TO, YTO COBPEMEHHbIE KYPChl TEOPUH BEPOSATHOCTEH HAYM-
HAIOTCSI C MOCTPOEeHUs "BEPOSTHOCTHOTO MPOCTPAHCTBA' MM HEKO-
TOPOU BEPOATHOCTHON MO/IeJIM, B paMKaX KOTOPO#l clpaBe/ijInBbl CO-
OTBETCTBYIOIIUE PE3Y/IbTATHI UCCIEJOBAHUS JAHHON BEPOSITHOCTHOI
3a/1a90.

Bropoii: cayuatinvie coboimusa u cayuatinbve npoyecco. noduwu-
HEHDL HEKUM 003EKMUBHBIM 3AKOHAM, KOMOpble ydaemca 1abarodams
MOABKO NPU AOCTNAMOYHO DOABULOM KOAUMECTNEBE ONBIMOE. DTU 38KO-
HBbI TaKre yKe OObeKTUBHBIE, KAK 3aKOH BCEMUPHOI'O TSITOTEHUST WJIN
3aKOH COXPAHEHUsI SHEPIUU, MACCHI, BEIIECTBA U T./I..

Bropoii BbIBOM, MO-BUAUMOMY, CJEIAJIM MHOI'HE y4eHble, BOJiei
CyIbObl BBIHYZKJIEHHBIE 3aHUMATLCS 3aJadaMu "0 BO3MOXKHOCTH'.
[Ipumepamu Takux 3aj1a4 SBJISAIUCH 33J[a49U O MOJCYETe KOJIUIECTBA
HUCXOJIOB IIpU OpPOCAHWM HUIPAJIbHBIX KOCTEl, 3aJa49u O pa3ie/leHun
CTABKU MEXJIY JBYMS MI'DOKAMU, €CJIH UI'Pa IPEPHIBAIACH 0 BbI-
UTPBIIIA OJJHUM U3 UTPOKOB U Jp.. Tak YUCI0 pas3IuIHBbIX HCXOI0B
npu OPOCAHWH TPeX UI'PAJIBHBIX KOCTEH OBLIO BIIEPBBIE OIPEIEIEHO
B 965 romy ¢dpanmysckum enuckonom B. Bubosimom, HO pesysbra-
TaM OIIBbITa OH IIPHUIABAJ PEJIUTHO3HYIO TPAaKTOBKY. [lepBoe perenue
33149 O PA3JIEJIEHUN CTABKU MEXKJLY JIByMs UI'DOKAMHU IIPEJIJIOXKIIT
Jlyka Ilagonu B 1494 roxy. HacTHble ciiyyuan NPaBUILHOIO PEIICHUS
9TOit 3asa41u 6bTn mpe/Iokens! mosxke /. Kapmano (1501-1575).
Crenyer ynomsinyts, aro JIxk. Kapmarno u H. Taprasbst 6bu1n mpa-
BUJIbHO DEIlIeHbl MHOTHE 3aJ1a9M, CBA3AHHBIE C OPOCAHUEM UIDAJIb-
HBIX KOCTE#l W BBINMAJIEHUEM TOI'O UM MHOTO 4ncjia 09KoB. OHAKO
BEPHOE PeIlleHne 3a/1a91 O PAa3J/IeJIEHNN CTABKU UIPOKOB U OIUCAHHO-
ro BhIIIE apajiokca jge Mepe Ob110 BriepBble HaitjeHo B 1654 roay B.
[Tackasiem (1623-1662) u I1. Pepma (1601-1665) B X011 NX 3HAMEHU-
Toit nepercku. Hanbosiee ke moHbIi aHamM3 3a/1a49u ObLI TPOBEICH
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. Tamuieem (1564-1642) B pabore "Paccyxkenust 06 urpe B koctu"
(omybsimkoBannast Tosbko B 1718 1.). danbmeiimmee dopmuposarme
OCHOB TEOPHH BEPOSITHOCTEH, OCHOBHBIX €€ METO/IOB M TEOPETUKO-
BEPOATHOCTHBIX IIOHATUNI OCYIIIECTBJIAJIOCH IIPU UCCJIEIOBaAHUN JaCT-
HBIX 3aJ@49 U BOIIPOCOB B IPAKTHKE CTATHCTUKHM W CTPaXOBaHUs B
paborax 3. lastes (1656-1742 rr.), X. T'oiirenca (1629-1695), 1.
I'paynra (1620-1674), B. Ilerrn (1623-1687).

HoBslit 3Tan B ncTOpUM TEOPUH BEPOSITHOCTEN HATAJICS C MCCIIe-
josannit £1. Beprysumn (1654-1705). OcroBomosaraorme OTKPbITHs
B 00JIaCTH TEOPHUH BEPOSITHOCTEN OBLIN M3JI02KEeHBI B pabore "McKyc-
crBo npeznosoxkenuit" (1713 r.), Te OH JOKa3bIBaeT MEPBYIO IIpe-
JIJILHYIO TeopeMy (3aKOH GOJIBIINX 4YuCes1), KoTopasl B JaJbHeiiemM
ITOC/IYy?KUT OCHOBOI BCEX UCCJIIOBAHUI O 3aKOHOMEPHOCTSIX ITOSABJIE-
HUA Cﬂyqaf/iHbIX CO6I)ITI/H71 B MaCCOBBIX {ABJICHUAX. TeM CaMBbIM Te€O-
PHsS BEPOSITHOCTEH TOJTyYn/Ia BaykKHOE MPAKTUIECKOE MTPUIOKEHUE 1
crajia OTAeJbHON HayuHOW aucnuiimHoil. HazBanme HOBO# Haykn
BIEpBbIe ObLIO TpeoxkeHo Ilackasiem, a B ymoTpebjeHHe BOIILIO
B 1718 romy B cBsizu ¢ u3ganueM kuuru Myaspa "Vuenue o ciy-
qagx". HemocpencTBeHHBIM pa3BUTHEM 3aKOHA Ooabmux unces 9.
Bepuymnn aBiagioTcst pejiebHbIE TEOPEMBI, JToKasanubie A. Myas-
pom (1667-1754). K ocnosabIM 3aciayram A. Myaspa B obiactu Teo-
pPUU BEPOSITHOCTEH MOYKHO TaKKe OTHECTH BBIBOJ HOPMAJIbHOI'O 3a-
KOHA pacupejiesieHnst 1 pa3paboTKy Ha OCHOBE a3aPTHBIX UI'D aHAJIH-
TUYIECKOrO allllapaTa — TEOPUU BO3BPATHBIX ITOCIEI0BATEILHOCTEH,
KoTopasi ObLi1a npojosnkena JI. Ditnepom, 2K. Jlarpamxem u I1. Jla-
TLTACOM.

"Knaccuaeckuit"
ercst paboramu I1.C. Jlammaca (1749-1828). Beum 3am0BO g0Ka3a-
HbI IpeaeJIbHbIE TEOPEMDI, II0JIYy9Y€HbI BaKHbIE€ PE3YyJ/IbTAaThl B TECOPUU
oImmbOK HAOJIIOMEHNI, KOTOPhIE HAIIIN IMIUPOKNAE IIPUJIOKEHHUS B 00-
paboTKe pe3ysbTaToB KcrepuMeHToB. Ho, ciipaBemmBocTu pajiu,
HaJI0 OTMETHUTH, UYTO B €CTECTBO3HAHWH IIO-IIPEXKHEMY T'OCIIOICTBO-
BaJIl TEOPUU, MOPOXKJIAEMbIE HUCCIEOBAHUEM UM MEPEHITUATBHBIX
YPpaBHEHUil, a He BEPOATHOCTHBIE METOIbI.

3Tall pa3BUTHUs TEOPUHU BEPOSITHOCTEN 3aBepIiia-

Kmaccrmueckas BEPOATHOCTDL ITOCBAIIECHA U3YYCHUIO MHO2KECTBA
CO6bITI/II7I, KOTOpPbI€ MO2KHO IIPDEACTABUTL KaK O6’be,£[I/IHeHI/Ie HEKOTO-
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poro Habopa PABHOBO3MOZKHBIX U B3AUMOUCKJIIOUAIOIIUX JAPYT APyTa
cobpITnit. OCHOBHBIE 3aKOHBI KJIACCUIECKONH TEOPUH ObLIN OTKPHITHI
K cepeaune XIX Beka, HO OCTaBaJICd TJIABHBIH BOIIPOC, HMEET JIU 3Ta
HAayKa IPaKTUIecKoe npuMenenne. To, 4To meopus eepoammnocmeti—
MaTeMaTHIecKas HayKa ¢ OPPOMHBIMHE IIPUJIOKEHUAME B (DUBHKE, XH-
MUH, FeHETUKE, OUOJIOTUY, CONUOJIOTUY, MEIUINHE, SKOHOMUKE, CTa-
JIO SICHO JINIIb B Hadasie XX BeKa, 6J1aroaps yCHIusaM PYCCKUX yHe-
ubix [1.JI.Yebbmmesa (1821-1894), A.A. Mapkosa (1856-1922), A.H.
Kommoroposa (1903-1987) u np.

I1.J1. YeObII1eB BB B paCCMOTPEHUE CIYUIANHYIO BEJIUYUUHY, 10~
KasaJl 3aKOH OoJbImX udmcesa B obmeil popme. A.A. Mapkos mpo-
Jokaer pabory cBoero yuuresisi 11.JI. Yebbrmesa. OH BoCITOTHUIT
mpobes B JOKa3aTeIbCTBE OCHOBHOMN MpeIeIbHON TeopeMbl, TeM Ca-
MBIM JIaJI TIOJTHOE U CTPOTOe JIOKA3aTe/IbCTBO ITOM TEOPEMBI B ODIIHMX
YCJIOBUSIX, JIOKA3aJI IPeeIbHbIE TEOPEMBI JIJTsT TIOCIE0BATEIBHOCTH
3aBUCUMBIX BEJIUYUH, UTO MPUBEJIO K CxeMe "UCIBbITAHUN, CBS3aH-
HbIX B 1enb" (reopus neneit Mapkosa). A.H. Kosmoropos mocrpo-
WI CHCTEMY aKCUOMATHYECKOTO ODOCHOBAHUS TEOPUH BEPOSTHOCTEI.
AxkcrmomaTnaeckuil moaxo 1 TO3BOJINI PACIPOCTPAHUTE METO/IBI PaB-
HOBO3MOXKHBIX Ha IIPOU3BOJILHBIE COOBITUS U B PSAJIE CIIydaeB 00bsic-
HUATH, KAKUM 00PAa30M MOYKHO MOJIYIUTh PA3HBIE OTBETHI OJHON 3318~
qu. Kpome Toro, A.H. KoaMoropoBsiM BBejieHa aKCHOMAa, HEITPEPHIB-
HOCTH, TIO3BOJIMBIIAs PACCMATPUBATH ODECKOHEYHOE (CYETHOE) YUCIIO
HCXOJIOB.

Hasno ormeTnTh, 9T0 HEKOTOPBIE TEOPEMBI TEOPUH BEPOSATHOCTEH
BECbMa HEOOBIYHBI 110 CPABHEHHUIO CO BCEMH YTBEPXKICHUSME IPY-
IUX MaTeMaTUYeCKuX JUCHUIINH. HecKombko MPOHU3UPYs, MOYKHO
CKa3aTh, YTO TEOPUS BEPOSITHOCTEH CONEPIKUT YTBEPIKJICHUSI, CIIPa-
BeJIJIMBbIE C HEKOTOPOI BEPOATHOCTHIO, B TO BPEMsI KaK JPYrue MaTe-
MaTHUYIeCKUe JTUCITUILITHHBI COJIEPKAT YTBEPKICHUS, CIIPABE/JIUBBIE C
BEPOSTHOCTBIO Jin0Oo 1, 6o 0. BoicTyras B MOCKOBCKOM MaTeMaTH-
1eCcKOM OOIIecTBe, U3BECTHBIN amepukaHcKuil MmartemaTuk Jxk. Ily6
3aMeTU/I B 3Toi cBs3u: "BceeM crienuamcTaM 1Mo TeOPUH BEPOSITHO-
cTeit XOPOIIo U3BECTHO, YTO MATEMATHKA PEICTABIAECT CODON JacTh
reopun Bepositrocteit" [11]. Jasee uuraresb yBHIUT, 9TO € TOUKH
3penns "3akoHa OOJIBIIUX Yrces! 9Ta MIyTKA BBIMJISIIAT BCETO JIMIIb
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"HEKOTOpBIM TIpeyBendeHueM" .

Cerojinst Teopusi BEPOSITHOCTEH MPOIO/IKAET OyPHO pa3BUBATD-
Ccs1, B HEll TIOSIBJISIIOTCSI HOBBIE HAIIPABJIEHUSI UCCJICJOBAHUN, KOTOPHIE
MIPEACTABISIOT 3HAYUNTENBHBIN ODIIETEOPETUIECKUI W TTPUKJIATHON
UHTEPEC.

OcHoBHbBIE 0OBEKTHI U3y UEHUST TECOPUU BEPOSITHOCTEIH:

1) coydaiiHoe cOOBITHE M €0 BEPOSITHOCTD;

2) coyuaiinast BesimanHa U (DYHKIMH PACIPEJIeJICHNSI;

3) cay9aiiHbIii IPOIECC M €ro BEPOSITHOCTHAST XapaKTEPUCTUKA.

B mamnoMm mocobun paccMaTpHBAIOTCS STH TPU YACTHU, PA3yMeeT-
Cs1, JINIIb B PAMKaX [MPOTPAMMBI JJIs TEXHUYECKUX CHEIHAJIbHOCTENR
YHUBEPCUTETOB M TEXHOJIOTMIecKuX By30B. llpu cocraBienun yued-
HOTO TIOCOOWST MCTTOTB30BANCH N3BecTHBIE yuaebuuku "Kypc Teopun
BepositHocreit”" B.I1. Yucrskosa [19], "Kypc reopun BepositHOCTE( 1
maremarudeckoil craructuku' B.B. CesacrbsinoBa [16] u kiaccude-
CKHUil yIeOHUK 110 TEOPUH BEPOSITHOCTEHN JIJIsi MATEMaTUIECKUX CIIe-
[MIAJBHOCTEH YHUBEPCUTETOB U TEIArOrmIecKnX HHCTUTYTOB "Kype
reopun BepositHocreit" B.B. I'nenenko [4] . B macrosimem mocobun
UCHOJIBL3YIOTCA J-DYHKIMOHAIBI Jlupaka s 3aJaHus ILIOTHOCTH
CIIy9afHbIX BEJIUMYUH, 33J[AHHBIX JUCKPETHO. B ¢BaA3M ¢ TeM, 4TO Teo-
pusi GYHKIIMOHAJIOB He BXOJIUT B IMPOIPAMMY MHOTUX TEXHHIECKHX
BY30B, B MIPUJIOKEHUN 2 Ta€TCsI KPATKOe onucanne d-QyHKIIMOHATIOB
Jupaka 1 mMpou3BOJHBIX OT Pa3pbIBHBIX (yHKIMi (Tuma dyHKIuii
Xesucaiisa) Ha si3bIKe (DYHKIMOHAJIOB.

B 3akouennn XoTesioch ObI OTMETUTD, 9TO CETOJHS BOIIPOC U3Y-
YeHHUs CJydailHOCTel IMpejcTaeT BO BCEl ACHOCTH KakK 3aBelaHue
nesoir smoxu. Ero perieHne sBIsSieTCS W UCXOIHON TOYKOM, W 11ep-
CHEKTUBON — 3aJiadeil Jjid Oy IyIIuX OKOJIEHUN.
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Ciryuaiinble cOOBITIS U WX
BEPOSITHOCTU

§ 1. IIpocTpaHCTBO 3JIeMEHTAPHBIX MCXOJIOB

Omnpegenenne 1.1. [Tycmv pe3ysbmamom HeKOMOpozo sKcne-
pUMEeHMa Modicem bums 00no uz cobvimuti A1, As, ... , Ay, npuvem
8 PE3YALMAME UCNHIMAHUAL 00HO U3 IMUT COOBMUL 06A34MEABHO
npousotidem (noanas epynna cobwmuid) u dmu cobbMuUA He MO-
eym mpousotimu emecme (necoemecmnmie). Tozda nabop cobvimud
{4;}j—1 nasweaemea npocmpancmeom saemenmaproir cobvimud u
obosnanaemesn = {A;}7_;.

Yucao n Ha3bIBAETCS Pa3MEPHOCTHIO IIPOCTPAHCTBA JIEMEHTAP-
HBIX HCXOJIOB.



14 I'masa 1

IIpumepsl.

¢ 1) Ennananoe mogbpachiBanie MOHETHI. BO3MOKHBIE HCXO/IBI
ncnbiTanusa — Bblnagenue "opia'" win Bemagenne "pemkn”. Torma
Q = {O; R}. Pasmepnoctb n = 2.

o 2) IlopbpaceiBanue UrpajabHOil KOCTH OIUH pa3. Bo3moxk-
HBI€ MCXOJbl HMCILITAHUS — KOJMUYECTBO BBINABIIUX OYKOB. ) =
{1;2;3;4;5;6}. Pasmepuocts n = 6.

¢ 3) Undopmannonnasi cucreMa KOJMPYET CUTHAJ € TIOMOIIBIO
M-MEPHBIX BEKTOPOB, KOOPIUHATAMEI KOTOPBIX CIyzKaT ducia O u 1.
PaccmarpuBast Takoii BEKTOp Kak CJydailHoe cOObITHE, IIOCTPOUTDH B
YaCTHBIX caydasx m = 1, m = 2,m = 3 OpoCTPaHCTBO dJeMeHTap-
HBIX COOBITHI M B ODOINEM CJIydae OIPEIEIUTh €ro Pa3sMepHOCTb.

Pemtenue. [Tycrs m = 1. Torna 2 = {0; 1}. Pasmepnocrs n = 2.

[Tycrs m = 2. Torga Q = {(0,0);(0,1);(1,0);(1,1)}. Pasmep-
HOCTb N = 4.

IIycte m = 3. Torma

Q ={(0,0,0);(0,0,1);(0,1,0);(1,0,0); (1,1,0);(1,0,1); (0,1, 1);

(1,1,1)} . Pasmepnocts n = 8.

[Tokaxkem, 9TO B 0O0OIIEM CJiydae MPOCTPAHCTBO 3JIEMEHTAPHBIX
UCXOJIOB cOCTOUT U3 2™ BeKTOPOB (cobbiTuit). IIpumennm meros ma-
TeMaTUIecKoil nuaykinu. Kak Mbl yke yOeInIuch, Halle IPeIroio-
JKeHue cripaBeiuBo st m = 1, 2, 3. [Ipeamnonoxum, aro mpu m = k
IIPOCTPAHCTBO 3TEMEHTAPHBIX HCX0J10B coctont u3 2 BekTopos (co-
ObiTHit). B KaxK/plil U3 TAaKMX BEKTOPOB J100ABUM OJHY KOOD/MHA-
Ty (B HaYaJI0) W 3AI0JHUM 5Ty KOODAMHATY CHadasa HyseM (Ipu
srom nosyunM 28 BekTOpoB), a 3arem emumuueil (moayunm eme 2F
BeKTOPOB). HeTpyaHo BujeTh, 4T0 TaKuMM 06pa30M Mbl Hepebpaiu
BCeBO3MOKHBIe KOMOnHarmu (k + 1)-MepHBIX BEKTOPOB U3 HyJlel U
equunt,. VMx obiee 9ucsio ok 4 ok — okg — 2k+1, 9TO U JIOKA3bIBAET
IpeanooXKeHne 06 00beMe IPOCTPAHCTBA SJIEMEHTAPHBIX MCXOI0B.

¢ 4) Pabora cepepa 3/1€KTPOHHOI MOUYTHI. BO3MOXKHBIE HC-
XOJIbl — KOJINYECTBO COO0OIIeHnil (KOPPECIIOH IEHIHIA), IIOCTYIIIB-
MIUX 110 JIEKTPOHHOH I0YTE B TEUYEHUE OINPEJEICHHOIO BPEMEHH.
[TpakTuveckn KOJUYECTBO BLI30BOB OI'DAHUYECHO, HO y/I00HEE CUu-
TaTh 3TY CJIYUYANHYIO BEJIMYUMHY HEOTPaHUUIeHHOU. Torna mpocTpaH-
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CTBO 3JIEMEHTapHBIX HCXOJ0B — GECKOHEYHAs I0CJIe0BATEIbHOCTD
{0,1,2,3, ...}. BameTum, 9TO B 3TOM CJIyuae 4aCTO B KAYECTBE MIPO-
CTPAHCTBA 3JEMEHTAPHBIX COOLITHI MOYKHO PacCMaTpPHBATh MHOKE-
CTBO CTYIEHYATHIX (DYHKINN BPEeMEHHU, KayK/1asl U3 KOTOPBIX OIUCHI-
BaeT BO3MOXKHYIO peasbHYI0 CHTYalUIo CJICAYIOIUM 00pa3oM: OHa
IIOCTOAHHA MQ)K,ZLy MOMEHTaAMN HOCTyH.HeHI/IH KoppeCHOH;LeHLLI/IfI " Co-
BepIIaeT eJIMHIIHBIA CKAY0K B MOMEHT MOCTYILJIEHHS OJIHOIO BBI3O-
Ba Ha e-mail. Ilpu sTOM MBI HabJIOMAEM U APYyTUE SJIEMEHTAPHBIC
COOBITHS — BpeMsl IIOCTYILJIEHUST COODIIEHUs, KOTOPOE HMPUHUMAET
IPOM3BOJILHOE 3HAYEHUE HAa COOTBETCTBYIOMIEM OTPE3Ke BPEMEHH, U
MO3TOMY BECH 3TOT OTPE30K NPUHUMAETCS 38 MPOCTPAHCTBO 3JIEMEH-
TapHbIx cobbrTuit = { [to, 1] }.

¢ 5) IlycTs nuabOPMAIMOHHAS] CHCTEMA KOJAUPYET CTAHIAPTHYTO
nndopmanuio ciepyonmmMm obpazom. Hekoropslit kBajipar Ha 1mioc-
KOCTH C JIEKAPTOBBIMHU KOODJMHATAMU pPa30UT Ha YACTH MPSIMBIME
napaJjleIbHBIMI OCAM KOOPJIMHAT T = Tj, Y = ¥, HpUdeM Jro00i
TOYKE B JIAHHOM IPSIMOYTOJILHUKE COOTBETCTBYET OJIHA €JMHCTBEH-
Hast dpasa WX KJIOUIEeBOe CI0BO. VCXOom MCIBITAHUST — TOYKA Ha
IUIOCKOCTH, TJe BBeJleHa JekapToBa cucrema koopauaar xOy. IIpo-
CTPAHCTBOM JIEMEHTAPHBIX COOBITHI SIBIISIETCST HECKOHETHOE MHOYKE-
CTBO ymopsijodeHHbIX Habopos (x,y): Q = {(z,y), = € [a,b], = #
Ti, Y& [C7d]7 y#yl}

o 6) Pabora rogorpada, GUKCHPYIONIEro ABUKEHIE IACTHIIBI,
COBepIIAOIIEeil GPOYHOBCKOE JIBHKEHHUE B OIIPEIEICHHOM IIPOMEXKYT-
Ke BpeMeHH. B 3ToM cjiydae IPOCTPAHCTBO 3JIEMEHTAPHBIX COOBI-
TUil COCTOUT U3 GECKOHEYHOro (HECYETHOI0) MHOYKECTBA HErJIajKuX

BexTop-byrKImit ) = {£ = (z(t),y(t), 2(t))}.

o 7) Ioser camosera. BosMoKHBIE NCXOBI — TPACKTOPUH MO~
JieTa caMoJieTa B 3aJIaHHOM BO3/IyITHOM Kopuiope. Torma mpocTpan-
CTBO 3JIEMEHTAPHBIX COOBITHII — 3TO MHOYKECTBO IVIAJKUX JIMHUN B
naHHoM "Kopumope" , KOTopble ONMCBIBAIOTCS HabopoM auddepeH-

nupyembix BekTop-byukmit (x(t),y(t), 2(t)).
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§ 2. Aarebpa cobbrTuii

B peanbroM ncnbrrannn, KpoMe B3aNMOUCKTIOYAIOIITIX UCXO/TOB,
COCTABJISIFOIIUX TPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHI, MOYKHO YKa-
3aTh JPYTHE COOBITHSI, KaXKJ0e M3 KOTOPBIX OKA3BIBAETCS HEKOTO-
PBIM TIOJIMHOXKECTBOM ITPOCTPAHCTBA 3JIEMEHTAPHBIX COOBITUN. DTO
TMPUBOJINT K BO3MOYKHOCTH HCIOJB30BAHUS TECOPUU MHOYKECTB JIJIsT
BBeJICHUsI aredpandecKux oneparuii Haji COOBITUSIMU.

[Tycrh J1sT HEKOTOPOTO MCHBITAHUS OMPEJIEIEHO MPOCTPAHCTBO
ayteMeHTapHbIX coObITuii §2. JIroboe moaMmHOXKecTBO U3 §) OymeM Ha-
3bIBATH COOBITHEM. DJIEMEHTAPHDBIE COOBITHSI, COCTABJISIIONINE TPO-
CTPAHCTBO 3JIEMEHTAPHBIX COOBITHI ), OyieM 0003HAYATD W WU W,
a cobpiTust (0ObenauHeHne w) GyaeM 0003HAYATH OOIBITUME JIATHH-
ckumu OykBamu A, B, C u ...

Cobvmue A Bieder 3a coboii cobbitue B (A C B), ecau npu
Hacmynaeruy cobvimusa A obasameavro nacmynaem u cobvimue B.

Ecau cobvimue A eaewem 3a coboli cobwmue B, a cobwmue B
eaevem 3a coboti cobvimue A, mo cobvimus A u B maswiearomes
9KBUBAJIEHTHBIMU U.AU PABHbIMU (A=DB).

Cymmoii cobvimuti A+B (obsedunenue cobumuii A u B) naswi-
6aemcs cobvimue, COCTMOAWEE 8 MOM, HINO NPOUSOULAO UAU COOBIMUE
A, uau cobwmue B (puc.l).

am 9

Puc.1

IIpousBenennem AB (nepeceuwenue cobwmuii A u B) 6ydem
HA3BLEAMD COGBIMUE, COCMOAULEE 8 MOM, YO NPOUSOWAO U COBBIMUE
A, u cobwmue B (puc.2).
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anp £

Puc.2

PazHocTtbio A — B cobvmuti nasvieaemcea cobvimue, 3aKa0ua-
0ULEECA 6 MOM, YMO NPou3ouLro cobvimue A, no ne npousow.no B
(puc.3). B wacrnoctu, ecau cobbituss A u B He Moryr mpowusoiiTu
BMecTe (HecoBMecTHBI), To A — B = A.

ap =

Puc.3

IIpocmparcmeo ssemenmaprvir ucrodos £ bydem Hasvieamv a0-
CTOBEPHBIM COObIMUEM, A NYCMOe MHoHCeCmEo () — HEBO3MOXK-
HBIM COOBIMUEM.

Hanpumep, mpu 6pocaHny MOHETBI BbI IPUHSIIA 38 ITPOCTPAHCTBO
s1eMeHTapHbIX ncxoos 2 ={, open“, ,pemka“}, Torjga Bce coObITHSI
THUIa ,,MOHETAa He ymaja’, ,,BcTaja Ha pedpo“, ,, IpoBaInIach CKBO3b
3eMJIIO* U AP. CIUTAIOTCS HEBO3MOXKHLIMHU.

Cobvimue A = Q — A nasvieaemca TPOTUBOIOJIOXKHBIM C00bi-
muto A (wumaemcs "ne A") (puc. 4).

Cobvmus A u B Haswiearomces HECOBMECTHBIMU, €CAU

AB = 0.
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A2
T
Puc.4
Cobvimus A1, As, ..., A, Haswviearomces IMOMapHO HECOBMECT-

HBIMH, ecau 0aa amobwx © # j, 2de 1 <1, j < n, cobwmusa A; u A;
HECOBMECTIVHDL.

IIycts ) — mpomsBObHOE ITPOCTPAHCTBO JIEMEHTAPHBIX COObI-
Tuit, a U — 0ObeuHEHNE HEKOTOPBIX MMOAMHOXKECTB MHOXKecTBa ).
Kiace mogmuoxkecTs U MHOKecTBa §) Ha3bIBaeTCsI arebpoii codbI-

THii, ecinu
1) Qel,
2) AcelU, = Acl,;
ABelU,
3)AeU, BeUd = A+BelU,
A-—BelU.

W3 onpenenennst anrebpbl U BoITEKaeT, 910 ) € U, TOCKOILKY
OD=A—-—A, VAelU.

IIpocreiimumu mpuMepamu ajredp CayKaT MUHUMAALHAA aA2e0-
pald = {Q, O} u maxcumarvras arzedbpa, KOTOpast BKIIOIAET B cebst
MHO>KECTBO BCE€BO3MO2KHBIX ITOIMHO2?KECTB, KOTOPbIE MOT'yT 6EIT]:) CO-
CTaBJICHBI U3 2JIEMEHTOB MHOXKECTBA Q, BKJ/IIOJAIOIIErO0 B KadeCTBE
OJTHOT'O U3 9JIEMEHTOB CAMO MHOXKECTBO 2.

o IIpumep 1. Ilycte Q = {z : —00 < z < 00} — YHCIO-
Bas npsAMasd. PACCMOTPUM CHUCTEMY IOJMHOXKECTB Uy Ha IPIMOil u3
CIIJTONTHBIX ITPOME?KYTKOB TUIIa MHTEPBaJIOB, IIOJIYUHTEPBaJIOB U OT-
PE3KOB. DTO MHOXKECTBO HE SIBJISIETCsT aJIrebpOii, MOCKOJIbKY 00be -
HeHue MHOXKeCTB ¢ "nbipkoit" Ha npsmoit (manpumep, [0;1]U[2;4])
He MIPUHAJIEKUT 9TOHM cucTteMe moaMHOXKecTB. lomosaum Uy Becemu
KOHEYHBIMYM CyMMaMU MHOXKecTB u3 Uy. [losydennas cucremMa MHO-
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KecTB U sABJIsieTcs aaredpoii.

YacTo IpUXOJUTCA UMETH JIeJI0 ¢ MHOXKECTBOM {) GECKOHEYHOI
pasMepHocTH. B 9TOM cilydae BBOJIUTCs TOHSITHE O-anazebpv. (Gope-
£e60t anzebpo).

Omnpenenenne 2.1. Auncebpa cobwmuti U waswisaemcs o-
an2ebpoti, ecau u3 MmMo20, YMo KAHCObIL SAEMEHM U3 NOCALI08a-
meavrocmu cobvimuti {A J};’il npunadasescum U, caedyem, wmo

o IIpumep 2. MHOXKeCTBO BCeX paIlOHAIBLHBIX THCEJ 1 MHOXKE-
CTBO BCeX ﬂeﬁCTBHTeHbeIX quceJl — O'—a.HI‘e6pr.

Onpenenenune 2.2. Saemenmor o-arzebpu, U, 3adanrol na
MHooicecmee (), Ha3b8AIOMCEA CAYHATHBIMU COOBIMUAMU.

2.1. PaBHOBO3MO>KHBIE ncxoabl. Kitaccudeckoe orpege-
JIeHue BepPOATHOCTU

ITycre mpocTpaHcTBO eMeHTapHbBIX nexonoB ) = {w; | co-
CTOUT U3 KOHEYHOTO YUC/Ia N PABHOBO3MOYKHBIX MCX00B. U mycTs U
9TO HEKOTOpas o-ajredpa.

PaBHOBO3MOYXKHOCTH 3JIEMEHTAPHBIX COOBITHI MTO3BOJIAT BBECTH
byHKIMO BeposiTHOCTH | P Ha IIPOCTPAHCTBE 3/IeMEHTAPHBIX HCXO-
noB no mpasuiny P(w;) = % JUIST TIPOU3BOJIBHOTO ¢ = 1,2, ..., n.
Torga npousBosibHOE cobbiTne A € U mpescrabisier coboii HEKOTO-
po€e IOJMHOXKECTBO MHOXKeCTBa, §2:

m
A:{Aik};ﬁ:nZIZZwik7 mSTL
k=1

!Tepmun "BepositHoCT" BreprBIe ymoTpebua B. ITackams B mepemucke c I1.
®epma. B cBoem nucbM, narupoBanabiM 1654 rogom, on nucan: "Samedy cpasy
K€, UTO CTEIIeHb BO3MOYKHOCTH (yBEPEHHOCTH ) COOBITHUS 51 HA3BAJI BEPOSITHOCTLIO.
B cBoeii Teopum s UCXOXKY U3 TOTO OCHOBHOI'O IIPEJIIIOJIOXKEHUSI, UTO KAXKIOMY
COOBITUIO, HACTYIJIEHUE KOTOPOI'O 3aBUCHT OT CJIy4asl, MOYKHO IIOCTABUTH B CO-
OTBETCTBHUE OIIPEJIEJIEHHOE YKCJIO, 3aKJiodeHHoe Mexay 0 u 1, B KadecTBe ero
BEPOATHOCTU. B JasibHEIeM si BCIoAy Oy/ly MMOJb30BATbhCS TEPMUHOM BEPOSIT-
HOCTB Jjisi O0O3HAYEHUs YHCJIa, 0O03HAYAIONIETO CTENEeHb yBepeHHoCTH" .
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[Tosromy BepositHOCTb P(A) cobbiTust A paBHA OTHOIIEHUIO THC-
Jla HECOBMECTHBIX 3JIEMEHTAPHBIX COOBITHH, COCTABJISIONIIX COOBITHE
A, K obIeMy YHCITy 3JIEMEHTApHBIX cOObITHi B ().
Onpeanenenne 2.1.1. Qopmyaa
m

P=— 2.1.1
-, (2.1.1)

ede N — WUCAO BO3MOACHHLT UCTO008, 4 M — HUCAO UCTO008, NPU
Komopuix cobvimue A npousotidem (6aazonpuammuolr ucrodos), Ha-
3bi6aemceA KIaCCHIECKUM oIpe/ieJieHneM BepOsSITHOCTH 2.

JlokazkeM crpaBeInBOCTb CJIC/IYIOIIUX CBOJICTB BEPOSITHOCTH,
BBejIeHHOiT 10 hopmyste (2.1.1.).

1. P(A)>o0.

2. PQ) =1

3. Ecmnm coberrust A u B mecosmectnsr, to P(A+ B) = P(A) +

4. P(A)=1-P(A).

5. P(©)=0.

6. Ecm ACB, mo P(A)<P(B).

7. 0<P(A) <1

JokaszaTeJJabcTBO.

Csoiictio 1). JIpobb m/n He MOKeT OBbITH OTPHUIATEILHO.

CgoiicTio 2). Tak Kak cobbITHIO {2 6IArONPUATCTBYIOT BCE 1 BO3-
MOXKHBIX pe3ysbTaToB ucibitannii, to P(Q) = n/n = 1.

Ceoiicrso 3). IIycre Q = {w;i}l,, A = {wy};L,, B =
{wi iz, s1# s2 < n. Torga

P(A—i—B)lenﬁ:%—I—%:P(A)—I—P(B).

2K laccuueckoe onpe/iesieHie BEPOSITHOCTH BOIILIO B HAYKY B PE3YJIBLTATE HC-
cnepoBannii Morux y4ensix (. Kapnano, X. I'toitrenc, £1. Beprysuu, I1. Mon-
MOp W 7p.). B TedeHme mOJTHX JIET 3TO MOHATHE KOPPEKTHPOBAJIOCH W COBEP-
eHCTBOBaJIOCh. Tak cornacuo 7. Bepuysm, BepossTHOCTH ecTh "cTeneHb yBe-
PEHHOCTH M OTHOCHTCSI K JIOCTOBEPHOCTH KakK 4YacTbhb K resomy". Ompesesenue
KJIACCHYIECKOM BEPOSITHOCTH, UCIOJIL3YEMOE CETOHS, TOTHEe METO/] €€ BBITHICIIe-
uws, nad [1. Jlamrac. Ilpumensia coBpemennyio akcunomaruky A.H. Konmoroposa,
MOXKHO JIEIKO BBIBECTH KJIACCHYIECKYIO (POPMYILy BepossTHOCTHU. JlefcTBUTEIbHO,
TaK Kak COOBbITUS w; — HecoBMecTHbIE (w;w; = (0, i # j), To mo A3, moaydaem:

m

P(A) = P (L7 wi) = T3, Plwi) = X0, 5 = =
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Csoitctso 4). Iockombky A + A = €, To 1o croiictey 2: P(A +
Z) = 1, Tak Kak A 1 A HECOBMECTHEI, TO 11O CBOICTBY 3 HMeeM:
P

(A+A) = P(A) + P(A).

Cgoiicrso 5). HeiicrBurensruo, P() + @) = 1 = P(Q), a no-
CKOJIbKY coObITHs € 1 @ HecoBMecTHBI, To P(€2) 4+ ( )= P(Q),=
P(@) =0.

Croitctso 6). Ecim A C B, 10 B = A+ A - B, Torja u3 cBoficTs
3 u 1 monmy4nm:

P(B) = P(A+ A B) = P(A) + P(A-B) > P(A).

CsoiictBo 7). B camom gene, st sioboro cobbiTiss A mMeroT
MecTo cootHortenus:: O C A+ 0 =A=A-Q C Q. Ilo ceoiictBy 6
mveem: 0 = P(0) < P(A) < P(Q2) =

o Ilpumep 1 (reopema ciaoxenusi). Ilycrb Q =
{witic,, A = Awikilys B = Awphl,, AB =
{wg bty s1, 82, s3<n.

Jlokazarn, 4TO

P(A+ B) = P(A) + P(B) — P(AB).

Pemenune.

P(A+B)=1T527% 51, %2 8 _ pyyy p(B)— P(AB).

n n n n

Omnpenenenne 2.1.2. Cobwmue A, kKomopoe npou3ouLio npu
YCAOBUL, 4MO NPOUIOUWLAO cObbimue B HA3bI6aAEMCA YCAOBHBIM CO-
bvimuem u obosnavaemea A/B (auraercsa "A upu yciosun B"). Be-
POAMHOCTIG YCAOBH020 COOLIMUA HA3BIBAEMCA YCAOBHOT BEPOATNHO-
cmwio u obosnauaemes P(A/B) .

o IIpumep 2 (reopema  ywmHOXxKeHwmsi). Ilycrs
Q = {wi}znzlv A = {wik}zlz17 B = {w]k}k 1 AB =
{WQk}Zilv 81, S2, s3 < mn.

JlokazaTp, 4To

P(AB) = P(A) P(B/A) = P(B/A) P(A).
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Pemeunune.

P(A/B) =2 = s3/n _ P(AB)

T Pm) P(AB) = P(A/B) P(B).

2.2. IIpuMmeHeHUE 3JIEMEHTOB KOMOMHATOPUKU

IIpu pemrennn 33729 ¢ PABHOBO3MOXKHBIM ITPOCTPAHCTBOM 3JI€-
MEHTapHBIX COOBITUI HEOOXOINMO CO3/IaBATh MOJEJH 3aa4, I03BO-
JISTIOIIIE  KAKUM-JITU00 00pa3oM IepecunTaTh BO3MOXKHBIE U OJaro-
MPUSTCTBYIOIIHE UCXOABI. [Ipr 5TOM OKa3BIBAETCS OYEHBb TOJIE3HBIM
snanue GpopMysT KOMOMHATOPUKHU, KOTOPBIE B PsIIe CIyIaeB MTO3BOJIAT
dopMaJIM30BaTh pelieHne 3a1ad.

[Tpumenenne dpopmys1 KOMOMHATOPUKH PACCMOTPHUM Ha COOTBET-
CTBYIOIINX IIPUMEPaX.

1. KoaunvyecTBO KOMOUWHAIMIT 3JIEMEHTOB U3 PA3JIMYHBIX
rpymnn. Ecte r rpynm sieMeHToB (IPOM3BOJILHOI TPUPOJIBL: CTOJIH,
CTYJIbsl, JIOMIAJM U T.JI.), B KAXKJIOH U3 KOTOPBIX N;-3JIEMEHTOB (T.e.
1 <@ < r). U3 kax10it TpyNIIBl BEIONPAETCS OJMH SJIEMEHT, U CO-
craBJisiercst KoMOuHaIws @ = (ai,as, ..., ;) Tak, 9TO HA i-OM MeCTe
CTOUT 3JIeMeHT 13 i-0if rpyibl. Co31aeTcsi MHOXKECTBO TaKUX KOMOM-
maruit. PaBencTso @ = b o3nauaer, uto a; = b;. CKOJILKO Pa3/IHIHBIX
KOMOMHAIA B 9TOM MHOXKECTBE?

Oreer: N =niny ... n,.

OTBer mojiydaercss METOIOM MAaTeMATHIECKON WHIYKIIUWA: [PU
7 = 2 yTBepKJEHNE CIIPABEINBO (PACHOIOKUTH JIEMEHTHI Ha, OpP-
TOTOHAJ/IBHBIX MPSAMBIX B IEJIOYUCICHHBIX KOOPIUHATAX W IPOBECTH
IIpsiMble, TapaJsljie/IbHbIe COOTBETCTBYIOIIEH OCH, KOJTUIECTBO Iepece-
YeHUil — n1Ng), NPEIINOJIOKUM CIPABEJINBOCTL YTBEPKICHUS JIJIst
(r — 1)-oit rpymm, H06aBiseM r-yIo TPYIILy U PACCMATPUBAEM TOJIb-
KO JIB€ TPYIIIbI, B IEPBOl U3 KOTOPBLIX JIEMEHTOB N7 ... Ny_1, & BO
BTOPO# — N, 9JIEMEHTOB, U IIPUMEHSAEM y2Ke IIPOBEPEHHYIO (POPMYITY
JIJIsI BBIYUCJIEHUS KOJIMYIECTBA KOMOMHAIIMIA JIJI IBYX T'PYIIIL.

B wactHOCTH, ecim B KaXKJ0# M3 9TUX TPYII KOJUIECTBO 3Jie-
MEHTOB oanHaKoBo, To N =n".

o Ilpumep 1. Bpocarorcst Tpu urpajbhble Koctu. OUpeaeuTsb
BEPOSITHOCTH MAKCHUMAJILHOTO KOJIMIECTBA CYMMapPHBIX OYKOB.
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MpbI JTOJI2KHBI y9IecThb HapaJioke jie Mepe, T.e. moTpeboBaTh, 4TO-
OBl MPOCTPAHCTBO JIEMEHTAPHBIX MCXOJ0B ) COCTOSIIO U3 YIIOPSI0-
YEHHBIX TPOEK (a, b, ¢,), TIe KaxK0e YUCI0 MOXKeT MPHUHSTH JH000e
sHaveHune oT 1 10 6. fcHo, 9TO 0OBbEM 3TOTO MPOCTPAHCTBA SIEMEH-
TApHBIX UCXO0B pasen unciay N = 63 = 216. CobbiTue A — BbIIAJIO
18 oukoB, T.e. koMOuHanus (6,6,6). Cunrast Bce 371eMEHTBI IIPOCTPAH-
crBa () PAaBHOBO3MOYKHBIMH, 1oJydnm p(A) = 2—16.

2. Bpibop c Bo3BpairleHueM u 6e3. Ilycts mmeercs rpyi-
na u3 n saeMeHToB. CIlyyaiiHO BBLIHUMAETCS OIMUH 3JIeMEHT, (PUK-
CUPYeTCsl, BO3BPAIAETCS B I'PYIIILY, IEPEMEIUBAETCS, CHOBA JOCTa~
ercs OJMH 3JIEMEHT, (PUKCUpPYeTCcsd W T.J. T pa3. lakas CUTyalus
HasbiBaeTcst "BeIOOp ¢ Bo3pparieHuem". Ilosyuaem HaboOpbl THIA
a = (ay,a2,...,ar). JIBa Takux HAOOpa CUUTAIOTCS PA3HBIMHE, €CJIH
XOTs1 OBbI Ha, OJTHOM MECTE CTOSAT Pa3Hble 3jieMeHThl. CKOJIbKO Pa3HBIX
HaOOPOB MOYKHO COCTABUTH TAKUM BBIOOPOM (C BO3BpAIECHIEM)?

Otrer: N =n".

OtBer noJiy4yaercsd M3 IEePBOH 3ala4ud, IOCKOJILKY 3Ty 3aIatdy
MOXKHO WHTEPIPETHPOBATH TAK: UMEETCsl T I'PYII, B KaXKJI0H U3 KO-
TOPBIX 70 3JIEMEHTOB.

Tenepnr pacemorpum "Boibop 6e3 Bosppamenus". KommuecTso
BCEBO3MOXKHBIX MCXOJIOB B 9TOM CJiydae HasblBaeTcst "wuciom pas-
meusenud” .

[Tycts umeercst rpyiia u3 n vjgeMeHToB. CiyuaifHO BRIHUMAET-
cs1 ONMH 3JIEMEHT, (PUKCUPYETCsl, HEe BO3BPAIIAETCS B IPYIIILY, CHOBA
JIOCTAETCs OJTMH DJIEMEHT, (PUKCUPYETCsi, HE BO3BPAIIAETCsT B TPYIIITY
1 T.J. T pa3. 3aTeM IIPOIEecC IMOBTopsieTcst. B pesyiabrare moJrydaem
Habopel tuna @ = (ai,asg,..., ay). JABa Takux Habopa CUUTAIOTCS
Pa3HBIME, €CJIU XOTsT ObI Ha OJTHOM MECTE CTOSIT Pa3judIHbIe 3JIEMEH-
Tel. CKOJIBKO PasHbIX HaOOPOB MOXKHO COCTABUTH TAKUM BLIOOPOM
(6e3 Bo3BpaeHusi)?

OtrBer: A} =n(n—1)(n—2)...(n—r+1).

[Monywaercs u3 3amaun 1 ( KOIMIeCTBO KOMOWHAIMN 3JIEMEHTOB
U3 Pas3JIMIHbIX TPYII) CJIelyomieil naTepuperamnueii: B nepBoii rpyI-
e 1 9JIEMEHTOB, BO BTOPOit — (n — 1) ajmemenToB, B Tperbeit (n — 2)
9JIEMEHTOB | T.JI., B r-0ii rpymme — (n — (r — 1)) ssemeHTOB.

Hucsio A] Ha3BIBAETCH TUCIOM PA3SMEULEHUT U3 T INEMEHMOE
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no .

B wacrrocTu npu r = n nosny4aem uncio A = P, = n!, kotopoe
HA3bIBAETCSI YNCJIOM MEPECTNAHOBOK U3 T INEMEHMOG.

o Ilpumep 2. IlycTb 1 CTYHEHTOB cydailHbIM 0Opa30M pacca-
JKWBAIOTC 110 N BaroHaMm sjekTpudku, r < n. lpenmomoxkum, 4To
KaXKJIbIif U3 CTYJIEHTOB BBIOMPAET CBOIl BaroH CJIyYailHO M ITONa aeT
B /11000 U3 BArOHOB PaBHOBEPOSATHO. KaKoBa BEPOSITHOCTH, UTO BCE
OHHU IIOIAJIyT B PA3HbIE BATOHBI!

[TpocTpancTBO 37I€MEHTAPHBIX UCXOIOB CO3MAIUM U3 COOBITHI:

k-bBlit CTYIEHT MOTAJ B ¢-blif BAroH. JUC/I0 TaKUX COOBITHIT

N = n" —sbibop (Barona) 6e3 BO3BPAIEHUSI, OCKOJIbLKY CTY-
JIGHTBI MOTYT TOIACTb U B 0jinH BaroH. OMHAKO IHCJIO0 KOMOUHAIIMIA,
[IPpU KOTOPBIX YIOBJIETBOPsIETCS TpeDOBAHUE 3a/1a9H, 9TO BLIOOD 0Oe3
BO3BPAIIEHUsI: €CJIU TEPBBI CTYIEHT Tonaj B K-blif BArOH, TO BTO-
poii BEIOHpaeT cpean N — 1 OCTABIINXCST BATOHOB, & TPETHi BEIONpaeT
cpemu n— 2 ocraBimxcd 1 T.7.. [lo kiaaccuyeckoit hopmyse uckomast

BEPOSITHOCTH

n?"

nn—1)...(n—r+1)"

p:

3. Yucao codgeranwmii. [locraBum BONpPOC: KAKUM TUCJIOM CITO-
c00OB MOYKHO COYETATDH 1M DJIEMEHTOB, BLIOMPAEMBIX U3 JIAHHBIX Pa3-
auaHbIX 1 (m < n) sjaeMeHToB. MeTogoM MaTeMaTudecKon WHYK-
[N JTOKA3bIBAETCA (POPMYJIa

n!
O = ——————
n - | | Y
m!(n —m)!
OIIPEIEJISAIONIAsT IMCJIO BCEBO3MOXKHBIX COUYETAHUN U3 71 IJIEMEHTOB
10 M. DTHU YHUCJa XOPOIIO M3BECTHBI, T.K. IIPEICTABJISIIOT OO0 KO-
s durmento buHoma Heiorona. OrmernM ciiejyrornee, 9acTo HEOD-
XOJUMO€ TIPU BBIYUCJIEHUSIX CBOWCTBO:

o =cpm.

Bostee obuuMm siBiisiercs ciydail, KOrja COBOKYITHOCTD U3 11 3JIe-
MEHTOB pa3bmBaeTCs Ha (PUKCHPOBAHHOE YUCJIO k TPYIII, IpUIeM
(PUKCUPOBAHO ¥ YHUCJIO JIEMEHTOB B KAaXKJON I'DYIIIE, CKayKeM, B
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KayKJIOi IpyIIe ¢ HOMEPOM % COJEPXKHUTCSI POBHO N; 3JeMeHTOB. B
OCTA/IbHOM 3JIEMEHTBI TPYIIIUPYIOTCS IMPOU3BOJLHO. B sTOM City-
qae YMCJIO PA3JIMYHBIX COYETAHUN U3 71 JIEMEHTOB 110 N1, N9, ... Ny,
n=mny+ng+...+n, €CTb YUCJIO

N — n!

n1!n2! ce nk! ’
HA3BIBAIOIIEECS TIUCIOM NEPECMAHOBOK C NOGMOPAIOULUMUCS INEMEH-
Mamu.

o Ilpumep 3. B smuke comep:kurcst 10 0OMHAKOBBIX JeTAJelt,
rnoMeveHHbIX HOMepamu oT 1 mo 10. Haynauy u3Bnevens: 6 neraseil.
HaiiTi BepogTHOCTD TOTO, 9TO CPe/IH OTOOPAHHBIX OKAYKYTCH: &) J1e-
Taab 1; b) merans 1, merannb 2.

Pemenue.

a) IIpocTpancTBO /71€MEHTAPHBIX COOBITHIT ) COCTABUM W3 BCe-
BO3MOXKHBIX Habopos u3 6 jgerajeii, T.e. 6 u3 10. O6bem 3TOrO MPO-
CTPaAHCTBa paBeH Yuciy coderanuii u3 10 mo 6, T.e. 0160. 3a asrebpy B
TOM IIPUMEPE JOCTATOTHO B3ITh MHOXKECTBO IOJIMHOYXKECTB 13 6 3J1e-
MEHTOB, J100aBHUB IIycTOe 1 caMo MHO»KecTBO n3 10 meraseit. CoObI-
TS w € () eCTECTBEHHO CUNTAThH PaBHOBepOsTHBIME. Toraa ocraercst
ITOCYNTATH KOJUIECTBO JIEMEHTAPHBIX MCXOIO0B, IIPH KOTOPOM ITPO-
U30HIeT WHTEPECYIoIee HaC COOBITHE: Cpeau OTOOpaHHBIX 6 jJeTaseit
ectb gerajb 1. Ho Torma ocranbHbIe MATH JeTajeit B 9TOH TIpyIie
UMEIOT JIpyrue HoMepa. JHUcI0 TaKuX MCXOJ0B PABHO UHUC/IY COUYETa-
HUI 3 ocTaBmmxcsa 9 neraseil (kpome geranmum 1) mo 5, T.e. wmcity
CS. M ckoMast BEpOSITHOCTD OIPEIEISIeTCsl TEIePh IO KJIACCHUIECKOMY
OIIPEJIEJIEHUIO BEPOSITHOCTHU

b) IIpocTpancTBO 9/1IEMEHTAPHBIX UCXOJIOB TO YK€, UTO U B IIPEJIbl-
JIyIeit 3ajiade: C’fo. Yucsio GJIaroNpUSTHBIX UCXOJOB (Cpeu OTo-
OpaHHBIX €CTh JiBe (PUKCUPOBAHHBIE JeTajn 1 u jieraitb 2, U, CJie-
JIOBaTEIbLHO, OCTaBINMeCsd 4 JeTaju MOTYT UMETh JIIOObIe Ipyrue HO-
Mepa) paBHO YMCIIy codeTaHuil u3 8 mo 4, T.e. IuCIy C’él. Nckomas
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BEPOSITHOCTh
p_m_G L
n C?O 3

o Ilpumep 4. B napruu u3 N meraseit umMeercs n CTaHIAPTHBIX.
Haynaay orobpanbst m gerasieii. HaitTu BeposiTHOCTB TOTO, YTO Cpein
0TOOpPAaHHBIX POBHO K CTaHIAPTHBIX.

Pemenne.

[IpocTpancTBO 3J/IEMEHTAPHBIX UCXOJOB () CO3JAJIMM U3 BCEBO3-
MOKHBIX HAOOPOB 110 M JeTajel B KaxKJI0M U3 00IIero MaoxkecTBa N
neraneii. Bee atu cobbiTus 6yiem cautarh paBHOBeposaTHBIMEA. O0b-
€M 3TOr0 IPOCTPAHCTBa paBeH 4uCay coderanuwit m3 N mo m, T.e.
gquery C}f. Ocraerca HMOCYUTATH IHUCJIO GJATONPUATHBIX HCXOJOB.
Cpenu n cragapTHBIX JeTajieil BeIOpaTh PoBHO k jerajeil MOxK-
HO Cfif cIrocobaMu; MpU ITOM OCTAJIbHBIE M — Kk meTajeil JOJI2KHBI
OBITH HECTAHJAPTHBIMU. B3sTh m — k HeCTaHIaPTHBIX JieTajeil cpe-

au N —n HeCTaHZAPTHBIX MOXKHO Cﬁ:ﬁ criocobamu. CrenoBaTesibHoO,

9UCJIO OJIATONMPUATHBIX MCXOI0B PABHO C}(}:ﬁ Cf.f. Ucxonnas BeposiT-

HOCTB, COIVIACHO (POPMYJIe KJIACCHIECKON BEPOATHOCTH, PABHA:

m—k
b ORiCh
Oy

2.3. I'eomerpuyeckasi BEpPOATHOCTD

IIpeamonoxkum, 9TO ciiydailHO BBIOMpaETCs TOYKa Ha OTPE3-
ke [a,b]. TlocraBum 3amady 06 ONpe/e/IeHIMN BEPOSITHOCTH IOIAJIa-
HHUSL B TOYKY Zo € [a,b]. Ecim ncxomurb u3 paBHOBOZMOXKHOCTH
BBIOOPA TPOM3BOJIBHON TOUKN U KJIACCHIECKOH (hOPMYJIBI BEPOSIT-
HOCTH JijIsi PABHOBO3MOXKHBIX HCXOJ0B, TO Mbl JOJIKHBI MOJOXKUTh
p(xo) = é = 0. ToT ke pe3yabTaT HOJIYIUM, €CJIN UCXOIUThH U3 aK-
CHOMBI HEIIPEpPLIBHOCTU Aj4: eciu w; — coObITHe, 3aK/II09aioeecs B
TOM, UTO CJIyYaiiHO BBIOpaHHAS TOYKA IOIAJIa B W;i-blii HHTEPBAJI, a
w; — HabOP OKPECTHOCTEH TOYKH I(, CTATMBAIONMXCA B TOUYKY T(),
10 lim;_,00 p(w;) = 0, cormacuo akcuome Ay (mozgpobuee 06 akcrome
HEIPEPBIBHOCTH B 11.3).
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Ho eciu BepoATHOCTL cOOBITHSI paBHA HYJIIO, TO CAMO COOBITHE
"HeBO3MOXKHOE" |, T.€. HUKaKasi TOYKa He MOXKET OBLITh BhIOpaHa, 4To
10 YCJIOBUIO 3aJa4U TOXKE HEBO3MOXKHO. MBI IIPUIIIA K TaK Ha3LIBa-
eMoMy "mapaokcy HenmpepbIBHOCTH" .

MBI OJIZKHBI CIEJIATH BHIBOJL O TOM, YTO KJIACCUIECKOE OIIPEIeIe-
HI€ BEPOSTHOCTH HEJIb3sl IPUMEHUTH K OINBITY ¢ OECKOHEUHBIM UHC-
JIOM PABHOBO3MOYKHBIX UCXOJIOB, T.K. BEPOSITHOCTH Ka¥KI0T0 COOBITHS
paBHA HYJIIO IT0 KJIACCHIECKON (popMyJie U 000 3IeMEeHTaPHBII 1C-
X071, HeposMoxkeH. Ho Ha caMoM Jiej1e KaKoe-TO COOLITHE U3 IIPOCTPaH-
CTBa 3JIEMEHTAPHBIX NCXOJ0B 00A3aTEIbHO POUZOMHIET.

BrIxos1 n3 mapaJiokca HelpepbIBHOCTH cieytomuii. BmecTo Bepo-
ATHOCTH "TONaJaHusT B TOUKY'" BBOIUTCS BEPOSITHOCTD "IOTIAIAHIS
B 00J1aCTh w , coyepKaIlyio TOUYKY'", u "OTHOCHTE/IbHAST BEJTUIHU-
Ha objiacTu" IpUpaBHEHa BEPOSITHOCTH IMONAJIAHUSI B JIFOOYIO TOUKY

. _ pw)
sT0it obsactu f(xg) = MO w(w), p(2) — mepa (amna, 1wo-
maib, oobeM, BpeMst 1 Ap.) obractu w u §) COOTBETCTBEHHO.

Takast cuTyalusi BOSHUKAET, KOT/1a ITPOCTPAHCTBO 3/ IEMEHTAPHBIX
HCXOJIOB IIPEJICTABIISIET OO0 HEPEPbIBHOE MHOXKECTBO (IIpsSiMasi UK
€e JacTh, IJIOCKAsl UJIM POCTPAHCTBEHHAsT 00JIACTD ).

Korma o6beM IpOCTPAHCTBA 3JIEMEHTAPHBIX HCXOMO0B COCTOHUT
13 HEOIPAHUIEHHOTO YHUCJIa COOBITUH, BEPOATHOCTHOE IIPOCTPAHCTBO
crpouTcs Ha OcHOBe o-ajirebpnl. IlycTh B mpocrpancrse ) BBeze-
Ha Mepa i (JIJIMHA, IUIOMA s, 0bbeM, BpeMst u Ap.) u u(2) < oo.
OyYHKIMS BEPOSTHOCTH Ha 3JIEMEHTaX ajredpbl MOXKeT ObITh BBee-
Ha CJIEIYIONIAM 00pa30M:

p(ay = 44 (2.3.1)

1($2)

Onpegnenenne 2.3.1. Bepoamnocmo, 8bMUCAAEMAA KAK OMHO-
wenue mep no gopmyse (2.3.1), nazvisaemes reoMeTpUIECKON Be-
POAATHOCTBIO.

Heobxomumo oTMeTuTh, YTO B KadeCcTBE aJireOPhI y2Ke HeJb-
351 OpaTh MaKCUMAJIbHYIO, T.€. MHOYKECTBO BCEBO3MOYKHBIX IOJIMHO-
JKECTB MHOKeCTBA, {), TOCKOJIbKY B aJirebpy He MOI'YT BOWTH MHOXKE-
cTBa, He uMerolue Mepbl MHOXKecTBa ). Hampumep, Kycok mpsmoit
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Ha TJIOCKOCTHA UMEET MEPY PaBHYIO JIJIMHE ITOU MPSIMOl, HO 3Ta XKe
Mepa paBHa HYJIO C TOUYKW 3PEHUS IIJIOMIAN.

o ITpumep 1 (3amaua Broddona.)? Ha miockocts, pacuep-
YCHHYIO ITapaJlJIEJIbHBIMU IIPAMBIMU, HAXOJIANMIUMHACA Ha PACCTOAHUN
a JIpyr or Jpyra, ciydaiiHo OpoineHa uria jymHbL [ < a. Haiitn
BEPOSATHOCTH ME€PECeUeHrs] UTJIbl ¢ KAKOH-HUOY b U3 TapasiebHbIX
PSIMBIX.

Pemeunune.

[lycts cobbiTme A — mepecedeHre WIILI C Kako# -HEOY/IH

U3 TapaJIeJbHBIX  IIPAMBIX.
¥ Brenem NIPAMOYTOJIBHYIO
CHACTEMY KOODJUHAT x0y,
it U HOycTb T — YTOJd MeX-
2 Ay  UIVIOH W Hapajulelib-
HOW IIpAMON, Y — Ppaccro-

sSIHHE  OT  CepEeJWHBbI  UIJIBI
o Omkaiieit MIPSIMOIA.
3a [IPOCTPAHCTBO dJIe-
MEHTaPHBIX COOBITHIA Q

0 T x

Puc.5 upuMeM IPSIMOYTOJIBHUK
Q={(z,y):0<z <7 0<y<a/2}, u(2) = 7- 5. Uarepecyiomee
cobbitre A mmeer Bu: A = {(z,y) : 0 <y <{/2-sinz, 0 <z <7},
nw(A) = [ L - sinz dz (puc.5).

306bIaHO CYNTAIOT, YTO MMEHHO PABGOTH (PPAHILY3CKOrO ECTECTBOMCIIBITATEIS
K. Biobdona (1707-1788), B KoTOpbIX OH cHOPMYIUPOBAJ 3a1ady O Gpoca-
HUU UIVIbI Ha pas3rpadIieHHYIO IJIOCKOCTb U IMPEJJIOKWUII €e PEellleHHe, SBUIUCH
OCHOBOITOJTATAONUMA B (DOPMHUPOBAHUN T€OMETPUIECKOTO OIIPEIEIEHUST BEPOSIT-
Hoctu. IlepBas ero mybsmkamus Ha 3Ty TeMy OTHOcUTCS K 1733 r., Korja oH
crenaJt nokJaz B Ilapukckoil akagemun Hayk 1o HazsanueM "Memyap 06 urpe
dpank-kappo". Tekct Bropoit 3agaun Broddona mpusemen B mpumepe 3.3.1. Ilo-
ciie Brodbdona 3a1aun Ha reoMeTpUYECKHE BEPOSITHOCTU CUCTEMATHIECKH BKJIIO-
qajanuch B paboOThI 110 Teopuu BeposTHOCTE. D10 mcciaemosanns 1. Jlamraca,
B.4A. Byuskosckoro, I'. Jlame, /I. Cumbsectpa, M. Kpodrona, 2K. Beprpana
u apyrux. bBojsiee Toro, m3 onbita ¢ "6r0ddoHOBOM MO IKCIIEPUMEHTAIBLHO
[IOJICIUTAHO TUCJIO T.
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Wckomast BEPOATHOCTDL paBHaA

P:'u(A)zl/ sinxda::2—l.
w(Q)  ma jy Ta

o Ilpumep 2. Curnajbl OT JBYX HE3aBUCUMO pabOTAIONTUX
AHAJIM3ATOPOB IMOCTYIAKT B CATHAJIM3ATOP B JIFOOOW MOMEHT Bpe-
MeHun B Tedenue Bpemenu 1. Ecim pasHocTh Mexy mnocTyiiie-
HUSIMA 3THX JIBYX CHIHAJIOB MeHbIe, deM t, cpabarThiBaeT CHUTl-
nasjuzarop. Hafitn BeposaTHOCTH cpabaTblBaHUS CHIHAJIU3ATOPA,
€CJIM U3BECTHO, YTO KaXKJIblil U3 aHAJIU-
3aTOPOB II0CJIAJI CUTHAJI B T€YEHUE Bpe-
mern T. . v

Pemenune. ; =

e

BeeseM npsIMOYroJibHYIO cHCTeMy  tf v
koopauaar Oy u mo ocu Ox Oyuem <
OTKJIaJIBIBATH BPEMSsI TIOCTYILIEHUST TIep-

0 £ T X
BOTO curHaja, a mo ocu Oy — BpeMms
HOCTYIUIEHHsI BTOPOTo curHaJa. [Ipemy- Puc.6
IpexKJeHne Cpa6OTaeT IIpU BBIIIOJIHEHUN HEPaBEHCTBa

|z —y| < t.

3a MPOCTPAHCTBO JIEMEHTAPHBIX cOObITHi ) mpumeMm KBajapar () =
{(z,y) :0<x<T, 0<y<T}. Muaoxkecrso To4eK cpabaTbiBaHUsI
upejynpexjamomnero yerpoiicrsa: B = {(z,y) : —t < z —y < t}
(puc.6).
Uckomas BeposTHOCTL paBHA
w(B)  T?—(T—1t)? 2Tt—t* (2T —t)
) T2 I

2.4. CraTucruvyeckKkasi BEpOsATHOCTDb

Kiaccuueckoe OoIIpeJiejieHre BEPOATHOCTU B 3aJad9ax
€CTECTBECHHO-HQYIHOTO MW TEXHUYIECKOro XapaKTepa HaTaJIKUBa-
€TCsd Ha IMPpUHIOUIINAJIbHbIE TPYIHOCTH. O‘{eBI/I,ZLHO, qro He J1000e
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cobBITHE 00JIa/IaeT CUMMETPHEl, TO3BOJISIONIENH CIeIaTh 3aK/IH0de-
Hue o "paBHOBO3MOXKHOCTH" , U COBCEM HE 00sI3aTesbHa, KOHEYHOCTD
MIPOCTPAHCTBA JJIEMEHTAPHBIX HCXOJIOB.

[IpencraBbre cebe GECKOHEUHBIN KOHBEED, IO KOTOPOMY JIBUKYT-
cs1 IeTasin, CpeJin KOTOPBIX €CTh GpakoBaHHBE. KKak MOXKHO ompejie-
JINTh BEPOSITHOCTH TOSIBJIEHUSI OPAKOBAHHON JETAJIN, €CIU IIepecuer
BCex JeTasiell HeBO3MOYKEH, a O PABHOBEPOSITHBIX MCXOAX HE MOXKET
ObITh 1 peun. B Takoil cuTyanuu MOXKHO JIUINb CIeJaTh cirydaii-
HYTO BBIOOPKY'" merasieit ¢ KOHBeepa, IepecInTaTh B HEl KOJINIECTBO
OPaKOBAHHBIX U HAWTU OTHOIIEHUE STOTO KOJUYIECTBA K OOHEMY BbI-
6opku. MbI 371eCh ciiegyeM OObIYHBIM KQHOHAM TEOPUU BEPOSITHOCTH.
Ho MoXKHO /i cIuTaTh MOJTyYeHHOE IHUCI0 BeposATHOCTRIO? Konedano
— wer. llosydenHOe 9mMCIIO MOXKHO Ha3BaTh "dacToToil" MosiBIeHMSs
OPaAKOBAHHOTO M3/IEIUsI MMEHHO B 9TOH BbibopKe. BosHmkaer Bompoc
— 9T0 4ncIo (YacTOTa) XapaKTepU3yeT MPOUCXO/IAIIee Ha KOHBeepe
MJIN OHO TaKOoe YKe CIydaifHoe KaK 1M BeCh MPOIECC MTONCKA TaCTOTHI?
Benp BoIOOpKa — CirydaiiHasi, KOJTUIECTBO OPAKOBAHHBIX JleTajieil —
cJy4aiiHoe U IIp..

3paBblii CMBICST TIOJICKA3BIBAECT, UTO HAJIO MPOU3BECTH CEPUIO
TaKUX HUCIBITAHUN, ecim B pesyiabrare "wacrora' okaxkercs "cra-
6ubHOI" (B HEKOTOPOM CMBIC/IE), TO MOYKHO CIMTaTh "dactory" pe-
aJIbHON XapaKTePUCTUKON MPOIlecca U ONEPUPOBATH TOH 1udpoii B
CBOJIKAX, OTYETAX W HAYIHBIX HCCIenoBanusx. Ho aTo smmmb 3apa-
BBIN CMBICI U WHTYUIHS.

[IpakTraeckyto MpoBepKy "dacToTbl" MOXKHO yCTAHOBUTH Ha Ca-
MOM TIPOCTOM OTIBITE€ — TOJAOPACHIBAHNN MOHETHI. BeposiTHOCTH To-
siienns "opsa', "pemku' — % [IpoBeaute Temnepnb cepuio momdpa-
CBIBAHUH C TIOCTIEIYIOMINM OTIPEIETICHIEM YacTOTHI B KaXKI0# cepum.
OueHb TPUHIUITUAJIBHBIN BOIIPOC — OYJIET JIU YaCTOTa TPUOJINAKATH-
sl K IUCITy — %? Ecnu ner, To nccieoBanme n APyrux mMporeccoB Ha
ocHoBe "uactorel" — mycras 3abaBa, ecyu ja, To B "gacrore" 3aJio-
»KeH cMbIc "BeposgTHOCTH" | M CJI€IOBATE/ILHO, 3Ta XapaKTEePUCTUKA,
cymecrBerHa. Ha mpoBepKy yiiier MHOTO BpEMEHM, & CIIPABETTUBHIM
OKazKeTCsl BTOPOI OTBET 4,

4I{TO n KOrJa BIIEPBBbIE IIPOJeJiajl OIIBIT C HO,ZL6paCI>IBaHI/IeM MOHETBI HE HU3-
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CBO¥ICTBO yCTOWIMBOCTH 9aCTOT, MHOTOKPATHO ITPOBEPEHHOE IKC-
[IEPUMEHTAJIBHO, €CTh OJIHO U3 HanboJiee XapaKTEPHBIX 3aKOHOMEP-
HOCTEH, HADJIIOMAEMbIX B CIyYallHBIX SBJICHUSX. MaTeMaTHIecKyto
dOpPMYIUPOBKY 3TO# 3aKOHOMepHOCTH BiepBble naa 7. Bepmysmu
B TeopeMe, MPEJICTABJISIONIEH TPOCTENITy0 (POPMY 3aKOHA OOIBITUX
quces. BepHy/n 0Ka3a/, 9TO IPU HEOTPAHUIEHHOM YBEJIMIEHUN
YUCIa HE3ABUCUMbBIX HCIIBITAHUN C MPAKTUYIECKON JTOCTOBEPHOCTHIO
MOXKHO YTBEPKIATH, UTO YACTOTA COOBITUS OyIeT CKOJIb YTOIHO Ma~
JIO OTJIMYATHCA OT €0 BePOSTHOCTH B OTJEJLHOM HCIIBITAHUU. BbI-
Boabl anrymiickux ydenbiX /. I'paynra m B. Ilertu oTHOCuTE/IBHO
YCTOWYUBOCTH 9aCTOT HEKOTOPBIX COOBITUI, B 9ACTHOCTH T'OCITUTAJIb-
HOit cmepTHOCTH i JloHmona u [lapumka, mOArOTOBU/IM TOYBY K
OTKPBITUAIO TEOPEMBI, Ha3BaHHOII 11032ke "3aKoHoM 0oJIbIuX Ynces".

Tereps puBeIEM COOTBETCTBYIOIEE OIIPEIE/ICHNE.

[IycTs skcmepumenT mopTopsiercss n pa3. ObozHAUUM UYepe3 wi
— uCXo B k-OM 3KCHEPUMEHTE, N-KPATHOE TOBTOPEHNE KCIIEPUMEH-
Ta 03HAYAET, UTO ONpeJIeJIeHa TIOCIEI0BATEILHOCTD {W1, w2, . . ., Wny }.
DTy MOCJIEI0BATEILHOCTD MbI U IIPUMEM 3a IIPOCTPAHCTBO 3JIEMEH-
TapHbIX ucxooB 2", O603HAYUM Yepe3 (i - YUCJIO OSBIEHUS COObI-
tusgt A B n ucnbltanusx. Toryja v, = u/n — Ha3LIBAETCA O0MHOCU-
meavhot wacmomot cobvimus A.

Onpenenenne 2.4.1. Fcau npousdsedena cepus u3 n ucCnvlma-
HUTl, 8 KaHCAOM U3 KOMOPBHIL MOAO NOABUMBCA UAU HE NOACUMBCA
cobvimue A, mo omnocumenvroti wacmomoti cobvimus A 6 dannotl
CEPUU UCIBIMAHUT HA3BLBAENCA OMHOULEHUE YUCAG UCTOIMAHUT (L |
8 KOMOPHIT NOABUAOCH cobmmue A | K 0buLeMy HUCAY BCET NPOU3Ee-
JEHHBLT UCTBIManUTL:

Un = p/n

Onpenenenne 2.4.2. [1o0 CTATUCTUYECKON BEpPOATHOCTHIO
COOBIMUA NOHUMAIOTM, OMHOCUMEALHYI0 wacmomy cobumus A npu

BECTHO. HO UCTOPHUUN U3BECTHLI PE3yJ/IbTaTbl UCHOBITAHUN HEKOTOPbIX YY€HBbIX. )K
Broddon (1707-1788) 4040 pas monbpaceisaa mMoHery, "rep6" Boimas 2048 pas.
K. Iupcon (1857-1936) noxbpocun ee 24000 pa3, "rep6" suman 12012 pas.
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OONDULOM YUCAE UCTOIMAHULT T

P(A) = lim .

n—oo

Takum 06pa3oM, Ha CTATHCTHIECKYIO BEPOSTHOCTH MOKHO CMOT-
peThb Kak Ha BEPOSITHOCTD B 1 HCXOJIAX, [IOITOMY Ha 3TO OILIPEJIeJIeHHe
[EPEHOCATCS] OCHOBHBIE CBOIICTBA BEPOATHOCTH ( ¢ PABHOBO3MOKHBI-
MM HCXOJIAMN):

1. P(Q)=1,

2. P(Q)=0;

3. FEeaulC=A1+A2+---+ A, , 2de A1, Ag,--- , A, — necos-
mecmmwv,, mo P(C) = P(Ay) + P(As) +---+ P(Ay).

§ 3. AkcmomaTuKa Teopum BEepPOATHOCTEI

B nynkTe 2.1 npu paccMOTpeHUN IPOCTPAHCTB JIEMEHTAPHBIX
PaBHOBO3MOXKHBIX HCXOI0B ) ObLIM TOJIyUEHBI CEMb CBOWCTB KJIac-
CHUY€ECKOTO OIPEJIeJICHsT BePOsTHOCTHU. VIHTepec BLIZBIBAET BOIIPOC O
TOM, KaK¥e U3 9TUX CBOWCTB MOYKHO JJOKA3aTh JJIsl IPOM3BOJILHOIO (B
TOM YHCjIe ¢ GECKOHEUHBIM OG'bEMOM) IPOCTPAHCTBA JIEMEHTAPHBIX
HUCXOJZI0B, KAKNe CBOMCTBA CIICAYeT CUNTATH AKCHOMAaMU.

AKcroMaTHIecKoe II0CTPOEHIE TeOPUH BEPOSTHOCTE® Geper Ha-
9aJ10 OT AHAJIN3a KJIACCHYIECKOr'0, T€OMETPUYIECCKOIO U CTATUCTHIE-
CKOI'0 OIIpeJIeJIEHNII U IPU3BAHO IIPEOJI0JIETh HEJIOCTATKHU KaXKJO0I'o
13 HUX.

®BrepBble aKCHOMATHYCCKHMI OIXO0, OCHOBAHHBIH Ha KAYECTBEHHOM CPaBHe-
HUU CJIydaiHbIX COOBITUI 110 X MEHBIIeH WK GOJIbIIell BEPOSITHOCTH, OBLI TIPE/I-
soxken B 1917 rogy C.H. Bepamreitnom (1880-1968 rr.). Bee ocHoBHBIE TOJTOXKE-
HUS TEOPUH BEPOSITHOCTEH BBIBOMJINCH UM JI€AYKTUBHBIM IIyT€M M3 OCHOBHBIX
TpeX aKCHOM — AKCHOMBI CDABHEHMSI BEPOSITHOCTEH, aKCHOMBI O HECOBMECTUMBIX
COOBITUSIX ¥ aKCHOMBI O coBMeneHnn coobrruii. B 1933 romy Beiuta kuura A.H.
Komamoroposa "OcHOBHBIE IOHATHUS TEOPUH BEPOATHOCTEN B KOTOPOH ObLIa IIpeJI-
JIO’KEHA aKCUOMATHKA, NOJIYYUBINas BceoOIlee IpU3HAHNE U [T03BOJIUBINAs OXBa-
TUTHh HE TOJBKO BCE KJIACCUYECKHE Pa3eibl TEOPUU BEPOSTHOCTEH, HO U JaTh
CTPOTYIO OCHOBY JJIsl PA3BUTHs HOBBIX Pa3/I€JIOB.
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Omnpenenenne 3.1. ITycms ) — npocmpancmeo asemenmap-
Hox ucrodos, U — xaxas-subo anzebpa, nocmpoeHmnas u3 noomMHo-
orcecme (cobvimuti) mroocecmsa §). BeposiTHOCTBIO 6ydem Has3bi-
samv gynkyuro P = P(A), onpedeaennyro na saemenmax anzebpol
A €U, daa KOmMOPoli 6LNOAHEHDL CACIYIOULUE GKCUOMDL TREOPUL GE-
poammnocmedi:

Al.  P(A) >0 YA € U (neompuyamervrocmv P);

A2.  P(Q) =1 (nopmuposarnocmov P);

A3. AB=0, = P(A+B)=P(A)+ P(B) (addumus-
nocmo P);

A4, Jlaa moboti nocredosamenvnocmu Aj € U, j = 1,2,...
srAONaGOUWUT dpye dpyea cobwmutl A1 D Ay D A3 D ... DA, D

. JdJIA KOTOPBIX
[e's)
A 4=0
n=1
BHIMOAHAETMCA PAGEHCITNEO

lim P(A,)=0.

n—oo

N3 akcuom BbIBE/I€M HEKOTOPbIEC BarKHbIE cBoOIicTBaA.

Csoiictso 1). P(A) =1-— P(A).
Cnenyer us A3 u A2, nockomeky A+ A=, A-A=0Q.

CaoiictBo 2). Ecau A; - Aj = O, Vi # j, mo umeem mecmo
cuemmas adoumueHoCmy:

PO 4 =Y P4y,
k=1 k=1

Crenyer u3 A3, HanpuMmep, Jijist TPEX CJiaraeMbIX
P(A;+ Ay + A3) = P(A1)+ P(A2+ A3) = P(Ay) + P(A) + P(As3).

Ceoiicto 3). P(Q) = 0.
Cnemyer n3 A2 u cBoiicrsa 1.
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Cgoiicro 4). Ecau A C B, mo P(B—A)=P(B)— P(A).
Jlis loKazaTe/ibeTBa pejicTaBuM cobbitne B B Bujie B=A+(B\ A).
Tx. AN (B —A) =0, rono A3: P(B) = P(A) + P(B — A).

Cgoiicto 5). Ecom A C B, 1o P(A) < P(B).

Crienyer u3 coiictBa 4 u Ap

Cgoiicro 6). 0< P(A) <1.

C 0Y€BHIHOCTBIO BBITEKAET U3 CBOHCTBA 5.

Ceoiicreo 7). P(A+ B) = P(A) + P(B) — P(AB).
st okazaresbersa npejcrasuM cobbitus A u A+ B B BuJIe CyMMBbI
HelepeCceKarommuxcsi COObITHIA:

A=AB+AB, ABNAB=0 2% P(A)=P(AB)+P(AB).
A

A+B=AB+B, ABNB=0 2 P(A+B)=P(AB)+P(B).

W3 nepsoro nosydaem:
P(AB) = P(A) — P(AB)

U, IIOJICTABJIAA BO BTOPOE, HAXOAUM Tpebyemoe.
Cesoiictio 8). s aobwx cobwmuti Ay, Ag, ..., Ay, aneebpo U
GBINOAHACTNCA HEPAGEHCTLEO

P(Y_Ap) <D P(Ap).
k=1 k=1

Crexnyer u3 csoiictsa 7, Tak kak P(A-B) > 0, ro P(A+B) < P(A)+
P(B). Unxykuueii nHIeKCy CyMMUPOBaHUs BBIBOJUM TpebyeMoe.

3ameuanme 1. CpoticTBo 7 HOCHT Ha3BaHUE "TeopeMbl CJIOXKe-
Hust" jist mpou3BoJIbHBIX coObITui A u B (cp. ¢ npumepom 1 myHKTa
2.1).

3ameuanune 2. Axcuoma 4 103BOJISIET HHTEPIIPETHPOBATH CEOs
Tak: goctarodHo "Mearomy" cobbITHIO OTBETAET JOCTATOTHO MAJIAST
BepossTHOCTh. [loaToMy sTa akcmoma HasbiBaeTcs "akcHOMOI Herpe-
pbIBHOCTH".

OrMmernM TakXKe cieayiomee. Ad paccMaTpuBaeTcss TOJIBKO Ha
3JIEMEHTaX aJredpbl, TOCTPOEHHON HA OCHOBE MPOCTPAHCTBA JJIEMEH-
TapHbIX cOOBITHIT () ¢ GeCKOHEYHBIM 00BEeMOM (MHOT/IA TOBOPAT — C
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GECKOHEYHOl Pa3MEPHOCTBIO) N = 00, U MOXKET ObITh 3aMEHEHA Ha
PACHINPEHHYIO AaKCUOMY CJOXKEHWUSsI: ecau cobumus A, 6 nocie-
dosamenvrnocmu A1, Ao, ... NONAPHO HECOBMECTVHDL, MO

P> An) =) P(An).
n=1 n=1

DTO BBITEKAET U3 CIAEAYIONIEH TEOPEMBI.

Teopema 3.1. Pacwupennas axcuoMa CAOHCEHUA PAEHOCUALHA
AKCUOME HENPEPLLEHOCTIU.

JokasaTenbcTBso.

1. U3 pacimupeHHOoi aKCHOMBI CJIOXKEHUS CIIEIyeT aKCUOMa Helpe-
puiBHOCTH. JleiicrBurenbHo, myctb Ay, Ao, ..., An,... TAKOBBI, 9TO
A1DAyD...DA,D...ipuVn>1u ()2, A, = @. OgeBusuno,
aro Ap = Y oo Ag - Agr1 + e, Ak Tak Kak cobbITHs, cTOAIME
B CyMMe, IIOIAPHO HECOBMECTHLI, TO II0 PACIIMPEHHON aKCHOME CJIO-
JKCHHSA

P(A,) = ZP(Ak - Apg1) +P(ﬂ Ap).
k=n k=n

HOCJ’IGJIHGG CJlaraeMoO€ paBHO HYJIIO II0 YCJIOBUIO, CJI€JOBATEJIHLHO

P(A,) = Z P(Ak - Akt1),
k=n

1o ectb P(A;,) ecTh 0OCTATOK CXOJISIIErocs psijia

o0
> P(Ay - Agpa) = P(A),
k=1

[IO3TOMY

lim P(A,) = 0.

n—oo
2. 13 akCHMOMBI HENPEPBIBHOCTU CJIEJyeT aKCHOMAa CJIOYKEHUS.
IIycres Ay, As,..., A,,... nomapao HecoBMecTHBI 1 A = A +
As+ ...+ A, + - . Tlonoxkum

Bn = i Ak )
k=n
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Torma Bp41 C B,. Eciu cobbitue B, HACTyNIWJIO, TO HACTYIIIJIO
Kakoe-HHOyb u3 cobprtuit A; (i > n) u, 3HAYUT, B CUJLy IIONAp-
HO¥ HECOBMECTHOCTH COOBITUH Ay, cobbiTust A;11, A;jya, ... HE HACTY-
nuin. Takum obpazom, cobbitusg Bjy1, Biy2,... — HEBO3MOXHBI, 1
CJIeJ0BATEILHO, HEBO3MOXKHO cobbitue (-, Bj. Ilo akcuome Herpe-
PBIBHOCTH

lim P(B,) = 0.

n—oo

Tak kak A = A1+ As+...+Ap+ Bpy1, TO IO AKCHOME I TUTUBHOCTH

P(4) = P(A1)+ P(As)++ -+ P(An) +P(Bui1) = lim 3 P(Ay) =
k=1

oo
=> P(4).
=1
JokazaTebCcTBO 3aKOHYEHO.

OGparute BHUMAaHUE, UTO UUCOBasi (DYHKIMS BEPOSTHOCTH
TIPU AKCHOMATHIECKOM TOJTXO/Ie BBOJUTCSI, BOODITE TOBOPSI, TPOU3-
BOJIbHO. VccreioBareiib, 3aHUMAIOIIUICS PEIeHneM MPaKTUIeCKON
3aTa4H, JIOJXKEH OTIABATh cebe OTYeT B TOM, UTO:

1) J1J1st OJIHOTO ¥ TOT'O K€ OIIbITa MOXKHO OCTPOUTDH PA3HbIE PO~
CTPAHCTBA JIEMEHTAPHBIX COOBITHI ();

2) Ha IPOCTPAHCTBE JIEMEHTAPHBIX COOBITUII MOXKHO IIOCTPOUTH
pa3Hbie aaredpsr;

3) umcsioBasi dyHkims BepositHocTn P(A) Ha s/1leMeHTaxX OJIHOM
1 TOit »Ke anreOpbl U MOXKeT OBITH BBE/IEHA PA3IUIHBIMU CIIOCODAMU.

Cpaenas st Tpu BbIOODA, T.e. onpeenus Tpoiiky (,U, P), Bbl
noctpouTe "BEPOSTHOCTHOE MPOCTPAHCTBO" HCIBITAHUS WU , KaK
JacTO rOBOPAT, "BeposATHOCTHYIO Mojeb". Hackoimbko yaadHo BBe-
JIEHO BEPOSITHOCTHOE ITPOCTPAHCTBO, HYXKHO CYJIUTH 110 COIVIACOBAH-
HOCTH T€OPETUIECKUX BBIBOJOB C JAHHBIMU CTATUCTUIECKOTO OIIBITA.

[IpuBeieM COOTBETCTBYIOIIHE TPUMEPHI.

¢ 1) B "monerky" wurpator Tpu desoseka. Bpocatorcst e Mo-
HETBI, IIEPBbII BRIMTPHIBAET €CJIU BbINAJIO 1Ba "opJa' | BTopoit — JiBe
"pemiku" | Tperuit — MOHETHI yIAJM Pa3sHBIMEH cTOpoHamu. llpesmo-
JIO’KEHUEe, ITO MOHETHI MOTYT YTACTh PA3HBIMUA WM OJIHHAKOBBIMU
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CTOPOHaMM, IIPUBOJUT K IIPOCTPAHCTBY 3JIEMEHTapPHBIX I/ICXO‘,HOB6

Q= {(Ov R); (07 O), ((Rv R)} :

EC.T[I/I CHUTAaTh 9THU CO6BITI/I$[ PaBHOBO3MO2KHBIMHU, TO BEPOATHOCTDH
KasKJIOr0 M3 JIEMEHTAPHBIX MCXOJOB CJIEJyeT CIUTaTh paBHOil 1/3.

Opnako, 3adUKCUPOBAB KAKUM-IU00 00pa3oM MOHETBI, MbI MO-
2KEM OIIUCATh ITPOCTPAHCTBO 3JIEMEHTAPHBIX UCXOJIOB YE€THIPbMS HUC-
XOAaMu

Q= {<07 R); (R7 O)v (Ov 0)7 ((Ra R>} :

Eciim nocunraTh 5T COOBITUSI PABHOBEPOSITHBIMU, TO BEPOSITHOCTH
BBIUTPBIIIA [IEPBBIM UTPOKOM 1/2, a He 1/3, Kak 9T0 ObLIO B IEPBOM
npeanooxkennn. Kakast n3 9Tux BEPOSTHOCTHBIX MOJEIeHl urpbt 60-
siee "crpaBemymBas" | MOXKET yKa3aTh OIBIT, KOTOPBIM YATATEb MO-
JKET CJIeJIATh CAMOCTOSITE/LHO (IOTPATUB Ha 9TO HEMAJIO BPEMEHH ),
a Tak»Ke MOXKeT 00paTuThCs K uccienoBanusM [lackasis napajokca
sie Mepe, IpuBeIcHHBIM BO BBEJIEHUN.

[Tosbop HyKHOI BEPOATHOCTHONW MOJEH OCYINECTBIISETCH C I0-
MOIITBIO COOTBETCTBYIOIIETO IKCIEPUMEHTa. B paccMOTpEeHHOM BBIITE
[IpUMEpE IO CyTU Mbl JIOJI2KHBI BBISICHUTD, BEJLYyT Jin cebs MOHETBI
KaK OJIMHAKOBbIe (MOJIeJib ()1) min Kak pasuble (MoJesb (o, rie na-
DBl yIIOPSIJIOUEHBI ).

o 2) Q={0;1},th = {(%(0,1)},Us = {(£2):(0); (1); (0,1).
IIpenmomnaraercs, aro smements! (0,1) u (1,0) coBmamaior.

o 3) Q={A1,...,A,}. BeposrHocrb BBOAUTCS C HOMOIIBIO

IIPOU3BOJILHOTO HAOOPa HEOTPUIATENBHBIX 4ucen p; (p; < 1), yuo-
n

BJIETBODPSIIONIUX ycaoBuio y  pj = 1. fcHo, uT0 Takux HabGOPOB —
J=1

Tomobryto onmbKy B IOICYETEe BEPOSTHOCTEI! TP UTPE B OPJISHKY JOIYCTHI
dpannysckuit maremaruk u dunocod 2K.JI. Hamambep (1717-1783) B crarbe
"Tep6 u pemka"(1754), koropas crajna nedagbHo 3HamenuToil. Ho sro 6buia He
€JIMHCTBEHHAs! OInbKa B HCCJIeI0OBAHUAX y4eHOoro. MHOro HeTouHOCTeH OBLIO J10-
[IyIIIEHO B IIPUJIOXKEHUIX TEOPUN BEPOSTHOCTEN K CTATHCTHKE HAPOIOHACEIIEHHSI,
B paccyxeHusx o "dusndeckoir" u "mMaremarnyueckoit" BEpOATHOCTAX U JP..
[Ipuannoit ToMy CIy»KuUI0 O-BUAMMOMY o0Inee Kpurudeckoe ornomenue 2K.JI.

Hasrambepa K Teopur BEPOATHOCTEH.
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Gecunciennoe MHOXKeCTBO. Ecii cobbitust A; paBHOBO3MOXKHBI, TO
ecrecTBeHHO cunTaTh P(Aj) = 1/n.

§ 4. ¥YcaoBuble BeposgiTHOCcTU. He3aBucumocThb

4.1. YcjoBHasi BEPOATHOCTb U T€OPEMbI yMHOXKEHUS

IIpu penrenun 3a/1a4 0 HAXOKJACHUN BEPOATHOCTU IACTO ITPUXO-
JIUTCS CTAJIKUBATBCS C CUTYAIIMEl, KOTJ[a KPOME UCXOIHBIX JIAHHBIX O
COOBITHH TIOSIB/IIeTCsT MHMOPMAIUs O COOBITUAX, KOTOPBIE Y2Ke IIPO-
U30IIJIN, U TOTJIA IPOUCXOTUT U3MEHEHNE BEPOSITHOCTHOTO IIPOCTPAH-
crBa. Hanmpumep, eciu crynent 3uaer 10 u3 21 Bonpoca mporpamMmebi,
TO HPOCTPAHCTBO JIEMEHTAPHBIX UCXOJIOB COCTOUT u3 21 Bompoca,
anrebpa mpejnosaraercs Munumasbaoil U = (2, D) (r.e. crymenty
3a718IyT TOJIBLKO OUH BOIPOC )', BEposATHOCTH "cuacTimBoro Bo-
mpoca, — %. Ho mpencraBbre cebe, 1TO ABa BOIPOCA yKe 3aaHbl U
0b6a n3 cyacTinBoil ecaTku. [IpocTpaHCcTBO 3/IeMEHTAPHBIX UCXOI0B
aBTOMATUYECKH CyKaeTcs: 110 19 BOIPOCOB, a BEPOSTHOCTH CYACT-
JINBOT'O BOIIPOCA yKE — 1%. DTOT MpUMep MPUBOIUAT HAC K HEOOXO-
JIIMOCTH PACCMaTPUBATH COOBITHS 6€3YCA06HbIE — U3BECTHO TOJIHKO
BEPOSITHOCTHOE TIpocTpancTBo (Q, U, P) u ycaosnvie — eCThb 010
HuTebHAA NHAMOPMAIHS, [TO3BOJIAIONIAS CY3UTh IPOCTPAHCTBO dJIe-
MEHTaPHBIX UCXOJOB, YTO U3MEHUT U BEPOSITHOCTHOE ITPOCTPAHCTEO.
COOTBETCTBEHHO TOSIBJISIIOTCSI TEPMUHBI O€3YCAOBHAA BEPOAMHOCTILL
A YCAOBHAA BEPOATNHOCTILD.

Yenosnwie seposmmocmu obosnadaiorcst P(A/B) — BeposTHOCTD
cobeiTust A 1ipu ycjoBuu, 9To mpou3onuio coositue B. Ilpumep Ha-
XOXKJIEHUS YCJIOBHON BEPOSITHOCTU JIJIsI BEPOSITHOCTHOTO IIPOCTPAH-
crBa (Q,U, P) ¢ paBHOBO3MOXKHBIMU JIEMEHTAPHBIMU UCXOJAMHU W; €
Q u BepositHOCTBIO P(w;) = 1/n He upejcrasiisier Tpy/ia U Onpe/ie-

"KoHe4HO, B IefiCTBUTEILHOCTH CTYIEHTY MOTYT 3aJaTh He OIIH BOIIPOC 1 Ja-
ke "mpounrars Mopasis". Ho B paMKax JaHHOIO BEPOSITHOCTHOI'O ITPOCTPAHCTBA
— 3TO BCe IyCTOe MHOXKeCTBO ().
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asiercst o dpopmyste (eMm. nyHKT (2.1), npumep 2):

P(A/B) = w

Anajiornunast popMyJia TMOJyIaeTCs JJIsi BEPOSTHOCTHOTO IIPO-
CTPAHCTBA C T€OMETPUIECKON BEPOSITHOCTDHIO:

p(a)5) - MAB) _ m(AB)/M@) _ P(AB)
w(B)  wB)/u€)  P(B)

3/1eCchb HY?KHO 00paTUTh BHUMAHUE Ha, CJIELYIONUI (haKT: BEPOsIT-
HOCTHU B ITOJIYYEHHBIX PAaBEHCTBaX B34AThblI U3 II€ePBOHaAYaJILHOI'O BEPO-
SITHOCTHOTO TipocTpancTBa (Q,U, P), ato aenaet HGOpMyIbl yI00HbI-
MU HE TOJIBKO JIJIst IPAKTUIECKOTO ITPUMEHEHHsI. DTO JIAeT OCHOBAHUE
JIJIST BBEJIEHUS CJIEJIYIONIETO OILPEJIENIEHUS YCAO8HOU BEPOATNHOCTNY B
[IPOU3BOJILHOM BEPOSITHOCTHOM ITPOCTPAHCTBE.

Onpenenenne 4.1.1. IIycmv (Q,U,P) — npoussoavhoe 6e-
poammnocmuoe npocmpancmso. FEeauw A;B € U, P(B) > 0, mo
YCAOBHAA BEPOAMHOCTNG COOIMUA A NPU YCAOBUU, HMO NPOUSOULLO
cobwmue B, onpedeasemcs popmynoti

P(A/B) = M (4.1.1)
P(B)

B npasoii yactu pasencrsa (4.1.1.) cumBos P roHUMaeTcsi Kak
BEPOSITHOCTD B PACCMATPUBAEMOM BEPOSTHOCTHOM IIPOCTPAHCTBE, a
clleBa, KaK BEpOSITHOCTbL B HOBOM BEPOSITHOCTHOM HPOCTPAHCTBE,
OIIPEJIEJIEHHOM YCJIOBHEM, YTO COObITHE B IMPOM30IILIO.

Pazymeercs, npu 3ToM (hyHKIMS BEPOATHOCTH, ONPEIe/IeHHas Ha,
ycsIoBHBIX coObiTusix A/B o dopmyse (4.1.1), nmomkHa yiaoBiaeTso-
psTh akcuoMmaM Teopun BepostHocTu Al — A4. Ilposepbre 31O Cca-
MOCTOSITEJIbHO, 3adUKCUPOBaB HEKOTOPOe cobbitne B ¢ P(B) > 0.

U3 onpenenenns (4.1.1) ¢ 09eBUHOCTHIO BBITEKACT

Teopema ymHo>xeHust 1.

P(A) P(B/A)

P(AB) = { P(B) PLA/B) (4.1.2)
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OO6mmuit BApUAHT 3TOU TEOPEMBI.
Teopema ymHOXKeHUsA 2.

n
P(JJA:) = P(A1)P(A2/A1)P(A3 /A1 A) ... P(An/A1A;. .. Ay a).
i=1
(4.1.3)
Hoka3zareabcrBo. [Ipu n = 2 pasencrso (4.1.2) BbiTekaer
uerocpeicrsenno u3 (4.1.1). Janee mo mnaykmun. [Ipenmomoxm,
qro (4.1.3) cupasemuBo it 1 — 1 cCOMHOXKHTEIE]H:

n—1
P(]] Ai) = P(A1)P(Az/Ar) ... P(An_1/A1Ag... Ap s). (4.14)
=1

Torna n comuoxkureneit Aj ... A, pacCMOTPUM KakK IIPOU3BEIE-
Hue JIByX cobbrtmit: A, u A1As...A,_1, K KOTOPbIM IIPUMEHHMA
dbopmyia (4.1.2) st aByX cobbITHIA:

n

n—1
P(JTA) =P(]] 4) P(An/Ar... Any).
=1 =1

[MoxcranoBka B 910 BhIpazkenue (4.1.4) u nact dopmymy (4.1.3).

,HOKaB aTeJILCTBO SELKOH‘{QHO8 .

4.2. He3zaBucumMocTb COOBLITUM

Onpenenenne 4.2.1. Cobvimus A u B naswearomcesa He3asu-
CUMDBLMU, €CAU

P(AB) = P(A)P(B).

o Ilpumep 1. OmbIT COCTOUT B JBYKPATHOM MOI0PACHIBAHUN
MoHeThl. IlycTh cobbiTre A o3Havaer Bbimajenue "opsa' B mepBoM

8Teopema yMHOKeHUsI COBBITHII HMeJIa, OCTATOYHO JINHHYIO HCTOpHI0. MHO-
rue y4enble, B ToMm uuciie . Bepuysmm, [1.P. Moumop u npyrue, paccMaTpuBain
ee Ha JAaCTHBIX IPHUMepax IPHU IOJCYeTe YUCIIA IIAHCOB, OJIATONPHUSTCTBYIOMIX
HACTYILJIEHUIO JIBYX U OoJiee coObIThil. Briepsble hopMyINpOBKY T€OpEMBI YMHO-
2KE€HI U BBEJICHHWE YCJIOBHOU BEPOATHOCTH YHAJIOCH OCYIIECTBUTH AHTJIMACKOMY
maremaruky A. Myaspy B 1718 roay B nepsom uznanun "{okTpuns maucos"
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nojibpacbiBaHun, coobiTre B — Boiajenne "pemkn” Bo BTOPOM O/
OpachbIBaHIH. 3aBUCUMBI Jin coObiTust A u BY
P e m e 1 u e. [IpocTpaHCTBO 37EMEHTAPHBIX COOBITHH MMeET

s 0 = {OO,0R, RO, RR}.
1 1 1
P(A)=-, P(B)= 3 P(AB) = T
Tak kaxk P(AB) = P(A)P(B), o cobbitusi A u B HezaBucumsl.
OrMernM HEKOTOpBIE CBOCTBA HE3ABHCHMBIX COOBITHIL:
1. ITyemwv P(B) > 0, mo cobwmusa A u B nesasucumo, mozoa
U MoAbKo mozda, Koz20a

P(A/B) = P(A).

Ecau P(A) > 0, mo cobvimus A u B nezasucumv, mozda u mosvko
mozda, xoz2da
P(B/A) = P(B).

2. sa cobvimus, 00HO U3 KOMOPHLIT ABAAEMCA HEBOZMOHCHBIM
cobvimuem, HE3ABUCUMDL.

3. Ecau cobwmus A u B nesasucumv,, mo HE3a8UCUMbL COObL-
mua A uB, AuB, AuB.

JlokazaTeabCTBO.

CBoiicTBO 1 ¢ OUYEBHIHOCTHIO BBITEKAET U3 OIPEE/IEHUs] YCIOB-
HO¥ BeposATHOCTH. TakuMm 06pa3oM, MOHATHE HE3ABUCUMOCTU COOBI-
Tuit A u B cuMmmerpudHo.

CsoiictBo 2 oueBuano. Hanpumep, mycrs

A=0,=A-B=0,= P(AB)=0.
C npyroii cTOpoHbI
P(A)-P(B)=0-P(B)=0.

A snaunr, P(AB) = P(A) - P(B), 1.e. A u B He3aBucuMbl.

J1s1 jiokazaTesbeTBa CBOMCTBA 3 pejicTaBuM cobbitue A B Buje
A = (AB)+ (AB). Cobbituss AB n AB HECOBMECTHBI, CJIeJI0BATe Th-
Ho, 110 Tpetheit akcnome P(A) = P(AB) + P(AB). U3 nociesnero

paBEHCTBa U U3 HE3aBUCUMOCTHU coObiTuii A n B BbITEKaeT

P(AB) = P(A)—P(AB) = P(A)—P(A)P(B) = P(A)(1-P(B)) =
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= P(A)P(B).

TaknM 06pa3oM, HE3ABIHCHMOCTb coObITHII A 1 B okazaHa. AHalo-
FUYHO JIOKA3BIBAIOTCSA OCTAJbHBIC yTBEPXKICHUS CBOHCTBA 3.

Onpenenenne 4.2.2. Cobwmus Ay, Ag, ..., A, Haswearomcs
HEZABUCUMDBLMU 8 COBOKYNHOCTU, €CAU OAA A00BLT

1< <io<... <t;p<n, 1<m<n
BVINONHANOMCA PABEHCTNBA

P(Ai Ay .. Ay,) = P(A3)P(Ay) - P(A;).

im

Maremarudeckoe oOmpejiejieHie He3aBUCUMOCTH, KaK ITPABUJIO,
corjIacyeTcsi ¢ OOBIMHBIM IIPEJICTABIEHHEM O He3aBucuMmocTu. Hampu-
Mep, €CJIM B OIbITE ¢ OpOCAHUEM JIBYX UI'DAJbHBIX KOCTeH BbIIaJIe-
HUe OHpeILe.HeHHOfI I'paHu Ha O,[LHOfI KOCTHU M BBLIIIaJeHHE 93TOI'o 2Ke
KOJITYECTBA OYKOB Ha JPYTOil KOCTU HE3ABUCUMBI B OOIIEIIPUHATOM
CMBICJIe, TO 9TU COOBITHS HE3aBUCUMBI U B MATEMATHIECKOM CMBIC-
sie. Ho nomobuoe corytacosanue nabiogaercs He seerga. Ormernm,
YTO HE3aBUCUMOCTb HECKOJBKUX COOBITHI HA3BIBACTCS HE3GGUCUMO-
CcmBIo cobvmUt 8 co8oKkYyNHOCcMU. PaccMOTpUM IIPUMED TOKA3BIBAIO-
Ui, 9TO HE3ABUCUMOCTH COOBITHIT B COBOKYITHOCTH — O0JIee CUIbHOE
CBOﬁCTBO, YeM IIoITapHasd NX HE3aBUCUMOCTD.

o IIpumep 2 9. TooKuM, 9TO B SINMHKE HAXOMATCS 4 OnmHa-
KOBBIX OMJIETHKA, TAK UTO BEPOSTHOCTH BBIHYTb KaK/bI OUIETHK
omHa u Ta ke. Ilycth HOMepa Tux OMIeTOB OYIyT COOTBETCTBEHHO
112,121,211 u 222. Cobeitre A; o3Hauaer, uro mudpa 1 crour Ha
Mecre coreH, cobbite A — mudpa 1 crout Ha MecTe JeCATKOB, CO-
obiTe A3 — nudpa 1 cTOUT HA MeCTe eJIMHUI] B BBIHYTOM HOMEDE.
JlokaxkuTe TOMApHY0 HE3aBUCUMOCTE coObITHit A;, ¢ = 1,2,3, n 1ro
BCE 3TH TPU COOBITHS HE SBJISIIOTCS HE3ABUCUMBIMU B COBOKYITHOCTH.

Pemenue.

9910 kimaccmueckuii npumep C.H. Beprmrreiina, ony6uKkosanubii 8 1927 ro-
oy B yaebGHOM mocobun Jijist BeIcIel mkoJibl "Teopust BepositHOoCcTER" | B KOTOpOM
aBTOP JTOKA3bIBAET, UTO '"MOMapHash HE3aBUCAMOCTH MEXKJYy TPEMs COOBITUSIMU
OTHIOZb HE O3HAYAET, UTO ITH COOBITHS COBEPIIEHHO HE3ABUCUMBI".
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OueBnjtao, uro P(A;) = P(A2) = P(As) = 2/4 = 1/2. Cue-
nosarenbio, P(A1)P(As) = P(A1)P(As) = P(A3)P(As) =1/4. 1
P(A1As) = P(A1A3) = P(AA3) = 1/4. Takum obpasom,

P(A1A2) = P(A1) P(As), P(A143) = P(A1) P(A3),

P(A2A3) = P(A2A3),

YTO O3HAYAET MOMAPHYIO He3aBUCUMOCTE cobbiTuil A;. OmHaKo

P(A1A3A3) = P(©) # 1/8 = P(A1)P(A3)P(As),

U CJIeJI0BaTEIbHO, 9TH TpU coObiTust A1, Ao, As He ABJIAIOTCS He3a-
BUCHUMBIMHA B COBOKYITHOCTH.

4.3. ®opmysaa nosHOI BepostHocTu. @opmynbl Baiieca

oIlpumep 1. Ha ckiam mocTynaroT usgeius Tpex 3aBogoB. To-
rja cobbiTre A = {B3siToe co cKJaja u3jesnne — Opak} mpou3oiger
BMecTe ¢ cobbiTreM — H;= {u31e/me u3roroBjeH0 KOHKPETHBIM 3a~
BosioMm} i = 1,2, 3.. Qukcarysi ¢, pasyMeeTcst, JIUIIb IPEJIIOI0KEHIe
(runoresa). Takum 06pazoM, nMeeM TPU MMIOTESbI, PIHA U3 KOTOPBIX
BCET/Ia TTPOU30MJIET, T.K. IO YCJIOBHIO M3JEUS MOCTYIUIA TOJBKO C
JIAHHOM rpytibl 3aBojioB. Torya cobbitne A — {6pakoBanHoe n3/e-
JIie M3TOTOBJIEHO WA MEPBBIM 3aBOJIOM, WU BTOPBIM 3aBOJIOM, WJIH
TPETHUM 3aBOJIOM }:

A:AH1+AH2+AH3

Teopema. Ilycmv 3adarno eepoamHocmmoe NPOCMPAHCMEO
{Q,U, P} u dasn coboumua A € U evidesen nabop, makx Ha3bl6aEMVLL,
"eunomes":

{Hi}z‘:17m HH;j =0, ACH,+Hy+ ...+ H,.

Tozda umerom mecmo caedyrousue Gopmyave

- zn:P(Hk) P(A/Hy). (4.3.1)
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P(Hy/A) = f(H’“) PIA/HE) (4.3.2)
> P(H;) P(A/H;)
=1
[TepBast w3 Hux HazbBaeTcs "dopmysoit moHON BeposiTHOCTH" |
BTOpas — "dopmynsr Baiteca" 1.
JHoka3zaTeabcCcTBoO.
Tak ke, Kak
U B IPUBEIEHHOM
BBIIIE npuMepe, A
cobbITHe A MOXKHO /
IIpEJICTaBUTD B A»HL SEL | Adm | Ll
BUJIE  CJIEJYIONIEl \
CYMMBI  TIOTIAPHO |
HECOBMECTHBIX B | T | 1| s | H

cobbITHit (puc.7) S
uc.

A=AH,+AHy+ ...+ AH,.

Orcrona Bocosb3oBasmch akenomoit A3 u dopmyoit (4.1.3), mo-
ayauM dopmyity (4.3.1). JokasaresbCcTBO 3aKOHYEHO.
Teneps, coryiacHo ompeie/ieHno "yCaI0BHO BepostTHOCTH"
P(AHy)

P(Hy/A) = W,

3aMEeHUB 3J1eCb ducjauTeab 1o qopmyie (4.1.2), a 3HaMeHaresb 10
dopmyite ool BepositHOcTH (4.3.1), IOy UM popmyay Batieca.

o IIpumep 2. U3 ypubi, comepxkaireit M 6esbix mapos u N — M
YEepHBIX, yTepsiH OJWH INap HEW3BECTHOrO IBeTa. KakoBa BeposT-
HOCTH M3BJIEYb U3 YPHBI O€JIbIN map?

YYcnonb3yst pesynbraTsl TeopeMbl yMHOXKeHHsI, moJydeHHbie Myaspom, T.
Baitec (1702-1761) BbIBEJI HECKOJIBKO CJIE€ACTBUI /Il BBIYUCIICHUS] BEPOSITHOCTH
P(B/A) no sepositnoctsim P(AB) u P(A). Coosectyto ¢hopMyuposky Gopmyit
Baiteca u mosHO# BepossTHOCTH BIEpBbIe Jajl (DPAHITY3CKUIl aCTPOHOM, MaTeMa-
tuk u Pusuk [1.C. Jlamnac B pabore "Oubit dusiocodpun reopun BepositHocreit"
B BHUJIe OCHOBHBIX IIPUHIIUIIOB TEOPUH BeposTHOCTEH (6 M 7 IPUHIMIBI COOTBET-
creenno). Hazsanue "dopmyssr Baiteca" nosBuiocs B cepenune XIX Beka.
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P e m e u u e. Bosmoxubl jse runoressr: Hy = { yrepsin Ge-
abtit map} u Hy = {yrepsin yepubiii map}. Obo3naunm yepes A =
{map, n3BJjIeUeHHBII 13 OCTABIINXCS MAPOB, OKa3aJIcs besbiM }. Vnve-

em: P(Hy) = &, P(Hy) = 85 . Tlo dopmysie nosmoit BepostriocTn

P(A) = P(H))P(A/H) + P(Hy)P(A/Hy) = % %*

N-M M M

N N-1 N’
OTrMeTnM, 9TO BEPOSITHOCTH U3BJIEUEHUsI 0OEJIOro Mmapa U3 YPHBI J10

M
yT€pH Iapa TOXKe PaBHSIACH Ly -

§ 5. IlociiemoBaTe/IbHOCTh MCHBITAHMIA

Besikuii 3HAET, 9TO MOCJIEIOBATEILHOCTH CJIyYalHBIX COOBITHIL
MOT'YT TaK CHJILHO BJIMSTH HA HACTOSINEE, YTO MEPECTAIOT KA3aThCs
caydaiiHbiMu. [109TOMy GOJIBIIYI0 3HAYUMOCTH IPUOGPETAET M3y Ue-
HUE 3aBUCUMOCTH OT UCTOPUM (BO3MOXKHO, JIJIMHHOMN) IpeJblLyIieii
nenu cobpiThii. Pagymeercs, camble ob1mue moc/1e10BaTe/IbHOCTH, Ha-
BEpHOE, He TO/JIAJIyTCsl TIOJTHOMY MaTeMAaTUIECKOMY OIMCAHUIO, T10-
CKOJIBKY TOYHO JiazKe He M3BECTHO, CJydailHbl v oHu. Ho HEKOTO-
pble U3 3TUX ITIOC/IEI0BATEILHOCTE CIIydallHbIX COOBITUI JIOIyCKa-
IOT TIPOCTOE M, CTAJIO OBITh, KpacuBoe onucanue. [Ipocroii mpumep.
[TpeacraBbre, YTO HEKOTOPBIA ONBIT MOXKET 3aKOHUUTHCA N HMCXO-
gamu (6pocriin Kybuk — 6 MCXOJIOB), ¥ HPOU3BOJUTCS 7 OIBITOB.
DjieMeHTApHOE COOBITHE MOYKHO OIMCATH HAapOil HATYPATbHBIX M-
cel ij, TA€ 1 — HOMeP ombiTa (MeHsiercst oT 1 70 n), & j — HOMep
ucxoza (mensiercst ot 1 10 N).

Tora MHOXKECTBOM 3JIEMEHTAPHBIX COOBITHIH SIBJISIETCSI MHOYKE-
CTBO:
Q= {(i1,i2, .. in), i=1,2,...,N}.

DJjieMeHTapHOe COOBITHE W = 4119 ... i, UHTEPIPETUPYETCS KaK
[IENIOYKa WCXOJIOB B M ITOCJIEIOBATEIbHBIX HCIBITAHUI, KaXKI0e U3
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KOTOPBIX UMeeT N HECcOBMECTHBIX HNCXOI0B. ITo TeopeMe YMHOXKEHU A
nMeeM:

p(w) = p(i1)p(iz/i1) ... p(in/i1 .. . in-1),

N
vae p(is/iy...is—1) >0, u > plis/i1...is—1) =1,

is=1
s=1,...,n.

Torga wa MHOXKecTBE (), OJHO3HAYHO OIPEIETIAETCST BEPOSIT-
HOCTB:
P(A) =) pw), ACQ.
w€eEA
MoxxHo nposeputs, uro P(2) = > p(w) = 1.

we
HI/I}Ke MbI TIOSHAKOMUMCA C IBY M HaI/I6OJIee IIPOCTBIMH ITIOCJIE10-

BATEJIbHOCTSIME HCIIBITAHHIA, OJHO U3 KOTOPBIX CTPOUTCS TAK, ITOOBI
BEPOSITHOCTD CJIE/LYIONIEr0 COOBITHSI 3aBHCEIA TOJIBKO OT HPEJIBLIY-
mero (menb MapkoBsa), a Ipyroe — Tax, YT00BI BEDOSTHOCTD CJIEYI0-
IIero HUKAK He 3aBUCENa OT BCeil IPeIbIAyIeil I0CIe0BaTeIbHOCTH
cobbrtnii (cxema uctbtanuit Bepryuim).

5.1. IlonsTue nentm MapkoBa

PaccmoTpum nocsie1oBaTe/ IbHOCTD UCIILITAHNN, B KAXKI0M U3 KO-
TOPBIX IIPOUCXOINAT WU HE IPOUCXOJUT HEKOoTOopoe cobbiTue A. U
nycTh A; obo3HAUaET, 9TO cOOBITHE A MPOM3OIIIO B pe3yabTare i-ro
UCIIBITAHUSA.

Onpenenenne 5.1.1. Ilenvio Mapxrosa naszvigaemcs maxas
NOCACIOBAMEALHOCTID  UCTBIMAHULT, YIMO YCAOBHAA GEPOAMHOCTL
P(Ar/A1As ... A1) cobimua Ay, 3asucum moavko om npedvidy-
wezo ucnvmanus Ax_q1 u ne sasucum om Ay, Ao, ... Ap_o.

B xadecTBe mpmmepa Takoil MMOC/I€I0BATEILHOCTA PACCMOTPUM
caemyromuii porecc. [lycTb uMeroTcst Tpu ypHBI, cojiepkaiiue oe-
JIbl€ U YEPHBIE IIAPDI:

B 1iepBoit  — 2 OesbIX, 3 YEPHBIX;

BO BTOpO#i — 2 GesbIX, 2 YePHBIX;

B TpeTbeil — 3 Oesibix, 1 YepHHBIl.
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N3 mepBoit ypHBI cIydaiiHBIM 0Opa30M BBIOMPAETCs IMap U Ie-
PEKJIaIBIBAETCSA BO BTOPYIO, 3aT€M M3 BTOPO#l YPHBI CJIydailHbIM 00-
pa30M BBIOHMpAETCs MIap U IePeKJIaIbIBAeTCs B TPEThIO, a 3aTeM —
U3 TpeTbeil B nepByio. [IpeanosokumM, 9T0 HAC MHTEPECYeT, KaKoit
COCTaB IIapOB B IIEPBOI ypHE IIOC/e IepeKIa blBaHuil Hanbojee Be-
pOSITEH.

flcHO, 9TO MCXOMOB MOXKET OBITH TOJIBLKO TPH:

By — B 11epBoit ypHE OKa3aJICs OJIMH OeJIbIi TIap;

By — B mepBoit ypHEe 0Ka3aj10Ch ABa OEJIbIX IIapa;

B3 — B 11epBoil ypHE 0Ka3aJI0Ch TPU OEJIBIX IIapa.

Yepes A; (coorsercTrenno qepes A;) 0603HaINM COOBITHE, COCTO-
sifee B TOM, 9TO Ha i-OM IIare mepekJiabiBaeTcsi Gesiblii (depHbIil)
map.

[IpocTpaHCTBOM 3JIEMEHTAPHBIX HCXOJOB SIBJISIETCSI CJIEJLYOIINIA
HaOOp HECOBMECTHBIX COOBITHI

Q= {A142A3, A1,A2A3, A1A43, A1AxAs,

A71A72A737 AIIQAi?)a A71A2A737 A71A72A37 }

W3 HuX JIerko OIpeseuTh COObITHUsI, cocTaBisttomue By, Bs u Bs.
Kaxk Bugum

By = A1Ay Az + A Ay Ag;
By = A1AsAs + A1 Ay As + A1 Ay Az + A1 Ay As;
Bg = A1 Ay Ag + Ay Ay Ag.

Orcroia, yIuTbiBasi HECOBMECTHOCTh CJIAraeMbIX COOBITHH I10 Tpe-
Thell aKCUOME BEPOSATHOCTHU, UMEEM:

P(Bl) = P(A1A2A73+ A1A72A73) = P(A1A2A73) + P(A1A72A73)’
P(By) = P(A1AsAs) + P(AiAA3) + P(A1 Ay Ag) + P(A) Ay A3);
P(B3) = P(A1A243) + P(A; Ay A3).

BepositTHOCTH TTpOM3BEACHUN BBIYUCISIIOTCS IO TEOPEMe YMHOXKCHHUSI.
Hampuwmep,

P(A1AsAs) = P(Ay) P(As/A;) P(A3/ A A).
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Berauciienne coMHOXKUTEIEH B 9TOM PABEHCTBE IIPOUCXOJUT Tak. B
IepBoO#l ypHe 5 IapoB, Cpean KOTOPBIX 2 OeJIbIX, CJIeI0BATEIbHO,
P(A)) = % Ecmun A; mpowusomniio, To BO BTOpO#l ypHE OKa3aaoch
5 mapos, cpeji KOTOpbIX 3 Gesbix, nosromy P(Ag/A1) = % Ecim
mpousomLio Ag, TO B TpeThell ypHe 0Ka3aJioch b MapoB, Cpein KOTO-
pbix 4 Genbix, T.e. P(A3/A1A2) = %. B nocieaneM ciaydae yMecTHO
3aMETUTh, 9TO ITA BEPOSATHOCTH HEe M3MEHUTCsI, eciin A 3aMeHUTDH
ua Aj. T.e. BepOATHOCTL TOrO, UTO M3 TPETbell YPHBI U3BJICUCH Ge-
JIBI 1Iap, 3aBUCUT OT TOI'0, KAKOIl IIap IepesIozKeH U3 BTOPOX YPHBI,
HO He 3aBUCHUT OT UCXO/a 1mepBoro ucnbitanus. [lo onpeerenuio sra
[IOCJIE/IOBATEILHOCTD HUCIIBITAHU, HAYABIIASCH U3BJIEYEHUEM IIapa
U3 IEPBOI yPHBI ¥ 3aKOHUUBINASICS IEPEKJIAIBIBAHUEM IIAPaA U3 TPe-
Thell B IepByIo ypHY, — uens Maprosa.

Bozeparmasick K Harreil 3ajiade 0 HanboJiee BEPOSTHOM COCTaBe
apoB B IIEPBOI ypHE, BHIYUCINM

2314 24
P(A14243) = P(A1) P(A2/41) P(As/A1A2) = ¢ - o = o
Amnajornano
— 24 — 12 _ 6
P(A1A2A43) = 125’ P(A1AxA3) = 1057 P(A1AxA3) = o5
P(A Ay As) = -5 P(Ay Ay Ag) =~ P(Ay Ay Az) = 0
142 43) = Tor 142 43) = o0, 142 43) = o,
_ 27
P(A{ Ay A3) = —.
(A1 A2A3) 55

IIposepsre, uro P(§2) = 1. Pemenne nocraBieHHOi 381841 JIETKO
BBITEKAET U3 CPABHEHUS BEPOATHOCTE

6 8 14
(B1) 125 T 125 ~ 195

24 12 6 18 60

By)= —— 4 — >y O
(B2) =155 T 125 T 125 T 15~ 15
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24 27 o1

PUBs) = 195+ 125 = 125
Yo6eaurech, uro P(B1 + By + Bs) = 1.

OO61umit ciay4uaii. [lycTts mpocTpaHCTBOM 91€MEHTAPHBIX CODBI-
TUI ABJIAETCH MHOXKECTBO

Qn =A{(i1ia...0n), ix=1,2,...,N; k=1,2,...,n}.

DJleMeHTapHOE COOBITHE MHTEPIPETUPYETCsT KAK IE0YKa UCXOJ0B B
N 10CJIeI0BATEbHBIX UCIBITAHUAX, KaXKJ0€e U3 KOTOPBIX umeer [N
HECOBMECTHBIX Ucx0JioB: 1,2, ... , N. IIpuuem

p(w) = p(i1)p(iz/i1) ... p(in/i1 .. in—1).

Ecan sTa II0CJIEe JOBaTE/JIbHOCTD HCIIbITAHUI — IIeIIb MapKOBa, TO

p(w) = p(i1)p(ia/i1)p(iz/iz) ... p(in/in-1)-

IIpu sTOM

> pw) =1,

we

a Ha TOJAMHOXKecTBaX A € ) OIIHO3HAMHO ONPEJIEIAETCS BEPOSITHOCTh

P(A)=> pw), AcQ.

wEA

5.2. Cxema ucnbiTauuii Bepuysm

OT0 4WacTHBIA ciydail menu MapkoBa, KOIla YCIOBHAS BEpO-
ATHOCTD coObITHs A; (HamomumM, 9ro A; — cobbitre A mpomso-
IO B i-OM HCIIBITAHUU ) COBIAJAET C BEPOSITHOCTHIO COObITHS Aj;:
P(A;/A1Ay ... Aj—1) = P(A;) u Bcero jiBa UCX0Ja B KAXKJIOM UCIIbI-
rammn (N = 2) : wm A, mm A 11,

1 Najpueiimme paccyKOeHus He CBsI3aHbI ¢ uernsiMu Mapkosa.
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Onpenenenne 5.2.1. [lociedogamesbHocms HE3ABUCUMDBIT UC-
nomarut, 8 xarcdom u3 Komopux cobvimue A nosasasemcs ¢ 6epo-
amuocmuvro P(A) = p u ne noasasemea ¢ 6€poAmHOCMbIO

naszveaemes cxemol (ucnwmaruid) Bepryanu.

IIpocreiimmm TpuMepoM cxemuv, BepHyaiu SBISeTCS MHOTOKPAT-
Hoe mnoadOpachiBaHue MOHETKHU. J[efCTBUTEILHO, IIPU ITOM BEPOAT-
HOCTDb BhlnajeHus "opsaa" i "pemku" Bce BpeMsi IOCTOSTHHA, PaB-
Ha 1/2, T.e. He 3aBUCUT OT HOMEPA MCIIBITAHMUSI.

Hawnbosee pacupocTpaHeHHbIE 3a1a4N:

onpedesumsd 6EPOAMHOCTNG, YMO 6 T HE3ABUCUMBLT UCTVLIMAHUAL
cobvimue A nossumca m pas (ne menee m pas, ne boaee m pas);

onpedesums HAUBEPOAMHETWEE YUCAO NOABAEHUA cobbimus A 6
N UCNOBIMAHUAT cremv, Bepryaiiu.

IlepBasg 3amaua pemaercsa upuMenenneM popMyJabl bepryiiim:

n!

Py (m)=C"pm¢" ™, C"=— | 2.1

(zagaua "He menee m pa3" wiu "He Gosiee M pa3" Tak ke perraeT-

n
cst npumMenenueM (5.2.1), B cymmax coorBercrBeHHo y . Pp(k) wum

m k=m
>, Pa(k)),
k=1

a BTOpas — HAXOXKJICHUEM Hausepoammuetiue2o wucaa k, yaoBie-
TBOPSATONIETO JTBOMHOMY HEPABEHCTBY

np—q<k<np+p, (5.2.2)

[PUYEM U3 TOTO, YTO OTPE30K [np — ¢, np + p| UMeeT JUINHY, PABHYIO
eIUHUIIE, CJEJyeT, YTO:

a) ecau wucao (np—q) — dpobroe, Mo cywecmeyem moavko 00HO
nausepoammetiwee YucAo;

b) ecau wucao (np — q) — yeaoe, mo cywecmseyem 084 HAUBEPO-
AMHETUWUT HYUCAG, 6 umerto k=np—q u k + 1=np+p;
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C) eCAU HUCAO MP — UEA0E, O HAUBEPOAMHETUWEE YUCAO PABHO
np.

Hoxaszareunbcrts o dopmyas Bepuymwmm (5.2.1). O6o-
3HaunM depe3 A; coObITHE, COCTOSIIIEE B TOM, UTO B {-OM UCIIBITAHUIH
npomzomwio coburtie A, u A; — cobbITHE, COCTOsAIIEe B TOM, 9TO B
1-OM HCIIBITAHUU He MPOU3OIIIO COObITHE A.

st m McubITaHUl TPOCTPAHCTBO JIEMEHTAPHBIX UCXOMOB () co-
cTOMT U3 npousseennuii Tuna || A;A;, rjie KoJqndecTBo COMHOKHATE-

i,j
Jieil IoCcTossHHO U paBHO n. Ero moanpocrpancrso "m u3 n'" cocro-
UT U3 IPOU3BEJICHUIA, TJIe KOJIMIecTBO cobbiTnii A; (T.e. 6€3 yepThi)
PABHO M, & KOJIM4ecTBo oTpunannii A; pasuo n—m. Hanpumep, nos-

poctpancTBo "2 u3 3-x" cocrout u3 coObITH
{(A1, A2, A3); (A1, Az, Aa); (As, A3, A1)},
"1 uz 3-x" — u3 cobbrTUit
{(A1, A, A3); (A2, Ay, A3); (, Az, Ay, Ag)}.

HCHO, 9TO JIEMEHTBHI HO,ZLO6HI)IX IOJAIIPOCTPAHCTB — HECOBMECT-

p1'2, a 1o ycoBuio cxembl Bepuysuin cobbitusi A; nesapucumbr. 13

H
TeOpeM CJIOKEHNsI (Ha CaMOM Jiesle U3 aKCHOMBI A3) m yMHOXKeHHs

BbITEKaeT

n

Pam) = P (3 TT 40 Ai) = S TT P4 T] P(A) =
k=1 l=m
— Z pm qnfm )

KommaecTBo ke cjlaraeMbiX pABHO YHCILy COYETAHUIT U3 1 9JIEMEHTOB
o m. Orcriona ciegyer dopmyia (5.2.1).

Hokazarenscrso (5.2.1) 3aKoHT€EHO.

Hoka3zareabcTtBo (5.2.2). YuurTbiBasi, 9TO HaMBEPOsiTHEMHIIEE
quCa0 k MOABIEHHUsT COOBITHS A B N HE3aBUCHMBIX UCIIBITAHUSAX —

2B camom gmese, MoryT sm mpoumsoiiti BMecte cobbitus (A1, Az, Az) wu
(A2, A1, As), ecim B mepBoM cityvae A MpOM30MLIO B TEPBOM HCIIBITAHWUHU, & BO
BTOPOM CJIydae — BO BTOPOM HUCIIBITAHHUH.
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TaKoe UUCIIO, JJisi KOTOPOro BeposiTHOCTL Py, (k) Hanbosbinast cpeju
JIpyrux BepositHOcTel P, (m), MoXkeM 3ammcaTh HepaBeHCTBA

Po(k—1) < Py(k), Pu(k+1) < Po(k). (5.2.3)

Paccmorpum mepBoe n3 HUX. 3aMeHsisl 3/1eCh BEPOSTHOCTHU 110 (DOp-
myste Beprystu, mosmyanm:

Ck—l p
Orlfflpkfl qnkarl < Cﬁpk qnflc7 — nk <Z =

Cy T ua

| | — |
. n! kEl'(n —k)! - }3,
(k=D (n—k+1)! n! ~q

L < g’ —

n—k+17" ¢

= kq<np—kp+p, = k(p+q) <np+p.

Ho p+ ¢ = 1, u mbl nostydaem npasoe u3 HepaBeHCTB (5.2.2).
JleBoe »Ke MOJIyunTCs aHAJOTHYHBIM IIPe0Opa30BaHIEM BTOPOIO
HepaseHcTsa B (5.2.3).
Hokazarenscrso (5.2.2) 3aKOHYIEHO.

5.3. IlpenenbHblEe TeopeMbl B cxeMme HUCIbITaHUil Bep-
HYJLIIA

HeymobcrBo u gaske HEBO3MOXKHOCTH MPUMEHEHUSA (OPMYJIbI
Bepuysin obHapyKUBaeTCs B CBI3U C HEOOXOAUMOCTHIO B HEKOTO-
PBIX CIOydYasX CIaejaaTh MpeaebHBIN mepexon B 3Toil (opMmysie mpu
n — oo. Takas HEOOXOIUMOCTH BO3HUKJIA B CBA3U C UCCJIEIOBAHU-
SIMH B 00JIaCTH CTATHCTUKY HAPOJOHACEJCHUs (M3YUaanch mpodire-
MBI POKJIAEMOCTH, CMEPTHOCTH, IOJCYETHI JJis CTPAXOBAHUS U BbI-
YHCJIEHUST TOXKU3HEHHBIX PEHT U JIP. ), KOTOPBIE SIBUJIUCH OCHOBHBIMHU
npunoxkenusmu teopun BepogTHocteit B XVIII Beke. Ho u B narmme
BpeMsi, HECMOTPsI Ha BBIYUC/IUTEIbHBIE BO3MOXKHOCTU COBPEMEHHOIT
TeXHUKH, JJIsI pelreHns 60JbIINHCTBA IPAKTUIECKUX 38189 U B TEO-
PETUYIECKUX UCCIEIOBAHUAX YI00HEe MOJIb30BATHCS TAK HA3BIBAEMbI-
MH NPEIeAbHbMU TMEoPeMam, CXeMbl uctblrTannit bepuysm. Hasee
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[IPUBOASATCS HambOJIee M3BECTHLIE M3 HHUX, HA3BIBAEMBIE MeEopemotl
Ilyaccona, aoxaroroti meopemoti Myaepa-Jlansaca u urnmezpasoroti

meopemoti Myaepa-Jlanaaca 3.

Teopema Ilyaccona

Ha mpakTuke 4acTo mpejacTaBisieT MHTEpeC Cydail GoIbIImoro
YHCsIa UCIBITAaHUN (N — 00) U MaJioif BEPOSITHOCTH YCIIEXa B O
rom ucnbiranun (p — 0)'* Oxmaxo dopmysia Bepry/m nenpuros-
HA M3-32 I'POMO3KHMX BBLIMHCICHHI M BOZHUKAIOIIUX IIOIPETHOCTEI
OKpyTJIeHusi. B 9TOM citydae ymoOHO IOJIB30BATHCsT TPUOIMKEHTEM
ITyaccona, KOTOpoe CONEPXKUTCA B CIELYIOIIEH TeopeMe.

Teopema 5.3.1. ITycmv p = p(n), u
lim np(n) = A = const > 0.

n—oo

Tozda
ATy
lim C)'p" (1 —p)" "M== — e ". (5.3.1)
Hoxkaszareasbcrtso. dug moboro dpukcuposantoro n (u

crasio 66ITh (DUKCHPOBAHO YHCIIO P = p(n)), nMeeM:

Crn'p™q :mp (1-p) )

_ (nn];?m n(n — 1)..T.L7SIn—m+1) (1— p)—m =

3B 1733 romy B momosimennn K counHenmio "Yuenme o cayuaax" A. Myasp
J0Ka3aJl JIOKAJIbHYIO U MHTErPAJIbHYIO IIPeJIeJIbHbIE TEOPEMbI, IIPU BBIBOJIE KOTO-
PBIX HIHPOKO UCIOJIL30BAJI PA3JIOKEHHE (PYHKIUNH B CTEIEHHDIE PAbI 1 OPMYJITy
CrupJunra, Toanee Oyzer, eciiu Ha3BaTh ee dpopmysoi Crupsunra-Myaspa. U ¢
TOYKU 3peHust caMoro MyaBpa, U ¢ COBpeMEHHOI TOYKHU 3PEHMUSsI, IIPEeIeJIbHbIE TEO-
pembl Myaspa-Jlamnaca siBJISIIOTCSI HEIIOCPEICTBEHHBIM Da3BUTHEM 3aKOHA OOJIb-
mux qnces ¢l. Bepuymin. Ykazanuble TeOpeMbl ObLIN BIOCJIEICTBAN TOKA3AHBI
J1. BepHyiin mpu penieHun KJIACCUYECKOr0 BOIPOCA O COOTHOIIEHWH POXKJ1ae-
MOCTH JI€BOYEK U MaJbIMKOB. Eie mos»ke Teopembl 6bin gokas3annl JlammacoMm,
npudeMm uE 1. Bepuynu, au Jlamrac He ccpurannch Ha CBOEro MpE/IITeCTBEHHU-
ka. ITo aroit npnunne 3aciyra MyaBpa B Teopur BEpOsiTHOCTEl Obli1a HE M3BECTHA
1o kouma XIX Bexa.

1 BeposiTHOCTD pEnKUX ABIEHMIT B cxeMe BepHysm.
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:mﬁ;yn (“i)--(l—mn_l) a-p [1-p2]".

3aMeHuM B IOJIyYeHHOM BbIDayKeHHH p Ha p(n) u uepeiijgem K mpe-
Jety pu n — 00. 13 ycioBust Teopembl np(n) — A\ BBITEKAeT, ITO
p(n) — 0. Kak n3BecrHo

=

lin%)(l —a)l/r =t

(BTOpOIi 3aMevaTeNIbHbILIl IIPeJIe1), I0ITOMY

lim [(1— p(n))ﬁ]np =e

n—oo

Taxum obpasom, moxydaem (5.3.1).
OO6wraHO UCHOJB3yeTCsT TeopeMa Ilyaccora, Korjga n BeJUKO, a p
MaJio, B CJIEAYIOLIEM BUIE.

(5.3.1)

Ota dopMmysa Y9acTO HA3BIBAETCS ITYACCOHOBCKUM ITPHUOJIMZKEHUEM.
Ecmu maso 1nciio ¢, To myacCOHOBCKHUM ITPHUOJIMXKEHNEM MOYKHO BOC-
II0JIb30BATHCS JIJIsl OIIPEJIeSIEHNs] BEPOSTHOCTU YHUC/Ia HeyJlad: BEpO-
SITHOCTB TOI'0, YTO B 7 HCHBITAHUSIX COOBITHE A He MPOM30iaeT n—m
pa3, NPUOJIMKEHHO BBITUCISIETCS IO POPMYJIe

)TL—?’)’L

_ (nq

P,(n—m) =~ =) e . (5.3.17)

OrMmeTnM, 9TO Ha IpakTUKe HpuMeHeHHe ¢opmysibl Ilyaccona
(5.3.17) maer xoporiee npubsmkenue dopmynbt Bepuymuim (5.2.1)
npu n > 50, p << 1.

Ho eciin mapameTpbl p U ¢ 3aMeTHO OTAUIHBI OT 0 , T.€. OJIM3KH
K 1/2, TO MCHIONB3YIOTCS JIOKAJIbHAS UM UHTErPAJIbHAsT TEOPEMbI
Jlamnaca.
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JlokanbHas Teopema Myaspa-Jlaniaca

st bopmymuposku Teopem Myaspa-Jlamaca (5.3.2) u (5.3.3)
HaM ITOHAJOOUTCST TOHSITHE PABHOMEPHOM CXOIUMOCTH IIOCTIE-
nosarenbHocTd. [lpu J10Ka3aresbeTBe Ke HUCIOJIB3YyeTCsl HMOHSATHE
ACUMIITOTUYECKOTO PaBEHCTBA (DYHKIMil, KOTOPOE II03BOJISIET
YIPOCTUTH W COKPATUTH CaMO JIOKa3aTeJbCTBO. BHadame mpuseieM
coorBercTBytomue oupenenenns (cm. [10], [12]).

[TocnenoBareabHOCTD { fr, (M)}, KasKblil 4aeH KOTOPOi 3aBUCHUT
OT YMCJIa M U3 HEKOTOPOro MHOXKecTBa M, cxopures K npegey f(m)
PABHOMEPHO MO M Ha mHodicecmee M, ecu J7ist T1060T0 CKOJIb YTO/I-
HO MaJjioro umcsia € > 0 Haiigercs mHomep N, Takoii, 4To JJIs BCEX
n > N BblnoHsiercsi HepaBeHCTBO |fr(m) — f(m)| < & cpasy s
Bcex m € M.

HBe byukiun f um g HA3BIBAIOTCS ACUMNMOMUYECKY PAGHHLMU
(nmm sKeusaNEHMHbLMU) TIDA T — To, ecan lim I — 1. O60sHa-

Tr—x0 g(x)
YeHHNEe aCUMIITOTHUYIECKOI'O paBEHCTBA

f(@) ~g(x), ©— w0

HA3BIBAETCSI ACUMNIMOMUYECKot Gopmysod.

[Ipocrefitum TpUMEpOM ACUMIITOTUIECKOTO PABEHCTBA CJIYKUT
"mepBBIil 3aMedaTesbHBIN Tpegen”: sin x ~ x, r — 0. AcummTo-
TUYECKHE PaBEHCTBA JIETKO BBITEKAIOT U3 TPEJICTABICHUsT (DYHKITAH
dopmynamu Teitopa: eciim B OKPECTHOCTUA TOYKH g

f(@) = Pa(z) + Oz — z0)"*,
rie P, — cOOTBETCTBYIONINI MHOTOYIEH OPSIIKA 73, TO

f(z) ~ Py(z), = — xp.

B uacrnoctu In(1+ ) ~z — 122, 2 —0.

B mporiecce jgokazaTeibCTBa MBI TAKXKe TIOJIb3yeMCsl T€OPEMOIt O
3amene (yHKINM [, SKBUBAJEHTHON f1, MpHU mepexoje K Ipeaeny
(em. [12], crp. 118 wim [10], ctp. 153): ecau f ~ f1, © — xo, mo

lim A(z) f(x) = lim A(z) f1(z)
xr—x0

T—T0
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st 1060 pyHKIuU A, onpeesleHHONl B OKPECTHOCTHA TOYKH I().
Teopema 5.3.2. Ilycmdv npousdsodumcsa n HE3G8UCUMDBLT UCTVDI-
maruti, 6 KaxHCcOOM U3 KOTOPYHIT BEPOATMHOCNG HACTNYNAECHUS HEKO-
mopoezo cobwmus A nocmosnna u paskap (0<p<1) g=1-—p
UM — HEOMPUUAMEALHOE YUCAO, HE NPEGOCTOOAWLEE T, MAKOE, YN0

dpobo Ty = T\r}% npunadaestcum ompesxry [a,b]. Obosnavum
_ 1 —x2/2
o(z) = Ner: e . (5.3.2)
Tozda
P,(m) = M(l +éen), lim e, =0, (5.3.3)

A /pnq n—oo
2de €, — 0 pasHOMEPHO NO BCEM M, NPU KOMOPBHIL Ly NPUHGONE-

orcum urcuposanromy (Koneunomy) ompesky [a, b]'>.
JJokazareasctso. Qopmyna Crupimara

1
n! =vV2mmn"e e, 10(n)| < —
T
JaeT BO3MOXKHOCTb 3aMEHUTH Bce (pakTopuasnl B hopmysie Bepuyii-
JIM TI0 acHMITOTHYecKOil dopmyite 16
|
n! ~V2rnn"e ™ lim —— = lim ¢®" =1.
n—oo \/2rnnte ™m0
OTO MPUBOIUT K BHIPAYKEHUIO
Palm)=— e (1)
m)=————— — ~
" m! (n—m)! P P
1 n n" _
~ pm (1_p)n m_

V2r \| m(n—m) m™(n—m)n—m

5Crenyer ormerutn, uro B Kuure [8] mama manGosee scuas GOPMYTUPOBKA
3TON TE€OpEeMBl.

16HaTypaJIbeIe qUCJjia UMEIT €JUHCTBEHHYIO TOYKY CI'yIIeHUs +OO7 9To 1103~
BOJIAET HE€ AOIIMCHIBATH B ACHUMIITOTHUYIECCKUX (bOpMyJIaX JJId II0CJaeJ0BaTEJIbHO-
creit "n — +oo".
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_ jﬂ . (22)" (nﬁqmy"". (5.3.4)

Bsenem oboznadenue

- ()

Tora
m n—m
In z=—-mln <> —(n—m) In
np ng
U3 paBeHCTBA Ty, = “rZ HaXOIUM
p NET

m = Tm+\/Npq + Np, =

n—m=mn—Tyynpqg —np =n(l —p) — xm\/npq . (5.3.5)
Orkyna

[TosTomy

In 2 = —(py/mpq + np) In (1 + xm\/g> _
(1 = p) — 2o /p7) In <1 - xm\/g> .

N3 dpopmynsr Maknopena st jorapudmMudeckoit (GyHKIINNA BbI-
TeKaeT aCUMIITOTHYIecKast (pOpMyJIa
1,
In(l+z)~z— -z, x—0.
2 )
CremoBaTesibHO, MMeeM CJIEJYIOIIee ACUMIITOTHIECKOE PABEHCTBO
pu n — 00

2
i
In z ~ —(zm/npq + np) (wm L _Im q) -

np Tnp
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nq nq
I PP W N Tl
== |tmd T O~ e P ===

Takum obpazom,

z _
lnz~—7m = z~e

Bosspamasics k (5.3.4), mveem:

1 n 2
PTL ~ -z, /2
(m) V2 \l m(n—m) €

(5.3.6)

\/m(nn—m> - \/(:WW+ np>n<nq — Tmy/TPY)

[Tpu 5TOM, UCXO/Is U3 YCIOBUSA Xy € [a; b], Tae a,b — bukcupoBaHHbIe

YUCIIa, IIOJIYYUM:
TmA/TMPq + N NG — Tm/N
hmwzl’ hmuzl’
n—oo np n—0o0 nqg

T.€.
(Zm/npg + np) ~np,  (ng — Tp/npq) ~ ngq.

Takum obpazom,

V m(nn— m) V (Tm/7PG + np>n<nq — Tm/TPG) ¢ npnnq - \/7%,

[Moxcrasnsist sro 3nadenue B (5.3.6), HOLyIUM yTBEPKIECHHE TEOpe-
MBI.
Jloka3aTeIbCTBO 3aKOHIEHO.
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3amevanue 5.3.1. B jokazare/ibcTBE 3TOH TEOPEMbI HCIIOJIb30-
BaJIOCDH JINIID MOHSITHE S5KBHBAJCHTHBIX (DYHKIIHIT JI/IsT (haKTOPHAIOB
H JIOTapH(MOB, IOITOMY B 3aKJ/II0YECHHE MOYKEM JIHIID YTBEPIKIATh,
gro £, — 0. Ho m a1 pakTOpHaioB, U AJsl JJOTAPUDMOB MOKHO
OBLIIO UCITOJIb30BaTh "Todnple" acHMIITOTHYECKHE DABEHCTBA

n! = V2rnn" e " TO0/120) s oo

2 3
ln(1+x):m—x2+0<a;), x — 0,

u rorya st ocrarka opMyinl (5.3.3) Berrekaer onenka (cm. [19),

[15])
w-o()

Bameuanue 5.3.2. QOynkuus (5.3.2) rabynupoBaHa; KpaTKas
TabJInIa 3HATYEeHUH 9TOH (PyHKIIHA IPHBEIEeHa B KOHIE YyIeOHOrO IT0-
coobws.

WNnuTterpanbras Teopema Myaspa-Jlammaca

Teopema 5.3.3 Bepoamuocmsd mozo, wmo 6 n ucnvimaruazr bep-
nyaau coommue A (P(A)=p, P(A) = q) nacmynum wne menee my
pas u we bosee ma, NPUOAUINCEHNO PaABHA

Py (m1;ma) = ®(zm,) — ®(@m, ),

O(x) = \/127_/ e 12 gt

— ¢ynryusa Jlanaaca (Ha3piBaeTcs Takke "hynruus pacnpedenenus
" _ m=—np
HOPMAADLHO20 3aKOHA"), Tpy = Nk

JokasareabcTBo. CHOBa PaCCMOTPUM IPHOIMKEHHYIO POPMY-
ay (5.3.3) upeapLayIeil TeopeMb:

o(Tm) m— np
P, R — = —.
)~ e T
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Ob6paruM BHUMAHME, UTO

1
v 1pq

T+l — Ty = —0, n— 0.

Ho rorma P,(mi;me) = Py(my wimn my + 1 win ... wim mg) =

= Py(m1) 4+ Pu(my+1) + ... 4 Py(my) =

1
= So(xml)Ax + So(xmﬁ-l)Ax +...+ ‘P(xmz)Axa Az = .

NGz

[Tocteinee BoIpaXkenue mpeacTaB/sieT cCoOO OMHY U3 WHTETIPAIBHBIX
cymm Pumana st nHTErpasia

mo—np

/ Ve o(z) dx .

1—np

Vnpq

yTBepH{,ZLeHI/Ie ;reopeMbI BbITEKaeT Telepb U3 TOro, 4TO beHKIlI/IH
1 _—xz%/2

p(z) = V2= €

7 CJIe/I0BaTEesIbHO, 110 JII0OOMY MHTEpBaJy, IPUHa IeKaIemMy ;.

HHTerpupyeMa (B HECOOCTBEHHOM CMBICIIE) 10 Ry,

3amevyanue 5.3.3. Pemenne MHOIHX HOPaKTHIECKHX —3a-
Jlad Tpebyer yMeHHsI BBIYHCJATH 3HavdeHne wuHTerpaja P(x) =
1 fx —t2/2
—— e
V2r J 00
3yI0T crenuajbHble Tabauipl 3Hadenuii ¢Gyaknuun P(x). Kparkas
Tab/IuIa 3HaYeHnH 3TOH (yHKIINT IpuBegeHa B KOHIle KHurd. 1lpn-
gem rabsmna Qynkinqun P(x) cocraBieHa JIsl IOJOXKHUTEJIBHBIX T;
JUIsT OTPHIATEBHBIX T yHKus ®(x) ompesessiercss u3 paBeHCTBA

O(—x) = —P(x).

dt mpw J1r00bIX 3HAYCHUSIX T. [I/IsT pacdeToB HCIIOJIb-
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Ciryuaiinble BeJIMYNHDBI.
OyHKINU paciipegeeHns

Crenyromum (hyHIAMEHTAIbHBIM TOHSITHEM TEOPUU BEPOSITHO-
cTell sBJISIeTCs TMOHSATHE CIyvaiiHOM BendnHbl. Bo MHOTHX MpakTu-
YeCKUX 3a/1a9aX poJib ey daiiHoro cobbiTus" urpatoT dncia (Bpems,
JIeHbIH, KIJIOTPAMMBI 1 T.[T.). Pabora ¢ auciaMu mo3BossieT YBUAeTh
B "6bpITOBOM TekcTe" MaTeMaTHIecKyIo 3aJa9y B YIIPOIIEHHON (hop-
Me. DTo, pasyMeercsl, IPUBJIEKJIO BHUMaHUEe HcciemoBareseir. Ho
€CTh W JIPYTroe TMPUHIUITHAILHOE 3HAYEHUE JIJIsT TEOPETHIECKUX WC-
CJIeJIOBAHUN — CPeJI UUCeI MOXKHO OTBICKATH CPEIHIOI BEJIMYUHY,
9TO HEBO3MOXKHO cpeau "He 4mcaoBbiX cobbiTuit". Hanpumep, kakoe
cpeanee cobbiTre Mexkry "open" u "permka"? Ho eciun "open" - Hyiib
Koreek, "pemka" - omgHa KoleliKa BHIUIPHIMA, TO cpeanee 0,5 - 310
YUCJI0, OTKPOBEHHO YKAa3bIBAKOIee UIPoKaM B "opJisiHKy" | 94TO BbI-
WUTPBINT ¥ TPOUTPHITI €CTh BeIUINHA OM3Kast K Komelike. /lamee Mbr
YBUJIMM, KaK mepexor ot "ciydaiinoro cobbrtusi"k "ciryuaitHoit Besu-
quHe" HeceT MHOTO 1T0JIe3HOH nHpOpMaIu 00 N3y4aeMOM MIPOIECCe
WA SIBJIEHUU.

Ha pasHbIX 3Tanax pa3sBUTHS TEOPUH BEPOSATHOCTEl IOHSITHE CJIY-
JalHOW BEJIUYMHBI UTPAJIO CBOIO POJIb B (DOPMUPOBAHUY HAYTHOTO
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snanus. B nepuosm 3apoKieHusT TEOPUU BEPOSATHOCTEN ITOT TEPMUH
He ObLJI BBEJIEH B HAYYHBIH OOMXOJ, HO Y2K€ HCIIOJIb30BAJICS MHO-
TUMU YYEHBIMU TPHU PEIICHUU MPAKTUIECKUX 3a/1a9. IDTO ObLIN 3a-
JIaYU, BOBHUKINKNE B CTATUCTHICCKUX HCCICIOBAHUIX IIPU U3y ICHUU
JeMorpadudeckux npobseM, jisi 00paboTKH aCTPOHOMUYECKUX Ha-
OJTI0/IeH M, a TaKXKe 3372491 u3 00JIaCTH Pa3JIUIHBIX a3apPTHBIX UID,
KOTOpPBIe SBUWJINCH MOIIHBIM CTHUMYJIOM Pa3BUTUS TEOPHUHM BEPOST-
vocreii. Ha mamHoM »Tame caeayer orMeTuThb paborel . I'payHTa
(1620-1675) n B. Ilerrn (1623-1687), O. I'amres (1656-1742) u ap..
BosbImoit BKIa B pa3BUTHE MOHATHUS CAyYaiiHON BEJIMYIUHBI BHEC
X. TIN'oiirenc (1629-1695)— aBTop mepBoro NpakTHIECKOTO PYKOBO/I-
cTBa 110 Teopuu BepositHocTeil. B kuure "O pacuerax B azapTHOMR
urpe" (1657) paccMaTpUBAIOTCS pA3JIMYHBIE TIPUMEDDI CJIY YaiiHbIX Be-
JIMYUH: KOJIMIECTBO HEJIOCTAIONINX MMapTUH U PA3HOEe YUCJIO UI'PO-
KOB B 33Jad€ O pa3/e/Je€HNN CTABOK, BO3MOXKHDBIE BBIUTPBIIIA B JPY-
IUX a3apTHBIX UTpax u T. 1. B madame kauru X. ['olirenc BBoauT
OIIpeJIe/IEHEe MATEMAaTUIECKOIO OXKUJIAHUS, KOTOPOEe sIBUJIOCH IIep-
BBIM TEOPETUKO-BEPOSITHOCTHBIM TOHSITHEM. AHAIU3UPYS SMIUPU-
YecKue JaHHble, MoJIyYeHHble ['payHTOM (MCIIO/Ib30BAINCH AKThI Pe-
ructparun cmeprHocru B Jlongone ¢ XVI Beka), ['toiirenc crpour
KPHUBYIO IUIOTHOCTU PACIPEIEJICHUsI, Te BEPOATHOCTIMU CJIY KU
CTATUCTUIECKNE JACTOTHI.

JasipHedimuit 3ran GOpMUPOBAHUS TOHSTUST CJIyYAlHON BEIUIU-
Hbl — 970 "ucKyccrBo ymozakiodennit”" . Bepuysumm (1654-1705).
4. Bepuynam paccMoTpen ciaydaiiHyIo BEJIUYWHY — YHUCTIO MOsBJIE-
HU WHTEPECYIONIEro COOLITUS B 1 HE3aBUCUMBIX UCIBITAHUSIX, KO-
TOopas MOXKeT MpuHUMATh 3HadeHns 0,1,2, ..., n ¢ onpeleseHHbIMI
BeposiTHOCTsIMU. CerofHst 9T0 IpUMEp CJIyJailHOW BeJIMYMHBI, Pac-
[IPEJIEJIEHHON 110 OMHOMUAJILHOMY 3aKOHY.

Ero miemsinauk H. Bepruysin (1687-1753) BoiBest dopmyity ma-
TeMaTHIeCKOr0 OXKUJIaHUs JUIMHBI CJIydaitHoro waTepBaiga AB, 06-
pPasoBaHHOrO (PUKCUPOBAHHONW TOYKOH A u camoii mpaBoit u3 ciy-
qaiiubix Touek B, i = 1,2,...,n, paBHOMEPHO PaCIpPeIeJeHHBIX Ha
3aJJaHHOM OoTpe3ke AB. Drta 3aj1a4da 6bLIa TMepBoil, B KOTOPOit ObI-
JIO BBEJEHO PaBHOMEDHOE paclipesiesieHne. B kjaccuyeckoi 3amade
O COOTHOIIIEHNN MAJIBLINKOB 1 neBodeK H. Bepmysmm ompenesnnn Be-
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POSITHOCTh HAXOXKJIEHWST B 3aJ@HHBIX IIPeJiesiaX YuC/ia eXKEroHOrO
poxiennst MasibaukoB. HeobxomumMo oTMeTuTh, 9To JaHHbIA 1epros
UMeeT OrPOMHOE 3HAUEHUE JJIsI JAJIbHEHIero pa3BuTus Bceil Teopun
BEPOATHOCTEI.

4. Bepryaau u ero mocjienoBaTesIMu ObLIH TOJIYIEHBI 3HAYTM-
MbI€ PE3Y/IbTAThI O IPEJCTABJIEHUN U YUCIOBBIX XapaKTEPUCTUKAX
CJAyYaiHOI BEJIMYMHBI, HO OCHOBHOI 3aC/Jayroil sBUJIach JOKa3aHHAdA
UM TeopeMa, KOTopasi HOCUT ero nms. OHa siBUWIach MepBoil B Tienn
[PE/IIIOJIOKEHNH, 06pa3yIONMX 3aKOH OOJIBIINX Yuces (cieayer 3a-
METUTh, YTO TepMUH "3aKoH OOJILINUX Yucena" ObLI BIIEPBLIE BBEIECH
C. ITyacconom B 1835 r.).

Tpernit sTam — 3Tan pa3BUTUS MATEMATHIECKOW TEOPUHU OIIIH-
60K HaOJIIO/ICHIIT — CBsI3aH ¢ TakuMu nMeHamu, kak P. Korc (1682—
1716), T. Cumcon (1710-1761), J. Bepuymmu (1700-1782), II. Jla-
wiac (1749-1827). Wccnenysi cBoiicTBa OmubOK, ONEHKY TOYHOCTH
U3MepeHuil, 3aKOHOMEPHOCTH PACIIPEIEIeHUs] OIMUOOK, YUEHbIE WC-
[OJIB3YIOT TOHSITHE IJIOTHOCTU PACIPEIe/IeHus] U PA3JIUIHbIE BHUJIbI
3aKOHOB paclipelle/IeHusd, HO HULJIC He BBOLAT IIOHATUS CJLydalHONI
BEJINIUHBL.

Sapeprraonuii 9Tam — MeproJl, HeOCPeICTBEHHOTO (hOPMUPOBa-
HUsI TIOHSITUST CJIYYailHONM BEJIMYUHBI U €€ XapaKTepucTuk. [lepBorit
mar B 9ToM Hanpasiennn 6bu1 ciaenan C. [Tyacconom (1781-1840) B
pabore "O BepoOSITHOCTU CPETHUX Pe3yJIbTaToB Hab/oeHunit" (1832),
B KOTOPO#l OH MHUITIET 0 HEKOTOPOil Belu, CriocoOHO TPUHUMATD 3HA~
YEHUS A1, a2, - . . , @) COOTBETCTBEHHO C BEPOSITHOCTIMU P1, P2, - - -, PA-
Tepmun "pemp" Bckope 6611 3amenen [1.J1. YebbImeBbIM Ha TOHSITHE
"pesmunua'. B paborax A.M. Jlanynosa (1857-1918) cucremarnte-
CKHU WCIOJb3yeTcs TepMuH "ciryvaitnas segumauna''. B pabore "O6
OJIHOM TIpHUJIOXKeHnn Teopuu BeposTHocTeit" A.M. JlamyHnos onpee-
JinJtT DYHKIIUIO PACIIPEJIE/IEHUsT B TOM BUJIE€, B KOTOPOM MbI HCIIOJIB3Y-
eMm ee ceiiuac. [loustue caydaitHoit BemamHbI, JaHHoe [lyaccomom,
CEeroMHs HeJIb3sl CUUTATh MATEMaTUIeCKUM, OHO CKOPee HOCHUT OIIH-
carenpHbIil xapakTep. CTporo hopMaIn30BaHHOE OITPEIEICHUE CITY-
Jaiinoii Besmanubl 66110 nano A.H. Kommoropossim (1903-1987) B
HadaJjle IPOILIOro CTOJIETHs B 3HaMeHuTOl Kuure "OCHOBHBIE ITOHSI-
Tust Teopun BepogrHocreit" (1933).
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[Tepeitnem K MaTeMaTHYECKOMY OIUCAHUIO TOHATHUS CAYHAUHOU
BEAUMUHDL.

§ 6. CaydJaiiHble BeJIMYIMHDBI

Paccmorpum  mHekoTOpoe  BEPOATHOCTHOE  IIPOCTPAHCTBO
(Q,U,P). Kaxaomy sjeMEHTAPHOMY WCXOAy w; IOCTABUM B
COOTBETCTBHE HEKOTOPOE YUCI0 &;. 1eM caMbIM Ha MHOMXKecTBe )
ompe/iesisieTcs dncyioBasi byHKIWs, KoTopyio oboznadnM X = X (w)
OT 3JIEMEHTAPHOTO COOBITHS w € () U Ha3bIBAETCS CAYUAUHOU
seauvunotl, ecau Jist JToboro duciaa r € (—00;+00) BBIIOJIHEHO
{X < z} € U. IIpocTpaHCTBO JIEMEHTAPHBIX MCXOJOB 3aMEHSIETCsI
COOTBETCTBYIOIIIM MHOXKECTBOM CAYYAUHOLT 3HAMeHUT HA TPIMOI
Ry, xoTopoe yj100HO 0DO3HAYATH TEM KE CUMBOJIOM {) U HA3BIBATH
MHOXKECTBOM 9AEMEHMAPHBIT PEAAUIAUUT CAYHaiH0T sesuvurbr X .

Eciin ancioBoe MHOXKeCTBO ) COCTOUT U3 U30JIUPOBAHHBIX TOYEK,
T.e. Va; € ) cymecrByer mojiHasi OKPECTHOCTh T;, HE COJEPKAIast
JApyrux Todek u3 {2, To caydaiiHas BequunHa X HA3BIBAETCS OUC-
Kpemnol cayvatinot seauvurol.

Yucto BO3MOXKHBIX 3HaYEHUH TUCKPETHOMN CITyJIaifHOW BEJTMINHBI
MOKeT OBITH KOHEUHBIM MJIM OeCKOHEUHBIM. Hampumep, 9ucao 0IKoB,
BBIITABIIUX HA BEPXHEN I'PAHU IIPU OJITHOM OPOCAHUY UT'PAJIBHON KOCTH
paBHO 6; KOJUYIECTBO BBI3OBOB Ha TejIeMOHHON cTaHmum — Jioboe
YUCJIO U3 HATYPAJLHOTO P TUCET.

Ecim ke ) cOCTONT M3 CILUIOIIHOTO IMPOMEXKYTKA (OTPE3Ka, MH-
TepBaJia, BO3MOYKHO, OECKOHEUHBIX ), TO CJIydaiiHasi BejimanHa X Ha-
3BIBAETCST HENPEPLIBHOT CAYUATUHOT 8EAUMUHOU.

Aurebpa cirydaiiHbix coObITHil U, TaKUM 00Pa3oM, 3aMEHsSIETCS
aJirebpoit cIydailHbIX 3HAUEHUI, I KOTOPOH OY/IeM HCIIOJIb30BATh
TOT 2Ke CUMBOJI U.

Cryuaiinble BeMUIuHbI OyaeM 0003HAYATH OOMBIIIMHU OyKBAMU
aaruackoro ajdasura X,Y, Z, ..., a UX BO3MOXKHbIE 3HaYeHUsT (pe-
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AJIM3AIN) — COOTBETCTBYIOIIUMU MaJIbIMU OYKBAMU X, Y, 2,

3axorom pacnpedeserus CIydaiiHON BesmauHbl X OyjieM Ha3bl-
Barh BepositHocTh P{X € B}, paccmarpuBaeMyio Kak (byHKIHIO
qucsioBoro Muoxkecrsa B, eciim {X € B} € U.

B srom ompezenernn MHO)KecTBO B npoussosibHOe (dmcsioBoe)
HOJIMHOYKECTBO ), U TO3TOMY CaMO OIpeJesIeHre yIIOTPedIsieTcst
JIAIIB B CJIyYasix, KOT/Ia OHO (DUKCHPOBAHO.

IIycTp muckperHas cirydaiiHas BeJIMYMHA 3a/laHa C IIOMOIIBIO
TabJIMIbI, BEPXHUIT Psijl KOTOPOil COCTOUT U3 YHCE T;j, & IUCJIa HUK-
HETro pdada — UX BEPOATHOCTH:

X Tl o | X3 I
Plpi|p2|ps|--. | o)

rae
n
pi>0, Y pi=1
i=1

Dra TabJiuIa HA3bIBAETCS 3AKOHOM DACIIPEJIeJICHIs] TUCKPETHOM CITy-
qafinolt semmunnet. Eemn B = {x;, },_15, T0

m
P(X € B) = g P(z,).
k=1
AHayiornuHoe MOHATHE JJIsI HEPEPLIBHBIX CAYYafHBIX BEJIUIHH
YJ0OHO CBsI3aTh ¢ MHOKECTBOM B = (—00, ), U 9TOT 3aKOH Ha3bIBa-
erca "dyHKIne pacupee/ieHns BEPOITHOCTEH CIyJaiiHoil BeIndn-

HBI".

6.1. dysknusa pacupeaeljieHus BEPOSITHOCTHI

Brawaje BblisicHUM, 9TO COOCTBEHHO JIOJI?KHO ODO3HAYATH CJIO-
Bo "pacnpenenenue” n KakuM 00pazsoM 3TOMy (DU3MIECKOMY Tep-
MUHY MOXKHO IIPUJIATH MaTEMATHIeCKuii cMbIc. [IpeacraBuM mymn-
HYIO [TPOBOJIOKY (MaTepuaJjibHyio HUTH). "Pacrpe/esenne Macchl mo
JuHe" ecrecTBeHHO 3aJaTh ¢ noMolbio dyuxun M = M(1), ap-
TYMEHT KOTOPOil | — JjinHa COOTBETCTBYIOIIETO KYCKa, TMPOBOJIOKU.
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Eciim macca pacupenesena pasaomepno, to M(l) = k -1, To ectb
JIIoObIe OJMHAKOBOI'O pa3Mepa | KyCKM HMEIOT paBHbIe Macchl. Ho
IpUBeIcHHAs MOJIesIb ""pacipeiesienusi" roIuTCst JIUITH B CIydae, KO-
/18 OJINHAKOBBIE KYCKH ITPOBOJIOKU BECSAT OJMHAKOBO, T.€. Macca II0
poBoJsioke "pacrpenesiena papaoMepro". Terneps mnpepcraBuM, 9T
OJINHAKOBBIE KYCKH UMEIOT HEOJMHAKOBBIE MACCHI. '1OTIa JjIsl Olmca-
Hus "pacrpenenenns Macchl! morpebyercs (puKcaIus CaMuX KyCKOB.
DTO0 MOXKHO CJIeJIATh MHOXKECTBOM CIIOCOOOB, HAIIPUMED, PACKPAIIIH-
Basi KYCKU B Pa3HbIE I[BETA, 8 CAMBII ITPOCTON — BBEJECHUS KOOPIH-
HAT Ha IIPOBOJIOKE, W TOTJA JIFOOOH KYCOK IMOJIydaeT MMsI — KYCOK
[a,b]. B aTom ciydae pacupejeserne Macchl yao0HO 3a1aTh (DyHK-
mueit M = M(l < x) — macca y4yacTKa JJIMHON X, U3MEPSeMOro
OT KOHIa, TIOMEIIEHHOTO B Hauajo KoopamHaT!. DTo B caMoM jeie
YZ00HO, MOCKOJIBKY Macca JIIoboro Kycka "mo umenu [a,b]" | T.e. ¢
KOOPJAMHATAMHI KOHIIOB T = @ U & = b, OIIpeJIeJIsieTcsT 110 OYeBUIHOM
u oveHb upocroit hopmysne M(a <1 <b)=M(l <b)— M(l < a).

DTUMH PaCcCyKIEHUSIMI €CTeCTBEHHO BOCIIOJIB30BATHCST KaK CIIO-
co0OOM 3a/IaHUsT BEPOSITHOCTHOM XapaKTEPUCTUKHY CJIy YafHOM BeJTMIn-
HbI (¢ TOfl JiMIb pasHUIEil, 9To CaydaiiHble BEJIMYUHBI MOTYT IIPH-
HAMAaTh [IPOU3BOJILHBIE 3HAYEHUs, B TOM YHCJIE U OTPUIATEbHBIE,
u ux yjobHee CYUTATh HpUHAJIeXKaIeil Beeil npsimoii (—oo, +00), a
He nostynpsaMoii [0, +00), KAk B ONUCAHUK PACIIPE/IeIeHIsI MACChI 110
JITHE TTPOBOJIOKN ).

Onpenenenune 6.1. Dyuxyuet pacnpedeserusn eeposmuocmerl
CAYHaTHOT eauduns X HA3LLBAEMCA BEPOATMHOCTIVG MO20, MO CAY-
walinas seaununa X NpuMem sHaueHue u3 UHMepPeal [—oo, x):

F(z) = P{X < x}.

[Tpocreiimmuii pumep.
o 1. IlogbpaceiBaercst oanH pas3 MoHeTa. IIpocTpaHCcTBO 3/1€MeH-
TapHbIX ncxoos ) = {0, R}, anrebpa U — MUHUMAJbHASI, COCTOSI-

'Crnenyer macars M = M(z), HO B TOUKe | = T ONpE/E/EHE! IBE MACCHI —
cieBa | < x u cpaBa | > z. HepaBencrBo Ham moTpebOBaIOCH /1A (DUKCAITII
OJTHOI'O U3 KYCKOB IIPOBOJIOKHU U JIJIgl COIVIACOBaHUS C IIOCJIEAYIOIINUM TE€KCTOM, I'/Ie
"pacrpeesienne" onpenensercss IUMEHHO KakK (DYHKITHS OT HEPABEHCTBA: BEPOSIT-
HOCTDb IOIIaJlaHuA B TOYKY CJiIEBa OT TOYKHU I.
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miast u3 () ¥ IMycToro MHOXKeCTBa (), Kyja BXOJSAT BCE COOBITUSI TH-
ma "we ymaga", "ymana m mponasa", "Bcraja Ha pebpo, "yma-
Jla cpa3y JByMsi cropoHaMu BBepx" u T.j1.. BeposTHOCTL Ha 971€-
MeHTaX aJreOpbl OIPEJIENISIeTCsl KaK Ha PABHOBO3MOXKHBIX MCXOJIAX,
re. P(O) = P(R) = % Kaxkiomy 3/ieMeHTApHOMY UCXOY TIPO-
M3BOJILHO IIPUIIICHIBAEM UNCJIOBBIE 3HadeHusZ, Hanpumep, "O"—7,
"R"—7, u TeM caMbIM TIoJiydaeM cirydaiinyio Beananny X = {m, 7},
KaXKJ10e 3HAYEHHe KOTOPOil NMPUHUMAETCsS C BEPOSITHOCTHIO % Se-
HO, 4T0 cobbitre {X < 7T} — IycTOe MHOXKECTBO C BEPOSATHOCTHIO
P{X <z, —o0o <z <7} =0, cobbirue {X < T} cocrour u3s ox-
Horo suadenust {X = w}, mostomy P{X < z, 7 <z < 7} = 3 u,
Hakoger, coobitue {X < x =7+ t, t > 0} cocrour u3 AByX TOUEK
7 u 7, a BepositHocTh P{X < o =7+ t} = P{m wm 7}=1. Takum
0bpaszom, B 3TOM cirydae pyHKIus pacupejesenusi F(r) — cryneH-
garasi byHKIUs (HEIPepbIBHAs CJIeBa B TOYKAaX pa3pbiBa), rpaduk
KOTOPO#l n3006parkeH Ha PUCYHKe 8.

F(x)
P e -
| |
0 T 7 X
Puc. 8

¢ 2. Cuyyaiinas BeJIMYMHA IPUHUMAET 3HAYEHUS T HA OTPE3KE
[a, a+ 1] ¢ BEPOSITHOCTBIO, PABHOMN PACCTOSIHUIO OT TOYKH @ JI0 TOUKN
z. B aToMm cirygae dyHKIHeH pacpeiesieHusT SIBISeTC ST HeITPEPBIBHAST
dyHKIUST

0, z < a,
Fx)=< z—a, z€[a,a+1),
1, r>a+1,

2Yaire B 9TOM CIIyuae IPUIECHIBAIOTCS 3HAYEHUST -1 1 +1, CHMBOJIH3HUPYOII7e
MIPOUTPBII U BEIMTPHIII COOTBETCTBEHHO. HO 0 Teopuu BEIOMPATH MOXKHO JIFOOBIE
YUCJIOBble 3HAYEHUsI, CKOJIb HeJIelIbIMU OHU He IOKaXKyTCH.
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rpaduK KOTOpoil m300pakeH Ha pUCYHKe 9.

F(x)
1

Puc. 9

CaoiicTBa pyHKIuu pacnpenesienust F'.
1.O< F(z) <1.
2. F(x) — nmeyb6biBatomast (pyHKIMs, HEIPEPbIBHAS CJIEBa, TO
eCcTh

F(z9) > F(x1), x2 > x1; lim F(z)= F(xo).
r—x9—0
3. lim F(z)=0, lim F(z)=1.
xr——00 T——+00

Ecin  Ke BO3MOXHBIE 3HAYEHHS CJYyYaiHON  BEJIMYMHBI
X wpunajyiexkar wunrepsany (a;b), To F(x)=0,ecm z <
aunF(x)=1, ecim x > b.

JokaszaTeuabcTBOITUX CBOWCTB C OYEBHIHOCTHIO CJIEJYET
u3 onpejenenns byHKuu pacupeenenus F(x).

QyHKIWs pacrnpe/e/leHns] UCHOIb3yeTCsl TIPU PEIIeHIN [JIABHOMN
381891 TEOPUU CJIy9IaiHbIX BEJMYUH: HANTH BEPOSITHOCTD, UTO CJIy-
JaifHas BeJIWYHHA TIONaJda B 33JaHHBI wmHTepBas. Crpaseymsa
dopmyiia

P{.’L’l <X< .’L‘Q} = F(wg) —F(I‘l),

a ecim yukiys F(x) HenpepbBHA, TO
P{xl <X <$2} :F(xz)—F({lj‘l); (6.1.1)

HJoxkaszareanbctTso dopmynst (6.1.1). Bamerum, uro
{X <29} = {21 < X <z} U{X < z1}. B paBencrse cupasa —
00'beINHEHNE HEIIEPECEKAIONUXCST MHOYKECTB, KOTOPOE IIPEJICTABIISIET
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CyMMy HeCOBMeCTHbIX cobbituii. [To akcuome A3, momyunm P{X <

xo} = P{z; < X <z} + P{X < z1}. Orxyna

P{$1 <X <$2} :P{X <$2}—P{X <$1} :F(IEQ) —F(ml).
(6.1.2)
Ecin ke dyukius F'(x) HenpepbIlBHA B OKPECTHOCTH TOYKHU Z'1,TO
BEPOATHOCTD IIPUHATDHL 3HAYCHUE T = 1 HAXOAUTCHA IIPEeJC/IbHBIM IIe-
pexoaoM

P{X =u1}= AI;IEOP{JH <X <z + Az} =

= AlilrnO(F(acl + Az) — F(x1)) =0,

T.e., ecyin (DyHKITUST PACIIPEIETICHUST BEPOSITHOCTU F' HENIPEPBIBHA, TO
BEPOSITHOCTH MIPUHSITH 3HAUEHNE B (DUKCUPOBAHHOI TOYKE paBHA HYy-
mo 3. B sroM ciyuae ciesa B pasenctsax (6.1.2) MOXKHO 3ammucaThb
CTPOroe HepaBeHCTBO, U Mbl TtosyunM (6.1.1).

JlokazaTeIbCTBO 3aKOHYEHO.

JduckperHas caydaitHas BesimauHa. [lycTh nuckpernas ciiy-
JaiiHasi BeJIMINHA 3a/I1aHa 3aKOHOM PacIIpe/IeJIeHnst

X T T2 | X3 In
Plpi|p2|p3|...|Dpn

n
, Ty < Tiat, Zpi:1.
=1

ITo onpenenenuto F(z) = P{X < z}. s auckpeTHoii cirydaiiHoii
BEJIMUMHBI IPUHATH 3HAUEHUE MEeHbIIIe, YeM T, O3HadaeT, 910 X npu-
HUMAET TOJBKO Te Z;, KOTOpble MeHbIe z. [losromy, ecom X < 271,
To oveBuHO F(x) = 0, Tak Kak He MOXKET C/IydailHasi BeJIUINHA
IIPpUHATH SHaA4YEHUEe, MeHbIIee CaMOI'0 HaMMEHBIIIETO;

ecim x1<X <x9, TO TaKOe 3HAUEHHE BCErO OJHO, & UMEHHO I,
caejioBarenbho, F(x)=p1;

ecm 9 < X < X3, TO TAKUX 3HAYCHWH JBa: T1 U T, CJIEI0BA-
resibHO, F(z) = P{X =21 wm X =x3} =P{X =z} +P{X =
X2} = p1 + p2 U TaK jajee.

3B sToMm 3akmodaeTcs "IAapaIoKC HENPEPHIBHOCTH": BEPOATHOCTb PABHA Hy-
Jito, 3HauuT, cobbiTne {X = o} HEBO3MOXKHOE, HO KAKOEe-TO 3HAYEHHE B Pe3yJlb-
TaTe UCIBITAHUA CJIydaliHas BeJIMInHA X 0043aTeNbHO IIPUMET, TO9TOMY UMEHHO
OHO He HeBO3MOXKHOe!?.
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B pesynbraTe MBI mOIydYaeM CTYIEHYATYIO (PYHKITHIO

F(z)= > p, (6.1.2)
i x;<x
HEIPEPBIBHYIO CJIeBa, N300parkeHHyo Ha pucyHke 10.
F(x)

l1-r— .

b ——
|
——PtPy | |
I—I'-:———-l-—-])l : :
: L ; I |
X X 330 Xn-1 X X

Puc. 10

V106HO 3Ty (DYHKIUIO pacipeaeseHus 3aliChIBATh C ITOMOIIBIO
dbyuknun Xepucaiina (DyHKIUA BKIOICHS):

0, <0
@(a:):{l x>0

CJIEIYIOIINM 0Opa30M

F(x) = Zpl- O(x — x;). (6.1.3)
i=1

6.2. IlmoTHOCTH pacnpeaeseHusi BEPOITHOCTU

"TlnoTHOCTR" Kak pusmvecKasi BeJMUNHA XOPOIIO U3BECTHA U
He Tpebyer nosicuenuit. "IlnorHOCTE BeposiTHOCTH" OIIpesiessieTcst mo
nonuoil anasorun ¢ "dusmyeckoit". Haunem Hamm oObscHeHUs ¢
HauboJjiee MPOCTOT0 U KJIACCUIECKOTO — ILUIOTHOCTU BEPOSITHOCTEIH
CJIy4aliHOI BEJIMYMHBI, PACIPEIEJICHHON HellPEePBIBHO.
HenpeppiBHast ciaydaiinas BesimauHa. Bennuuny

Plz < X <z + Ax}
Az
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€CTeCTBEHHO HAa3BaTh CPeJHEil IJIOTHOCTHIO PAaCIpPeeIeHNs BePOsT-
HOCTell corydaiinoit Besmannbl X Ha uaTepBasne (r, x + Az ).
Kax nam n3sectno (dopmyra (6.1.1)),

Plz < X <z+ Az} =F(x+ Azx) — F(z) = AF,

nostomy, eciu byHkiws F(r) B TOUKe & UMEeT NPOU3BOJHYIO, TO
onpejiesiena (PyHKIIAs
Plr <X <z+ Az} AF

T . 28
p(@) = AI;IEO Ax n Alglcrgo Az Fiz), 62.1)

KOTOpasi U IPEJCTABJIAET COOOH NAOMHOCIG PACNPEIeAeHUs GEPO-
amuocmu cayuatinot eeauvunv, X ¢ quddepeHnmpyeMoi B TOUKe &
dbyukuumeii pacupenenenus F. Ormerum, uro eciu F(x) umeer mpo-
U3BOJIHYIO B JII000# ToYKe, TOo paBeHCTBO (6.2.1) roBoput o ToM, 4TO
dbyukuust p(x) sBasercs: nepsoodbpasuHoii Kk F'(x), cienosaresbHo,

T

Flz) = / p(t) dt, (6.2.2)

—00

u umeer mMecto dopmyna Herorona-JleiiGHuma
b
Pla<X<b} = / p(z)dx = F(b) — F(a). (6.2.3)

I3 (6.2.1) BBITEKAET TakKe, 4TO (DYHKIUS P HEIPEPIBHA, [109TO-
MY U3 TEOPEMBI O IIPEeJACTABICHNN (DYHKIIMH B OKPECTHOCTH IIPEIEIIb-
HOIi TOUKHM CJIeJ[yeT aCUMIITOTUIECKOe PABEHCTBO (9KBUBAJIEHTHOCTD )

Ple<X<xz+ Az} ~ p(x) Az, Az —0.

Bupouewm, mociieaee BbITeKaeT Takxke u3 (6.2.2) 1o cBoicTBY
"cpesHero 3HaveHus" ONpEIESIEHHOIO HHTErpaJIa.

B pamkax memnpepoiBHO auddepeHnupyeMbix (PYHKIUN paBeH-
crBa (6.2.1) n (6.2.2) paBHOCHJIBHBL, 1 JTI060€ M3 HUX MOYKHO IIPH-
HSITD 38 ONPEJIeJIEHNE TUIOTHOCTH PACIIPEIETICHIS BEPOSITHOCTEH CITy-
JaHON BeJIMYNHDIL.
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Ho B (6.2.1) mwiorHoCTh p(x) OlpejesieHa JIMIIb [IPH yCIOBUH,
YTO paclpejiesieHne BePOsITHOCTeN HpejicTaBieno quddepenupye-
moit dyukimeit F'(x), a B (6.2.2) dbyHKIus pacrpejesieHust ompe-
JleJIeHa [IPU yCJI0BUH, 9TO (byHKIUs p(2) BCEro JIMIb HHTErpUpyeMa
no Jlebery (win o Pumany, Ho Toryia B HeCOGCTBEHHOM cMbIce). Bo
BTOPOM CJIydae MOYKHO yTBEP:KJaTh, 4To (yHKIws F(x) Henpepbis-
nat, W HeIb3s yTBEPXKIATE, UTO oHa auddepeHupyeMa B KazK10i
TOYKE COOTBETCTBYIOIIErO0 MHTEPBAJIA, KaK 9TO TpebOBAIOCh B ep-
BOM ciiydae. 13 cka3zaHHOTO BBITEKAeT, 9TO paBeHcTBo (6.2.2) Gosee
obrriee, ci1eI0BaTEILHO, IMEHHO €0 CJIe/lyeT B3sITh 3a OILPEJIeJICHHe
NAOMHOCIU PacnpedeneHus, HO IPU JIBYX JOTNOJHUTEILHBIX YCIOBU-
SIX:

dynrkuus p = p(r) meompuuamesvra, NOCKOJIBKY JOJIK-
HO BBINOJIHITHCSI TJIABHOE CBOWCTBO IwioTHOCTH — p(2) Az~
P{Xe€[z,z+Az]}, Ax — 0, a P{X €[z, z+Ax]} > 0;

BUINOAHACTNCA PABEHCTNEO

“+oo

[ paydz =1,

—00

osnavaolee, 4To cobbitre (cMm. (6.2.3)) {X € [—oo, 400} — mocro-
BEpHOE.

Ormerum, uro dyukuuu Buja (6.2.2) Ha3bIBAIOTCS abCOAOM-
no nenpepvienvimu’. Onu 06IaTaI0T OYeHb BAayKHLIM J/I HAC CBOfi-

‘HenpepsiBHOCT, uHTerpasa Kak (DYHKINM BepXHEro mpefena s R-
MHTErpupyeMbIx (DyHKIUI OMUCaHA BO BCEX yYeOHUKAX 110 MATEeMATHIECKOMY
anasu3y. Qs L-uaTerpasoB sTo TOXKE TaK, HO TEOPWs 3HAYUTEIHLHO Horade u
MPUBOIUT K TIOHSITHIO a6COMOMHOT HENPEPolEHOCTIU.

®Boobuie rosops, dynkimsa F HaspiBaeTcss abCONIOTHO HENPEPLIBHOM (Ha
[a,b]), ecau dasn arbozo € > 0 cywecmsyem § > 0 makoe, wmo Odan 410601
CUCTNEMbL TONAPHO HE MEPECEKAIOWUTCA unmepsanos (€ [a,b]) cymmaprot dau-
HBL MEHDWE §, CYMMA AOCONMOMMHBLT Besunun npupawenuts ynkyuu F nwa smux
unmepsanar bydem menvue, vem €. DTO PABHOCUIBLHO TOMY, UTO Haiimercs L-

xT
naTerpupyemMast yHkuus p(x) rakas, aro F(z) = A + f p(t) dt. Ceenenus 06
— 00
abCOJTIOTHO HENPEPBIBHBIX (DYHKIUAX MOXKHO HAWTH B KypCaX MaTEMATUIECKOTO
aHasmM3a U Teopun GYHKIUH JEHCTBATEILHOIO IEPEMEHHOT0, CM. Hanpumep [12],
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CTBOM: PaBE€HCTBO

F(x) = ( / p(tydt | = p(a)

BBITIOJIHSIETCS TIOYTH BCIOJIY U BCErJIa B CMBbICIE "000DIEHHBIX (DYHK-
I—H/Iﬁnﬁ-

Beenem creytoree onpesesenue.

Omnpenenenne 6.2.1 Cayuatinas seaununa X HA366AEMCA PAC-
npedeaernoti a6COMOMMHO HENPEPBIGHO, ECAU CYWELCTEYEM HeOMmPU-
yameavran L-unmezpupyemasn gyrxyua p(x), marxas, ¥mo npu iio-
bom T Pynryus pacnpedeserus sepoamuocmets ' npedcmasasemesn

6 sude

T +oo
F(x) = / p(z)dx, / p(z)dr =1 (6.2.4)

ITpu smom dynrkyua p(x) Ha3vI6AEMEA NAOTMHOCTBIO PACTPEICACHUA
sepOﬂmuocmea7.

Eme pa3 nomuepkaem, uro B onpenesennn (6.2.4) dynkmums p(x)
He 00s13aHa ObITH ONPEJIEIEHHON B KaxKI0ii TOUKe (COrIacHO Teopeme
JleGera, cm. nanpumep [12], 7.1, crp.343), unrerpupyemast dbyHKIUsI
MOZKeT ObITh He Olpee/ieHa Ha MHOXKECTBE JIeOEroBOil Mephbl HYyJIb.
Oyukiusg ke F, HAIPOTUB, ONpeeeHa W HEIPEPLIBHA B KaXKIOM
touke. Ho rnmasHOe, 4TO mesaer ompeneacHue yJIoOHBIM, 3TO pPABEH-
CTBO

F'(z) = p(=)

1.2, crp. 373-375, HEMOCPEICTBEHHO Jjisi HEOIPEIeeHHBIX WHTerpaJjos Jlebera
COOTBETCTBYIOIIEE JIOKA3ATEILCTBO CONEPKUTCA B KHUre [22], cTp. 169-170.

STTpousBonmass 0GOGIIEHHON (DYHKIWMH, MIN IPOU3BOLHAS PACIPEIECHNs,
ompefeAeTca Aajlee B MocTyaaTe ii. Pasencrso F' = p moKasbIBaeT, 9TO 0606-
WeHHas NPou3sodnas om abCoNOMHO HENPEPBIBHLIT GYHKUULT IKEUBAAECHIMMHA
06vunol. A 910 yxKe o3Hadaer: omnpenesenue (6.2.1) SKBUBAJIEHTHO PaBEHCTBY
(6.2.1).

"L-unrerpupyemasi dbyHKimsi — byHKIMsI, HHTErpUpyeMasi mo JleGery, cM.
[12], T. 2, ru. 19. B ciuyuae, ecin unTaTesbh He 3HAKOM HMJIU IIJIOXO 3HAKOM C
maTEerpasioM Jlebera, peKOMEH/IyeM CIMTaTh, 9TO B paBeHCTBE (6.2.4) mHTErpas
Pumana, monnMaeMbIit KaK HECOOCTBEHHBIN UHTEIPAJI.
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BBIIIOJIHSIETCSI TIOUTH BCIOJLY U JiesiaeT oupejesenns (6.2.1) u (6.2.4)
"mouTu" paBHOCUJILHBIMUA.

B sT0it cBs13u mpuBemeM mpuMep.
o Ilpumep 1. Haiitu koncranTy A, npu KOTOpoit pyHKIIHST

0, z <0,
p(x) =4 & =€(0.1],
0, z > 1.

SABJISIETCH IIJIOTHOCTBHIO pPacCIpee/leHnsl HEKOTOPO# ciaydaiiHoil Beu-
qunbl X . Haiitu ee dyukimo pacnpeenenust F(r) u BeposSTHOCTD
TOTO, YTO CiiydaiiHas BejmunHa X TPUMET 3HAYEHUs U3 WHTEpBAJa
(_1. ;)

20 27° 4

o (o]

Pemenue. Ucnonssys ceoiicrso (em. (6.2.4)) [7 7 p(x) dz =1,

MBI ToJryanM A = % CrenoBaTesibHO,

z 0, z <0,
F@) = [ pa)de=4 V&, 2e(0.1)
o 1, z>1

Kak BumaumMm, sTa QyHKINS HEpPEpPbIBHA, HO He auddepeHimpyemMa

B iByX ToukaXx * = 0 u x = 1. Tem He MeHee MBI MOYXKEM PEIIUTh

OCHOBHYIO 33/1a9y TEOPUN CIYIANHBIX BEJTMINH — OTPEJICTUTEH BEPO-

SITHOCTD TIONAJAHUS CJIYIANHON BEJUYUUHBI B 38 /IaHHBIN UHTEPBAJI.
11

Hampmyep, BeposTHOCTL HOACTh B HHTepBal (—3,5) PaBHa

P—1<X<1 :Fl - F 1 :Fl :L.
2 2 2 2 2) = V2
+oo
Bameuanne 6.2.1. [eomerpuueckn cpoiicro [ p(z)dr = 1

—00
0O3Ha4aeT, 4YTO BC:d IJIOIIAa/ib KPUBOJINHECHHOH Tpallellni, OrpaHuYeH-

Hoii ocero OX u Kpupoii miorHocTH pacnpejesienus p(x), pasaa 1.

3ameuanune 6.2.2. Ecim Bce BO3MOXKHbBIE 3HAYCHHS CJIyIaiHOM
400 b
penrannbr X npunagnexar (a;b), ro [ p(z)dr = [ p(z)dz = 1.
—0o0 a
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JluckperHast ciry4daiilHasi BeJIMYUHA

Jlnst mucKpeTHO# CiIydaiiHON BeJIMYWHBI, Ka3aJoCh Obl, HEBO3-
MOYKHO BBECTU TOHATHE IJIOTHOCTH paclpesesieHus BepOATHOCTH
anajiornanoe (6.2.2) Kak Jyisi HEIPEPbIBHBIX CJIyYAlHBIX BEJINIMH.
D10 TaK, ecsu Ha ILUIOTHOCTH P(x) CMOTpeTh Kak Ha (yHKIHUIO.
Ho MOKHO BOCIIOJIB30BATBCS TEOpHEH 0606IIEHHBIX (DYHKIHAS 1151
orpeieieHust (DYHKIUU pacipeiesieHnst BepositHocty F' B Buze "cun-
ryjsipHoro dyHKiuoHasa" .

CooTBeTCTBYIOIINIA MaTeMaTUIEeCKUH anmapar (BBEICH
IT. Jupaxom B 1925 1., a €ro KOpPEeKTHOE MATEMATUICCKOE OITUCAHIE
mano C.JI.CobomeBbim B 30-x m JI.IIIBapmem B 50-x romax XX
CTOJIETHUSI) TIPUCIIOCODJIEH Il MHTErPajbHOTO OIMCAHUSI MAacc,
3apsJIOB, IJIOTHOCTEH (Macc) M JIp., COCPEIOTOYEHHBIX B TOUKE (CM.
Hononnenne 1).

Heboapbmoe BcTyneHue Kaxipii nayqdaomuil pusnky
U MaTeMaTUKy, HaBepHOe, XOTsI ObI OJHH pa3 3aJaj1 cebe BOIPOC O CYIIHO-
CTH MaTeMaTHIeCKOro MPEJeJpHOro nepexona B ¢usuke. Hampumep, aro
TaKoe CKOPpOCTb B MOMEHT BPEMEHH: BPDEeMEHU B IIyTH — HET, HpOﬁﬂeHHOFO
PACCTOSIHHST — HET, & CKOPOCTh ecThb. O IJIOTHOCTH B TOYKE, Pa3yMeeTcs,
TO K€ caMoe — MaTepHH HeT, 06'beMa, IJie 9Ta MaTepus OOUTAET, TOXKE HET,
a mirotHocTh ecth. OrBer mpoct. Bee nmemo B "cpennem 3mauenun". Ha-
npumep, ecm B 1 cm® HaxoAMTCA Kakas-TO Macca BEHIECTBa, TO, TOJCTHE
obvem Ha 10, mosyanm u B 10 pa3 MeHbIIIe BEI[eCTBa, ITOIeJIUB Ha CTO, — B
CTO pa3 MEHbIIe BelneCTBa U T.J., HCU3MEHHBIM OCTaeTCdA HMEHHO (bI/I3H[Ie—
CKasl BeJIMYUHA, PaBHAasl OTHOIIeHHIO "Macckl B 06beme K 91oMy obbemy "
— miotHOCTh. Ecim ke pacnpenenennme HepaBHOMEPHOE, TO BBIIHC/ISIETCST
MHOXKecTBO "cpennux sHadeHuit", um mpesesl cpegHHX — OMSTH K€ KOH-
CTaHTa, XapaKTepH3yolas (pU3HIeCKyro HHBApHAHTY B "OYeHb MaJjieHb-
KOM 0O0beme" | KoTopyro o aHAJIOTHH ¢ PABHOMEDHBIM PacIIPee/IeHUEM Ha-

8Teopuio MHEHHBIX HEMPEPLIBHBIX (DYHKIMOHAIOB (pACIpeIeeHuii, 0606-
mEeHHbIX (DYHKIUH) comep:KaT BCe COBPEMEHHbIE YIEeOHUKH [0 MATEMATHIECKON
dusuke (cm. Hanpumep [3]), TOCKOIBKY B PAMKax 3TON TEOPUM YIAETCsl CTABUTH
¥ permarh (GU3NIECKUe U WHKEHEPHbBIE 337191 B HanbOJIee HATypaabHON (hopme.
it HAAX Tesielt HeoOXOIMMa OYeHb MaJjas JacThb ITOHM Teopuu, KOTOpas 3a-
KJIIOYAETCsl B OIIPEJIEJIeHNH §-PACIIpeiesieHus U ABYX mocryiarax. Vcropudeckue
CIIDABKY, IOSICHEHUS K OIIPEJEJICHUIO J-pacipeneseHust conepxut Jlomornenne
1, KoTOpOE peKOMEHIyeM MIPOYUTATH HE 3HAKOMBIM C 9TOM Teopueil.
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3BIBAIOT IJIOTHOCTBIO. MBI TOXKe HCXOIHM H3 IIOHSITUSI CPEJTHETO, HCIOIB3Y ST
BBegernnoe I1. JlupakoMm §-paciipejiesieHue, HO HOCTyIIasl, KAaK MAaTeMATHKH,
samenuB "cpeinee apugpmerndeckoe” — "cpegnennrerpaababiM" | canrTasi,
9TO IMJIOTHOCTH, KaK (DYHKITHH TOIKH HET, HO €CTh PacIIpeeeHue, Ompee-
JIsTeMoe depe3 HHTErpaJibHoe cpejHee (DYHKIHIT, 00pa3yoImux §-00pasHyio
1I0C/IEIOBATETBHOCTb.

ITpuBesiem aTu paccyxkjaenus. IIycTh muckperHas ciydaiinas Be-
mrauaa X 3azaxa 3akonoM pacupegerenuss P{X € B}. 11 nycro
3HAYEHWIO CIyYaiiHON BEJIMYWHBI X; OTBEYAET BEPOSATHOCTHL p;. Pas-
MaykeM BEPOATHOCTH BOKPYT TOUKU T = T;, HAIIPUMEP, P & B H O M
€ P HO B E-OKPECTHOCTH TOYKHU X; C MMOMOIIBIO DYHKITUN

PER

1
B —e<|z—x <e
Oc( xz){ 0, |z—m>e

WM HepaBHOMEDHO, HOC HOCUTEJIeM B E-OKPECTHOCTH TOUKU
400 +e
x; n ¢ ycnoueM, uro [ d.(z)dr = [ d.(x)dx = 1.
—&

—0o0

n
[Momoxkum pe(x) = Y pi d-(x — x;). Torna, oueBunoO
i=1

T

F(:z:):lin% Oopg(t)dt:;i_r)%/ooglpiéa(t—xi)dt: Z Di,

E— .
1: X <T

T.e. Mbl nostyanian dbopmyrny (6.1.2). Janee, ciaenyst Jupaky, Heob-
XOJIUMO CIIPATATDH IPeJeIbHbIC MEePEX0Obl B 0003HAYUEHUE, TT0JI0YKUB
IUIOTHOCTD pacupeie]leHnsl, PaBHYIO

p(x) = Zpi §(z — ),

a "neitcreue" 0(x) Ha BCAKYIO HempepbiBHYIO DyHKIuO f 3a71aTh
+oo
pasercreoMm [ f(z)d(x)dz = f(0) mm

—00

+00 +o00 +00
/5(:C)d33:1, /5(t—$)f(t)dt: /5(t)f(:c+t)dt:f(az).
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O6ocuoBanne 3TUX PaBE€HCTB BbITEKaeT U3 HepBOfI TeopeMbI O CpeJI-
HEM 3HaYCHNU (,ZLJIH IIPOCTOTHI MHTETPaJIbl TIOHNMaeM B CMBICJIE TJIaB-
HOI'O 3Ha‘IeHI/IH)Z

+o00 +00 €
lim / f(t)d:(z—t)dt = lir% flz+t) o.(t) dt = liH(l) f(f)/éE drx =

e—0
—00

= lim (€)= f(x).

Tem camMbIM MBI MOJYYMJIM OCHOBAHUE HUCIOJIB30BATH JIJIsI JIUC-
KPETHDBIX CIyIafHbIX BeJUIUH Te K€ (POPMYJIbI, 9TO U I abCco-
JIFOTHO HEIPEPBIBHO PACIIPEJIEJIEHHBIX CIYyJIalHbIX BeJIUIUH. Teopust
0 pacipee/leHnN JUCKPETHBIX CJIYIafHBIX BEJIMYUH BBITJISIIAT CJIe-
JYIOIIIM 00Pa30M.

[Iycre & = 60(x) — nesnbra-pacupesesenne (o6obiieHHas o-
bynkmusa [upaxa), mpeacrapiasiomee coboit GyHKImonan ¥, craps-
Ui B COOTBETCTBUE KaXKJ0¥ (hyHKIUN [, HEIIPEpBIBHOW B OKPECT-

HOCTHU HaYaJIa KOOp,IH/IHaT, €e 3HaYeHue B Hyﬂe:
& def
@ﬂ—/ f(x)6(x) dz L £(0).
—o0

Torma mnoTHOCTD Ciryvaiinoil Beuauabl X, 3aJaHHON 3aKOHOM

X T1 i) I3 Iy
Plpi|p2|ps|.-.|pnl

(6.2.5)

onpeeserca 1o GopmyJie
n
p(z) = Zpi 8z — x;) (6.2.5)
i=1

U HA3bIBAETCS CUH2YAAPHULM pacnpedeseruem (CUHTYIISIPHON 0606-
nieHHON (byHKIHEN ).

SDyuxmmonasn f, ONpee/IeHHbIA Ha MHOMKECTBE (DyHKITHIL {¢}, npunsito 06o-
3HAYATh, KaK CKaJspHoe npoussenenue (f, ). Muoxecrso {p} HaspiBaercs
KJIACCOM OCHOBHBIX WJIM TPOOHBIX (DYHKIUN U COCTOUT W3 TAKUX (PYHKIMIMA, JIJIsT
KOTOPBIX 9TOT (PYHKIMOHAJ OorpeesieH. [l Hameil neim 10CTaTOYHO CYNTATD,
9TO 3TO UHTEIPUpPYEMbIe, HEIIPEPBIBHO JauddepeHnupyembie dyHKIIAH.
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OTMeruM, YTO 3aKOH paCHpeJIe/eHNs, ONPEeIe/IEHHBIN TabIu-
neit (6.2.5), paBaocuiien Bbipazkeruio (6.2.5), mosromy BbIpazkeHne
(6.2.5"), kak u Tabuumy (6.2.5), GyJeM Tak:Ke HA3bIBATH 3AKOHOM
pacnpedenenus Quckpemuotl cay4atinol eesururv, X .

O KOPPEKTHOCTH ompeJeJsieHHs IJIOTHOCTU (3aKOHA) IO
dopmyiie (6.2.5°). JleiicrBuresbuo, QyHKIMs pacIpeeIeHus
JIOJKHA, OBITH ONIPEIEIeHa NHTErPAJOM OT ILIOTHOCTH. VMeeM:

Fw)=Pix <ap= [ poa= [ 3 ps-ait= 3

T i< 1 <x
nJjin

F(z) =Y piO(z— ), (6.2.6)
i=1

T.e. Mbl nosyunmsn (6.1.3), Kak U B ciaydae OOBIYHOTO MOHMMAHWS
bYHKIINN pacipeaeieHus.

Ho, kak MBI ceiiuac mpoBepuM, U IIPOU3BO/IHAS OT (DYHKIMH pac-
npejiesieHnst (B paMKaxX TEOPUH PACIIPEIEJIEHHH, CM. Jlajiee TOCTYJIaT
ii) (6.2.7) ToXKe JACT MJIOTHOCTH PACIIPE/IEJICHHUS] BEPOSITHOCTH, OIIPe-
JesieHnyto d-gyHkimonaaom no gopmyste (6.2.6):

F'(z) = % Zpi O(x —x;) = Z pi 0(x — x;). (6.2.7)

112, <X

st okaszarenbersa (6.2.7) MBI JIOJIZKHBL IPUHSATD JIBA [IOCTYJIATA.

i) (o pasencrse) eciu (f,p) = (g,p) cupaBeIMBO JIJIsl BCEX
byHKIWMI p, IPUHAJTIEKAIIUX OCHOBHOMY KJjaccy, To [ = g;
ii) (o muddepenuposanun dbyuxmmonanos) (f',¢) = —(f,¢),
rje
+o00o

(fro) = f(x) o).
—0o0

Bamernm, 4ro u3 i) ciejyer, 4ro byHKIUU f U g MOIYT HE COB-
majarTh TOJHKO HA MHOXKECTBE JIeDErOBOIl Mepbl HyJIb, & ecau f —
nuddepeniupyemast GyHKIHUsI, TO i) JIErKO IPOBEPSIETCS WHTETPU-
POBaHUEM II0 IaCTSIM.
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Cornacuo IIocTyJ1aTa 1), JA0CTaTOYHO J0Ka3aThb PAaBEHCTBO

(©',9) = (3,%) = ¢(0). (6.2.8)

Nnmeem:

U o dx+/+oo O(x) ¢ () dz

() ()", /@ (2) dz — O(x)p(x)|T™ +

[ O o) da.
0

31ech 1oJ1 3HAKOM MHTErpaJja CTOSIT IPOU3BOJHbIE OT KOHCTAHT, I10-
9TOMY MHTErpaJibl ucuesaior. Kpome Toro ¢(+o0) = 0, 1 MbI mOJTy-
YUM:

(©',9) = O(+0) ¢(0) — ©(=0) ¢(0) = (6(+0) — O(=0)) ¥(0).

CoruacHo oupezesennto dyukipn Xesucaitaa, ©(4+0)=1, 0(—0)=0,
u rorga (O, ) = ¢(0). Takum obpasom, pasercrso (6.2.8) mokasza-
HO, CJIEJIOBATEJILHO,

o' (z) = 6(). (6.2.9)

Paszymeercst, 370 paBEHCTBO HAJIO MOHUMATH B CMBIC/IE TIPUHSIITOIO
Hamu nocryiata i), re. (0'(z),¢) = (0(x), ) mst m06oit 0OCHOBHOI
dyHKIIUH .

Tenepnb, ucnonbsyst dopmyiy (6.2.9), moaydum paBeHCTBO, I10-
HUMAaeMOe B CMBIC/IE TIOCTYJIaTa 1) ¥ OLpPeJIeJIsiolee CHHIYISIPHYIO
006001IeHHY 0 (DYHKITUIO

n
p( Z p; © x_xz Z pid(:):—xi),
1:2; <X 122 <X

KOTOPast HA3bIBACTCS 0000ULeHHOT NAOMHOCTNDIO PACTPeJeNeHUs, TIC-
KPEeTHOM crydaiiHoil BetmanHbI X .
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C moMoIpo  0DODIEHHONW TIJIOTHOCTA — PaCHpee/IeHus]  JTIC-
KPEeTHON ciayJafiHO#l BeJWYInHBI yA00HO ONUCHLIBATH, TaK Ha-
3bIBaeMble, JIMCKPETHO-HEIIPEPBIBHBIE 3aKOHBI  PACIpEeICHMUIA.

Knaccuaeckum mpume-

Fla) POM TaKOro pacipese-

JICHUA <BJIFETCA pPac-
[peJieJIeHne  BEPOSITHO-
1?7_— CTH SHEPruM B KBaAHTO-
Boil Teopuu (cMm. [14]):

v [I0CJIe TIOTJIONIEHUS O/l
~ HOT'O KBaHTa 3SHEPruu
aTOM MOZKET IIepeiTu B
onHO U3 "BO30OYIKIEH-
Puc. 11 HBIX cocTosgHmit" , mpu

9TOM pacupejesieHne BePOSITHOCTH 3Heprun F YacTUIHO JUCKPET-

HO, & YaCTUYHO HENPEPBIBHO, Kak Ha puc. 11, rye g — sHeprud
MOHU3AITUN.

Oyuknus pacupegenenus F(z) = P{X < z} aBisiercs crynen-
JaToit pu < Xy U HENMPEepBIBHON Tipu = > xg. [l1oTHOCTE pacmpe-
JieJIeHHs yJIOOHO MPEJICTABUTDH B BHUJIE

flz)= sz' 6(z — x;) + fa(w),

=1

riae fa(x) =0 npu x > xp.

§ 7. YUucnoBble XapaKTEePUCTUKMN CJIyYIaHBIX
BeJINYNH

7.1. MaremaTrundecKoe OXKHJIaHUE

He Bcerma tpebyercst mostHas wHMOpPMaInsg O CIyIalHONW Be-
auansae X, BbIpakaoasics B ee dyHKIMU pacupejesenus F(x).
B HeKOTOPBIX MpakTUIeCKUX 3aJa9aX JOCTATOYHO 3HATH, IJe HaX0-
aurcst obnacth "tunmyHbix" 3Hadenuii X. OaHON M3 BasKHEHITNX
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xapakTepucTuk "tmerTpa’ 3Toit 06/IaCTH SIBJISIETCS MATEMATHIECKOE
OXKUTAHTE.

Onpenenenne 7.1.1. Mamemamuueckum 0ocudaHuem CAYwat-
notl eeaudunv, X ¢ naommuocmvilo pacnpedeaenus p = p(x) nazviea-
EMCA YUCAO

EX = /_OO xp(z)dx. (7.1.1)

Paccmorpum ciyaaii, Korma X — JUCKpeTHasi CIydaifHasl BeJIu-
quHa. 1oraa MJI0THOCTh BEPOSITHOCTH P OKA3BIBACTCA 3aKOHOM PAC-

n
upenenenns (6.2.5"): p(x) = Y pid(x — x;), a oupenenenne (7.1.1)
i=1

naet hopMyITy

EX = / pri(S(x —x;)dr = inpi, (7.1.2)
=1 i=1

OIIPEJIEIISTIONLY IO MAMEMAMUYECKOE 02tCUIaHUE QUCKPEMHOT, CAYHaTi-
n
noti seauuunve X, 3adannoti saxorom p(x) = > p;id(x — x;).
i=1
U3 npusioxKeHust OIpe/IeJIEHHOrO HHTErpaia K 3a/1a9aM MeXaH!-
KH XODOIIO M3BeCTHA POPMyJIa JUIsl ONPEJeJeHns] NEHTPpa Mace Ha

ocu x (CraTHYecKuil MOMEHT OTHOCHTEIBHO OCH Y) KPUBOJIMHEHHOI
JIACTUHBI ¢ rpaHuiamu y = f(x) u ocpio x:

+oo

[z f(z)dx

—00

Tfoo
_f f(z)dx

Let. =

Ecmu B »aT0it dopmysre dyHImio f WHTEPIPETHPOBATL KakK
IJIOTHOCTb  pacipejiesienust ciydaiinoit sequunabl X (mpu 3moM

+oo
_f f(z)dz =1), 10

“+oo

Tey, = / v f(x) dx,

—00
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T.e. IEHTP THAXKECTH KPUBOJIMHEHHON IIJTACTUHBI UHTEPIPETUPYETCS
KaK Maremarndeckoe oxumanue (7.1.1) cayqaitnoit Beamanasl X ¢
IJIOTHOCTBIO PacIPeesIeHNs P, PABHOU YPaBHEHUIO KPUBOJIHMHEHHON
PPAHUIB p = [ IJIACTUHBL.

Dopmyia (7.1.2) Takyke MMeET IPOCTYI0 MEXaHUYECKYIO (M reo-
METPHIECKYI0) HHTepIpeTanuio. /13 aHaJInTuIecKoil reoMeTpun u3-
BECTHO, YTO CHCTEMA MATEPHAJIBHBIX TOYEK Ha OCH (T.e. TOYEK C KO-
OpJIMHATAMHE T, B KOTOPbIE [OMEIIEHbI MACChl 1M;) UMEET IIEHTD Tsi-
JKECTH, ollpeJiesisseMblil 1o dhopMyIte

Codommg Yy xmy m;
Let. = Zm = m —Z»’U@E
(A

HoO < 74 < 1m) "™ =1, Te. uuc/I0 X MOXHO MHTEPLIPETHPO-
BaTh KaK BepogTHOCTH. Ho Torma mentp macc (cpasumre ¢ (7.1.2))
— MaTeMaTHIeCKOe OXKUJIAHKE.

B s7o0i1 cBSA3M MaTeMaTUIeCcKOe OXKUAHUE CIYyYANHON BEJTMINHBI
X HaA3BIBAIOT UEHMPOM PACHPEIENeHUS CITYIANHON BEJTMIMHEL.

Yr1o6bl HOHATH, YeM OTJIMYaeTcd '"MaTeMaTndeckKoe oxKuaaHue"
oT 6bITOBOTO "OXKUIaHNWA" | pACCMOTPHUM ITPUMED.

[Ipeamonoxum, aro Bel umeere n ONMHOTUIIHBIX JeTAJEH U TOY-
HBII TpubOp JUIsT OIpedeeHnsI OJHOIO M3 pasMepoB gerann. IIpo-
BeJIsl U3Mepenusi, Bul ybeummuch, 9To Bce pasMephl pasHble. Bo3Hu-
KaeT BOIIPOC: KAKOW pasMep CTPEeMUJICS BBIMOJHUTH MACTEp IPU W3-
roToBeHnn 31X jeraseii? OrBer (Ha OBITOBOM yPOBHE): CpEJIHHUIA,
T.€. BCE€ pa3MepPbl HeO6XOﬂI/I1\/lO CJIO2KHUTDL M IIOJAECJIUTL Ha 1 — KOJIM-
gectBo sieraseil. Ho ecim Besmmauny 1/n nocanrars "BeposiTHOCTHIO
COOTBETCTBYIOIIETO pa3Mepa' , TO MOJIyIeHHOe CpejHee U eCTh Ma-
TeMaTUIeCKOe OXKHJIAHUE CIIYIalHOU BEJIUIUHBI X — U3MepsSeMbIil
pasmep. 3nauenne KX BBIYUCIIEHO, KAK CpeJIHEE 3HAYEHUE HaDJIFO-
JIa€MBIX Pa3MEPOB, W He 00s13aHO COBIaJIaTh ¢ "oxXuganueMm" macre-
pa (HaIpuMep, eciu y MOCJIeTHEero MPUOOP UMEET TIOTPENTHOCTD, TO
eCTh CUCTEMHYIO OIMOKY u3MepeHusi). Vrak, oGHApYKUBAETCsI JIBA
pasubix "oxumaHusa": oXKUgAHNE MACTepa, U3TOTOBUBIIETO JEeTab,
u "oxkunanue" , BbIUKMCIIEHHOE HAOJII0IaTeIeM, KOTOPOE 110 OIpeJie-
aernio (7.1.2), u sABIETCS MATEMATHIECKUM OXKUJIAHUEM.
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CBoiicTBa MaTEeMaTUYE€CKOTO OXKUJIAHUSI.

1) Ec=c.

2) E[cX]| =cEX.

3) E[X —EX]=0.

4) J1yist Ipou3BOJIbHBIX CIydaiiHbix Bejmand X u Y, omnpejeseH-
HBIX H& OJHOM M TOM K€ BepOsITHOCTHOM mpocrpancrse (U, P),
nmeer Mecto pasencTBo E[X +Y] = EX + EY.

5) Ilycte X u'Y — HesaBucumble ciiydaiiHble BEJIMIMHBI, OIIPE/Ie-
JICHHBIE HA OJTHOM U TOM K€ BEPOsITHOCTHOM TpocTpancTse (2, U, P).
Torma EXY = EX EY.

HJoxasaTensctso. CoiictBa 1) u 2) ¢ 09€BUIHOCTHIO
BoITeKatoT u3 (7.1.1):

+oo +o0o
Ec= /C’p(ﬂ:)dmzc /p(a:)da::C'.

+oo +oo
ElcX] = /C:vp(x)d:r:C /:Up(x)dx:cEX.

[osicnuM, ofHAKO, YTO HOCTOsIHHAS € PACCMATPUBAECTCS KaK CJIy-
JaiiHas BeJIUYUNHA, KOTOpas C BEPOITHOCTBHIO, PaBHOM 1, mMpuHUMAaeT
suavenue c. Ho Torja cpoiictso 1) ycranasiusaercst u 1o dbopmyiie
(71.2): Ec=c-1=c.

s nokasaresbersa cBoiicta 3) obozHaunm EX = m u BBeneM
ciydaitayio Beauauny Y = X — m. Nmeem:

too +oo +oo
BY = / (z—m) plx) dz = / 2 p() dz—m / p(@)dz = m—m =0,

3ameuaunne. Hanomanm, aro 3uadenune X umeer cMbIC 1jeH-
Tpa pacrpeaejeHnusT Caydainoi BeqmauHbl. IleHTp pacrpeneieHus
MOXKHO TIepEeHECTH B Ha4YaJI0 KOODJUHAT, BBEJS CJYYAHHYTO BEJIHIN-
ay X —E X, mosroMy oHa i HA3BIBACTCST UEHMPUPOSAHHOT CAYYATHOT
seauUHOU.

HokazaresbeTBo cBoiicTB 4) u 5) npoBejieM B myHKTe 9.5.
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7.2. MowmenrTnl. /lucnepcust m cpegHee KBaJpaTuiecKoe
OTKJIOHEHUE

[TousiTre MOMEHTa IMUPOKO UCHOJIB3YeTCsl B MEXaHUKe (cTarude-
CKHe MOMEHTBbI, MOMEHTBI I/IHGpL[I/II/I) KaK yxKe 0oTMe4aJIoOCh, CTaTUu-
YeCKUH MOMEHT MOT OBITh MHTEPIPETHPOBAH KAK MATEMATHIECKOE
O2K1JJaHHe. HO 1 MOMEHTBI BbICHINX IIOPAJIKOB HMCIOJIB3YIOTCA B Ka-
YeCTBE YNCJIOBBIX XaPAKTEPUCTHK TEOPUN CJIYIANHBIX BEJTMUNH.

Omnpenenenne 7.2.1. HauwarvHoim MOMEHMOM Oy NOPAJKG T
CAYHaTIHOT 6eaudutbl X HA3LIBACMCA MAMEMAMUYECKOE OHCUIGHUE
cAyuatinot eeaunurvl X'

oo

ap =EX" = / " p(x) dz.

— 00

Jlist  mUCKpeTHO# CIydalHON BEJMYUHDLI, 33/JaHHON 3aKOHOM
p(x) = > pi 6(x — ), MOMEHT LIOPsAKA T OLpeesIsieTcst 110 hop-
MyTe  — Oy =Y. XL ;.

Kak BramM, MOMEHT IIEPBOIO IMOPAIKA, CJIy9IaiHON Beamanubl X
COBIIaJa€eT C MaTeMaTUu4IeCKUM O2KHJIaHNeM X

Ha mpakTuke BaXKHbI BEJIMINHBI, XapaKTepU3YIOIIe OTKIOHEHNE
CJIydaliHOM BEJTMUUHBI OT €€ CPeJIHero 3HaYeHus (MATEeMaTHuIeCKOro
oxuansi). [Iist 95T0ro IpUMEHSIOTCS YeHmpasvHle MOMENMbL NO-
pAdKa T

ur=E[(X —EX)"] :/00 (x — EX)" p(x) dz.

—00

W3z cBoiicTBa 3) MaTeMaTU4IeCKOTr0 OXKHUJaHWUs BUJIUM, YTO IE€H-
TpaJibHbIE MOMEHTBI ITIEPBOTO TOPSIJIKA BCEr a paBHbI Hy110. Ho Torma
9THU IEHTPAJIbHBIE MOMEHTBI HE MOIYT OBITH XapaKTEePUCTUKON CJIy-
yaiiHoil BesmumHBL. [loaToMy ciesyromeii BakHeilIeil xapakTepu-
CTUKOH CJIy4YailHOI BeJIMYUHBI ABJIAETCHA IEeHTPaJIbHbIII MOMEHT BTO-
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poro mnopsiKa, Ha3bIBAEMbIt ducnepcuez‘zlo CAYHaTHOoT BEeAUYUHDL:
oo
DX =E[(X -EX)*] = / (x — EX)?p(z) de.
—0o0

Jluist ucKpeTHOlt cityvaiiHON BeJIMYUHbI, 3aJJaHHON 3aKOHOM p(x) =

n
> pid(x — x;), ara dopmysia IpuMer BH/
i=1

DX =) (xi— EX)*p,

W3 ompemesnennst aucriepcnu CAyIailHON BEJINYWHBI BUIUM, 9TO
9TO YMCJIO UMEET Pa3MEPHOCTh, PAaBHYIO KBaJIPaTy PA3MEPHOCTH CJIy-
JafiHON BeJIMYIMHBI, IO9TOMY y/I00Hee U HAIJISIIHee XapaKTepPUCTUKA,
Has3bIBaeMasl CpedHUuM KEaOPAMUMECKUM OMKAOHEHUEM:

cX =\/E[(X - EX)?].
HpI/I BBIIUCJICHUU JTUCIIEPCHUU 9aCTO y;L06Hee IIPUMEHHUTDH (bOpMyJIy
DX = EX? - E*°X . (7.2.1)
Joxkaxkem 31y dpopmyiry. Umeem:
DX = E[X? - 2X EX + E?X].

Tenepb BOCIIO/Ib3YeMCsl CBOCTBAMU MATEMATHIECKOTO OXKUIaHus 4)
JIUIST CYMMBI CJTy9aifHBIX BEJMYNH U CBOMCTBOM 2) JJIsl IPOU3BE/ICHUST
Ha KOHCTaHTy. B pesynbrare nosayunm (7.2.1):

DX = E[X?-2EX EX + F?X| = EX? - E’X .

CsoiicTBa gucrnepcun.
1) Dc=0.
2) DlcX]=c*DX.

001 narunckoro dispersus — paccesiHHBII, PACCHITAHHBII.
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3) Ecau X u'Y — nezagucumvie cAy4atinbe 8eAusutbl, onpede-
aennve na sepoammocmmom npocmpancmee (2,U, P), mo

D[X +Y] = DX + DY.

4) Ecau X u'Y — mezagucumovie cAY4alinoe eAUMUHbL, onpede-
aennve na seposammuocmmom npocmpancmee (2,U, P), mo

D[XY]= DX DY + DX E*Y + DY E*X.

HJokaszaTeabcTBa CBOHCTB 1) 1 2) JIETKO BBITEKAIOT U3
COOTBETCTBYIOIMINX CBOMCTB MATEMATHIECKOrO OXKUJIAHUS, U MBI UX
He IPHBOJIIM.

JoxkasareunsbcTBo csoiictBa 3). Bocrosnb3zosasmmucs
OIpe/IeJICHIEM JIUCIIEPCHN U CBOHCTBaMK 3) U 4) MaTeMaTHIeCKOro
OKHJIAHUST, NMEEM:

DIX+Y]=E[(X+Y)-EX+Y])?’| =E[(X - EX) £ (Y — EY))?]
=FE[(X - EX)’|£2E[(X —EX)(Y —EY)|+E[(Y —EY)*] ,=
DX +Y]=DX+2E[(X — EX) (Y — EY)] + DY.

Cpentee ciaraeMoe nCYe3aeT, T.K. MATEMaTHIECKOe OKUJIAHIe IIeH-
TPUPOBAHHON CJIy9aiiHO}l BEJMYNHBI BCET/Ia PABHO HYJIO, U MBI I10-
JIydaeM yTBEpIKJIeHne CBONCTBA 3) JUCIIEPCUH.

HdokaszarTeuabcTBo cpoiicrBa 4). Bocronb3oBasimmnch
OlpeJIeIeHNeM JIUCIIEPCHU U CBOiicTBaMu 3) U 4) MareMaTHIecKoro
OXKUJIAHNUST, IMEEM:

DIXY]=E[XY-FE[XY]? = E[X*Y?-2XYEXEY+E*XE?Y] =
= EX?EY? - 2E*X E*Y + E*X E?Y = EX?EY? - E*X E*Y .

Tenepb, BOCIOIB30BABIINCH paBeHCTBOM ( 7.2.1), MOXKeM 3ammcarhb
EX? = DX + E?X u EY? = DY + E?Y, orkyna

D[XY]= (DX + E?X) (DY + E*Y) — E’X E?Y =

= DX DY + DX E*Y + DY E*X .
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7.3. Moaa. Meauana

Onpepenenne 7.3.1. Modoi cayuatinot seauuuns X (060-
snadenne — (X)) waswiearom mo ee 3naverue, KOMOPOMY COOM-
6emcmeyem HaAuboALULAA BEPOATIHOCTIL UAU NAOTMHOCTVD 6EPOAN-
HOCMAL.

Hanpumep, mycTb IucKpeTHast CIydaiiHasi BeJIMYNHA 3a/laHa 3a-
KOHOM DaCIIpeeIeHus

X[ 27 2 [-1,3]0,7 | 1,7
P|0,15]035| 0,4 |0,12] 0,08

W3 rabmuipl BUANM, 9TO caMasi DOJIbINAsT BEPOSTHOCTD, PaBHAS
0,4, orBeuaer 3HadeHuto ciaydaitaoit pequmanabl X = —1,3. Ciemo-
BaresbHo, p(X) = —1,3.

Onpenenenune 7.3.2. Meduanot cayuaiinot eeaununove X (060-
suavenne — pe(X)) naswearom makoe ee snauenue X = x, npu
komopom P(X < z) = P(X > x), re. S1 = [* p(x)dz =

;;OO p(z)dx = Ss.

HAcnHo, YTO NI CUMMETPUYHON CYIafiHON BeJIMYUHBI MOJIA, Me-
JMaHa W MATEMATHIECKOe OYKUAHNE — OJTHO W TO YK€ 3HAYEHUE, SB-
JISTIOTTIeeCsT TIEHTpoM cuMMeTpun. Ho B obImieM ciiydae 3TH 3HAYEHUST
(TOYKM) HE COBIAAIOT.

§ 8. OcHoOBHBbIE 3aKOHBI pacIiIpeieIeHns

8.1. PaBHOMepHOe pacnpeejieHue

Onpenenenune 8.1.1. Cayuatinas 6eAUYUHG HA3BIBAEMCA PAC-
npedeaennoti pashomepro ma uwmepsane (a,b), ecau naomHocmo
pacnpedesenun Ha IMOM UHMEPBAAE NOCTIOAHHA.

[Ipeanomoxkum, 9T0
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[TockombKy
/ p(m)dmzlz/ Cdr=C(b—-a),
10 C' =

= 3=, CJIeJIOBATEJIbHO,

Haiinem dpyHuKImo pacupeenenns pABHOMEDPHO PACIIPE e ICHHOM
CJIy4ailHON BeJIMYUHDL.

1) Iycrs z < a, Torma

F(m)—/;p(t)dt—/z 0 dt = 0.

- o0

2) Ilycrs z € [a,b], Torga

T T t |* z—a
F(x) = t)dt = dt =
@=[ sna= [ =g

_ —a

s b—a’
3) Ilycrs z > b, Torma

T b T
1
/Oop(a:) x /a p— x+/b T

, T < a;
F(z) = i, TE [a, b];
1, x > b.

I'paduku mwrornoctu p(z) n dbyuknuu F(x) 1jsi paBHOMEPHOIO
pacmpeesienns n300pakeHbl Ha pucyHnke 12.

Haitnem maTemaTndeckoe OKHUJaHUE PABHOMEPHO PaCIpe/iesieH-
HOI cirydaitHoil Besmunabl. meem:

b b 2 b
1 b

2b—a)|, 2 °
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Pix) F(x)
1
s
s
1] & X 0

Puc. 12

Nrak, MmaTeMaTndIecKoe OKUIaHNE PABHOMEPHO PACIIPEIeICHHOM
Ha OTpe3ke [a,b] ciydaiinoil BesmunHbl X COBHAJAET C CEPEJIUHOIN
orpeska [a, b].

Teneps Haitmem aucnepcuto. YToOBI BOCIIOIB30BATHCsST (DOPMYJIOLt
(7.2.1), Borancimv EX 2. Nmeew:

I v —a® 1
EX2:b_a/Z’le‘:g(b—aa)zg(b2+ab+b2)

Teneps, corsacuo dopmyde (7.2.1), noaygaem:

a;b)lwaﬂ

1
DX:(#+M+%—< T

3

JJist cpeiHeKBaIPATHIECCKOrO OTK/IOHEHUS MTOJTyIaeM (DOPMYJLy:

_bfa

ocX = .
2V/3

OTMeTuM Tak»Ke, 9TO B CHJIy CHMMETPUH PABHOMEPHO PacCIIpeje-
JICHHOI CJ1y4aiiHOM BeJIMYNHbI OTHOCUTEILHO MaTEeMaTUIeCKOI'0 OXKU-
IIaHWd MOJa U MelraHa COBHAIAI0T ¢ MaTeMaTHIECKNM OXKHUIAHUEM.

[IpuBenem opmysty JJTst OIpeaeeHNsT BEPOSTHOCTH IO IAHNS
cJlydaifHO BeJIMYUHBI B OTPE30K [a, (] € [a, b]:

B _
P(a<X<5)—/ e _f-a

w b—a b—a’
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8.2. HopmanbHOe pacnpeesieHue

Buauasie jiokaxkem paseHcTBo (mHTerpas Ditiepa-Ilyaccona)

1 2
—_— e 2 der=1. 8.2.1
V 2 /oo ( )

st aTOrO 3aMETHUM, UTO

22442 o 22 2
J = / e dxdy = [/ ez dx] .
Ro —00

C spyroit cTropoHbI, UHTErpaj J JIerko BBIYHC/ISETCS B MOJISPHBIX
KOODJIMHATAX T = rcosp y = rsing, r2 = 22 +y? € [0,00), 0 €

[0, 27]:
27 o] -2
J:/ d<p/ re z dr=
0 0

2 00 2 ’1“2
:/ d(p/ €2d<>=2ﬂ'.
0 0 2

Orcrona cienyer (8.2.1).

Kax MbI 3HaeM, s1106ast GyHKIHMA P, 1151 KOTOPOiT [ R p(z)de =1,
MOXKET CJIYKHUTb (PYHKIHMEN pacupeie/ieHnsi HEKOTOPOi CJIydaitHo
sesmmaunbl. Vcnonbsys sameny % = t, a 3aTeM paBEeHCTBO (8.2.1)
JJ1sl IPOU3BOJIBHOTO @ U o > (), mojryvyaem:

1 /°° g2 1 /°° 2
e 20 xr = —— e 2 = .
V2r o J_so V2m )

Onpegnenenne 8.2.1. Cayuaiinas 6eAunvuna, 3a00HHAA NAOTM-
HOCTIBIO PACTPEdeseHUA

1 _(@=a)?
p(z) = \/ﬂae 202 (8.2.2)

HA3BLBAEMCA HOPMAALHOT (FACTO TOBOPST paCIpeieIeHHOl 110 HOD-

MaJIbHOMY 3aKOHY'" WU ITOJUMHSIETCsT 3aKOHY paciipeieieHust Layc-
ca)(puc.13).
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P(x)

GVin

——rr
0

Puc. 13

Hopwmaisibaoe paciipeiesieHre OTHOCUTCS K UUCJIy HauboJjiee 4acTo
MCTIOB3YEMBIX HA MPAKTUKE U TEOPETUIECKN M3yIaeMbIX pacipesie-
JIEHUIA. HpI/IMeHHeTCH OHO JJIsd HpI/I6.HI/I}KeHHOFO OIICaHuda MHOI'MX
CTyIAHDBIX SBJIEHUHN, TTPOUCKXOMSAIIINX JTOCTATOTHO JAaCTO KaK B TeX-
HUYECKUX IIPOIECCax, TaK U B IICUXOJIOIO-TIEIATOTHIECKUX, COITUAJb-
HbIX, 9KOHOMHNYECKUX M JIPYT'UX DPeaJIbHBIX CHUTyalludAX, B KOTOPBIX
Ha pe3yJIbTAT BO3JEHCTBYET OOJIBIIOE YUCIO (PaKTOPOB, CPE/H KOTO-
PBIX HET SIBHO BBIIEJIAIONTIIXCs. Hampumep, Ipyu u3yueHnn paccesHust
CHAPSJIOB TIPY CTPEIb0e M3 apTUIIEPUHCKOTO OPY/IUsT CJIY YAl HBIMI
daxkTOpaMu SIBISIOTCS KOJiebaHUs BO3yXa, HEOINHAKOBOCTEL CHAPSI-
JIOB H JIp.

HopwmambHoe pacmpe/iesienne onpesessieTcss IByMs apaMeTpa-
Mi: @ 1 o . JlocraTodno 3HATH 9TH TapaMeTpbl, 9TOOBI 33/1aTh HOD-
MaJjIbHOe pactpejesienne. Ha pucynke 14 HADISTHO TOKa3aH reoMeT-
pUUECKUi CMBICT TTApaMeTpoB a u 0. [lpsmas © = a — och cuMMeT-
pun kpuboit ['aycca. Bosibiiemy 3HaUeHUI0 0 COOTBETCTByET GoJjiee
"kpyrast" kpusast 'aycca. OnupenesinM BEpOSITHOCTHBIN CMBICST 9THX
apamMeTpoB.

MaremaTtudeckoe oxkujganue. £ X = a .

HokazareabcTBo. [leficTBUTENBHO, IO ONpPEJIEIEHUIO MaTeMa-
TUYIECKOTO OXKUJIAHUST TMEEM:

o 1 o0 (I_a)2
EX = T xdx:/ re 202 dx.
/_oo P() Vo2r o J—co
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p{x)

=
o)
w4

Puc. 14.

[Tpousseiem 3ameny HepeMeHHO# “—¢ = t, mo/TyuM:

2
EX o't—|—a _2 dt =

~ v L

1 (oo}
— ote” 2dt+— ae” 2dt.
V2T /_oo /

B,ZLer HepBbII/I mHrerpaJjg oT HEYETHOU yHKL[I/II/I INOHUMAaEeMBbII B
CMBICJIE TVIABHOI'O 3HaY€HHUA, U pPaBE€H HYJIIO, a BTOpOI/I BbIYHCJIACT-

cst 1o dopmyste (8.2.1), u Mbr mosydaem: Ex = a. Takum o6paszom,
(@—a)?
. 1 e
= 2
ecJIM IUIOTHOCTH olpejiesisieTcst pyHKimeii  p(x) Vol

o FEX=a.
Hucnepcusi. DX = o2,

dokazareabcTBo. Meem:
DX =E[(X - EX)*] = / (z — EX)?p(z) dz.

—00

[Moxcrasum crofa dyHKIMO pacupeaenenus (8.2.2) n mpousseseM

3aMeHy TlepeMeHHol % = t, Tor/ja

1 o0 (z a>2
DX = _ dr = t dt
5 /Oo(m a) T = %/ o

0.2 oo t2
= — t *7d .
\/271' /—oo ‘ <2)
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Nurerpupys o vactaMm u mojarasd u = t,

2 2 2
U:/egd<t> = —ef%’
2
[e.9] t2
iooo-l-/ G_th>:0'2.
—00

1 _e-a? 9
(& 202 s — DX =0 .

TIOJIYINUM:

Takum obpazom,

p(x) = 2mo

dyukiuda pacupenejieHud u yHknus Jlammaaca. [lo ompe-
JIeJIEHUIO (PYHKIUU PACIPEIETICHIST

F(x):P{X<x}:/x p(t)dt.

st corygaitHO# BeJTMIUHBI, pacipeae/leHHON HOPMAJIbHO, ¢ TIJIOTHO-
crbio (8.2.2), nosrydnm:

1 T (t—a)?
F(z) = / e 2% dt.

20 J -
IIpousseseM 3ameHy nepementoii = =y, toraa
R . 1 0 R
F(a:)—/ e Tdy=—— / +/ e 2 dy.
m —00 V 27T —00 0

[Tepsbiii uaTerpas Bbraucisiercs mo gopmyse (8.2.1) u pasen —szﬂ,

a BTOPOH — HeOIIpe/IeJIEHHbII HHTerpaJl HasbiBaeTcst dynkuyuet Jla-

naaca
1/7”_@/2(1
B(z)= — [ e T dy.
(v) 57 /. Y

F(x):;—i—(b(x_a) .

o

Takum obpazom,
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Kak u3BecTHO, BEpOSATHOCTD IO IAHUS CIydaiiHOl BeJIMYUHLL B
uHTEepBal (v, ) Bhraucsiercst Mo (opmylie

Pla< X <} =F(3) - F(a).

Orcrona

P{a<X<ﬂ}—<I><ﬂ;a)—<I><a_a>. (8.2.3)

g

IIpaBuiio Tpex curM. Cayuatinas sesununa X, pacnpedeset-
HAA N0 HOPMAALHOMY 3GKOHY ¢ Jucnepcuel o2, OmKAGHAEMCA OM
c80€e20 mamemamuneckozo ooxcudarus EX = a na paccmosanue 60av-
we wem 30 kpatine pedro.

Bomaee Touno:
P{|X —a|] <30} ~0,9973. (8.2.4)

DT0 MpaKTUIECKOe ITPABUJIO, T.e. eCJIU BbI CTOJNKHYJINCH ¢ TaKO
CJAyYaHON BEJIMYMHON, TO MOXKETe yTBEPXK/IaTh, YTO BCe IIPAKTUYC-
CKHe peasm3anuu ee Haxojgarcs B obactu { X =z € [a — 30,a +

30]}.

Buaugase mokazkem OoJjiee obIiee yTBEpKIECHUE:

P{X —a| <} =20 (i) (8.2.5)

o

Hns noxasarenbctTBa (8.2.5) 3amernm, 9ro
X —al<e <<= a-e<X<a+t+e =
= P{|X—a|<e}=Pla—e<X<a+e}.

Tenepsb Bocosb3yeMcst paBeHcTBOM (8.2.3) u nosryunm (8.2.5).
[Tosaras B (8.2.5) € = to, moy<auM:

P{|X —a| < to} = 20(t). (8.2.6)

ITo Tabuuie dynxrmit Jlamtaca (em. nanpumep [5]) Haxommm:
mput=1 P{|X —a| <o} =29(1) = 0,6827;
nput =2 P{|X —a|] <20} =2P(2) = 0,9545,
uput =3 P{|X —a| <30} =29(3)~0,9973.

OTKY/Ia U BbITEKAeT [IPABUJIO Tpex curM (8.2.4).
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8.3. IlokazaTesbHOE pacnpe/iejieHue

Omnpenenenne 8.3.1. Henpepwvi8hyio cAy4atiHYI0 GEAUHUHY,
NAOMHOCTVG PACNPEIEAEHUA KOMOPOT, ONPEIENAENCA BHIPAANCEHUEM

Ae AT , >0
p(x) —{ 0 =0 (8.3.1)

HA3DLBAIOM, CAYHATIHOT BEAUNUHOT, PacnPedeseHHoti No NOKA3GMeENb-
HOMY (9KCNOHEHUUANLHOMY) 3AKONY.

DTo pacmupejiesienne YacTo HaOIIOMAaeTCsT MPH M3YYEHUH CPO-
KOB CJIY?KObI PA3JINYHBIX YCTPOUCTB (9JIEKTPOHHBIX, MEXAHUIECKUX ),
BpeMeHn 0e30TKa3HOl pabOThI Pa3IUIHBIX CUCTEM WJIM 3JEMEHTOB
cucreM. [Tapamerp A OOBIYHO HA3BIBAIOT UHMEHCUGHOCTIHIO OMKA-
306.

QOyHKIUSA PpacHpe/ieJIeHnsT OIpeJIesIsIeTcsl HNHTErPUPOBAHUEM

(8.3.1):

F(z) =

_ =z >
{1 e, w20 (8.3.2)

0, x < 0.

I'paduku muorHoctr p(x) u dyskun F () HOKa3aTeJbHOIO pac-
npejesieHns TPUBEJIEHBI Ha pUCyHKe 15.

p(x) F(x)

A

1} < 0 X
Puc. 15

I/IHTerI/IpOBaHI/Iel\A IO 9aCTAM JIETKO OIIPEAC/IAIOTCA MaTeMaTu-
YECKOE O2KHJ/IaHUE U JIUCIICPCHULA:

CooTBeTcTBEeHHO cpeagHee KBaJpaTUudIeCKOe OTKJIOHEHUuEe o =

>|=
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8.4. BuHomMuasibHOE pacnpeesieHue

Xopormo uzsectHa dhopmysa Bunoma (HassiBaercst Takzxke "dop-
My.a 6unoma Heroromna')

kn—k k_ n!
(p+q)" Z R N TR

[Tonaras 3gece p >0, ¢ >0, p+ g =1, moaydnm:

n

chknk 1.

k=0

Ho rorma uncio CFp* ¢"~* mpencrasnser seposTnocTh TOTO, WTO
B CXeéMe UCTILITAHUI BepHyJIJII/I COOBITHE, TIOSIBIISTIONIEECST B KAYKIOM
UCIBITAHUE C BEPOSITHOCTHIO P U HE MPOUCXOJISINEE ¢ BEPOSITHOCTHIO
g = 1 —p, B n uCIIBITAHUSX TIOSBUTCS POBHO k pa3. [losTomy mpemp-
Jyiasi popMyJia IpUMeT BH

1= zn: P, (k)
k=0

Onpenenenue 8.4.1. /luckpemnas cAYy4atings eAUwUHG, 3G0GHHAL
3AKOHOM PACNPeereHUA

X T €T T3 Tp
Pl pa(1) | pn(2) | Pu@) | -+ | Pu(n) |

2de sepoammocmu py(k) onpedesenve no gopmyse Bepryanu:

pu(k) = P{X =k} = CkpF gk, Ck = o
El'(n —k)!
Ha3veaemca pacnpedenennoti bunomuasvbHo. Bug OGMHOMUAIBHOTO
pacIpejiesieHus JJis Pa3/nIHbIX 3HAYEHUN p MpeJICTaBJIeH Ha pU-
cyHKe 16.
BunomuaibHoe pacnpeieseHne — 3TO OIHO U3 CAMBIX PaCIIpO-
CTPaHEeHHBIX JUCKPETHBIX pacupeseeHnil. Halne Bcero BCTpevdaeTcs
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Pk
u,asi
0,40
035+ a0
.30 =07
oz

s | .L 1 | || | . . &
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Ha [IPAKTUKe, HAIIPUMEpP, IPU U3yIEeHUN TAKUX SIBJICHUHN, KaK CTaTH-
CTUYECKUNl KOHTPOJIb Ka4eCTBa IPOIYKIIUU, IIOCKOJIbKY JIIOOOH Tex-
HOJIOTUYIECKUH ITPOIIECC IIPOU3BOJICTBA MATEMATUIECKU IIPEICTABIISI-
er coboit cxemy umcnbITaHuit Bepuysin; 4mcso Jojeir B BBIOOPKE,
UMEIONIUX JIAHHYIO IPYIIY KPOBHU, U T.JI.

Bes nokazarennbcTBa npuseieM (hOPMYIIBI JJI MATEMATHIECKOTO
OXKWUJAHWSI, MUCIIEPCUU U CPEIHEKBAIPATUIECKOTO OTKJIOHEHMUST:

EX =np, DX =npqg=np(l—p), oX = /npq.

OrmeTnM TakxKe, 9TO, KaK 3TO CJE/LYyeT U3 JIOKAJIHHOW U MHTE-
rpaJyibHOi TeopeMbl Jlamaca, GuHOMUAJIBHOE pacCIpejie/leHue pu-
OmKaeTcs K HOPMAJIBLHOMY C POCTOM 1 HJIU TIPU MAJIBIX 3HATEHUSIX
P UIH q.

8.5. Pacnpenenenne Ilyaccona

Pacripenenienne Ilyaccona — 9T0 JuCKpeTHOE paciipejiesieHue,
SIBJISTIOIIIEECST OJJHUM M3 BaKHBIX IPEIe/bHBIX CIydaeB OMHOMUA b
HOI'O pacupeiesieHusi, KOrJa BePOSITHOCTb HACTYILJIEHUsT HHTEPECYIO-
ero COOBITUS B €MHIYHOM HCIIBITAaHUU OveHb Masa (p — 0), HO
YHCJIO UCIBITAHUN, IPOM3BOAUMBIX B €IMHUILY BPEMEHH, JOCTATOTHO
Besiuko (n — oo). Takum ob6pasom, ipu pocre n 1 GUKCHPOBAHHOM
BHAUEHNH TpOou3BedaeHnsa np = A > (0 OMHOMHUAJIBHOE PacIpe/ie/eHne
CBOIMTCS K pacipeesnennto [lyaccona.

Omnpenenenne 8.5.1. Pacnpedesenuem Ilyaccona wazvieaemcs
pacnpedenerue GEPOAMHOCTEL MeNHCOY UCABMU HEOMPUUATMENDHDL-
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MU HYUCAAMU, x02da na Jdoao wucaa m npuxodumc,ﬂ GEPOATMHOCITND

Pm,A\)="—e?, A>0,m=0,1,2,...; (8.5.1)

Dopmyia (8.5.1) 3ajaer pacupejiesieHne BepOsSITHOCTEl HA MHO-
JKECTBE IeJIbIX HEOTPHUIATE/bHBIX Ynces, Tak Kak P(m,\) > 0 s
Beex m=0,1,...u > ° P(m,\) =1

JloKazaTeIbLCTBO HOC/IeIHer0 paBeHCTBa OIIUPAETCsl Ha, Pas3JIozKe-
Hue B psg Makiopena (yHKun e :

|
0 m:

nis jgoboro A > 0.

Omnpenenenne 8.5.2. Jluckpemnaa CAY4aUHAA BEAUMUNA, 3G~
dannas 3aKoHOM pacnpedeserus

X il i) e Tm c
Plp)|p?2)]|... |plm)]| ... [
2de eeposammuocmu p(m) onpedeaenv. no gopmyre:
Am
p(m):P{X:m}:—'e_/\’ A>0,m=0,1,2,...,
m!

Hasvigaemca pacnpedesennot no Iyaccony ¢ napamempom A > 0.
Bun pacnpenenenus Ilyaccona mjist pasindsbix 3HadeHuit A > 0
IpeJicTaB/IeH Ha PUCYHKe 17.

YuraTesio mpeajaraeM caMOCTOATEIBHO C UCIOJIB30BAHIEM YKa-
3aHHOTO BBIIIE PA3JIO2KEHUS JT0KA3aTh (DOPMYJIbI MaTEMATUIECKOTO
OXKWJIaHWs, JIUCIIEPCAN 1 CPEJHEKBAJIPATHICCKOI0 OTKJIOHCHUA CJIy-
yaiiHoit BemuuHbI, pacipeeiennoii mo Ilyaccony:

EX =)\ DX=)\ oX=V\.

[Tapamerp A IIyacCOHOBCKOTO pacIIpe/ie/IeHUsI pABEH OJHOBPEMEH-
HO MaTeMATUYECKOMY OXKWJIAHWUIO U JIUCIIEPCUU CJIYYailHON BeIndu-
Hel X, UMeIONell m3ydaeMoe paclpejiesienne. B 3ToM cocTouT oco-
OEHHOCTD JIAHHOI'O PACIIPEJIEJIEHNs], KOTOPasl UCIIOJIb3yeTCsA Ha IIPaK-
THUKE.
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Pacmpenenenne Ilyaccona urpaer BaykKHYIO POJIb B IMPUJIOXKEHU-
X TEOPUU BEPOSITHOCTEH M MaTeMaTHIeCKON CTATUCTUKHU, B TEOPUH
MaCCOBOTO OOC/TyKUBaHUS, CTPAXOBAHUN, TEOPUHU HAJIEXKHOCTH, TEO-
pun CBs3U, sA/IepHON (busnKe min (PpU3UKe JIEMEHTAPHBIX YACTUIL U
T.II. — BCIOJ/Ly, I'/le B T€UYeHUe OIPEJICJIEHHOI'O BPEMEHU MOXKET IIPO-
HCXOIUTh CJIy9IaifHOE THMC/I0 PEIKUX COOBITHI. XOPOIIO OIMUCHIBACTCS
dopmyioii Ilyaccona mporecc paarnoakKTHBHOIO paciaia, HalpuMep,
pajiust. DTOT IMPOIECC 3AKJII0UAETCS B IPEBPAIEHNN S/Ipa ATOMa, Pa-
s B SIAPO aTOMa PaJioHa C UCIyCKaHneM ajbda-dacTuiibl. Pacma
KaXKJIOTO OTJEJIBbHOIO SIpa ITPOUCXO/IAT HE3ABUCHUMO OT COCTOSIHUS
APYTUX f]Iep, U BEPOATHOCTDL TAKOT'O paclaja B €AUHUILYy BPEMEHHU
€CTh BeJIMIMHA IOCTOosiHHAsI. [IpuMepaMu cirydaiiHbIX BEJIUYNH, pac-
npejiesieHHbIx 10 1lyaccoHy B TeXHUKe, SIBJISIIOTCS 9HCJIO cOOEB Ha
aBTOMATHYIECKON JIMHUH, TUCJO OTKA30B TEXHHUYIECKOIO YCTPOHCTBA
BBICOKOI HaJIe?KHOCTH, pabOTaloNIero B HOPMAaJIbHOM pPeXKUMe, IpU
MHOTOKPATHOM IPUMEHEHUH; YHUCJIO0 MOBPEXIeHHBIX ssaeek B LCD-
MaTpuIlEe, 0OPasyoMNUXCca MIPHU JI0JTOBPEMEHHOM HWHTEHCUBHOM HC-
MIOJIb30BaHUN HOYTOYKa U JIp.

8.6. I'eomerpudeckoe pacrpegejieHue

[leomeTpuyeckoe pacrpejiesieHe B TEOPUU BEPOSATHOCTENH — pac-
IpeJieJIeHre JTUCKPETHON CiayvaiiHoit Benuauabl X, PaBHON KOJIH-
YeCTBY HUCHBITAHUN B cxeme DBepHy/um 0 HaOJIOIEHUS TEPBOTO
«ycrexay. OCHOBHBIMU ITapaMeTpaMi FeOMETPUIECKOTO pPacIpesiese-
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HUS ABJISIIOTCA YUCJIO M — YHUCJIO <«HEyIad» 0 IEePBOTO «yCIeXay,
m =0,1,2,3...; p — BEepOATHOCTH «ycIiexay; ¢ = 1 — p — BepodAT-
HOCTb <«HEYJIAUN>.

Onpenenenne 8.6.1. /[uckpemmuas caAywatinas GeAUNUHG, 3G-
dannas 3aKoHOM pacnpedeserun

X 1 o T
Plpd) | p@2)|... |pm)]|...[

2de seposmuocmu p(m) onpedeaenv. no gopmyre:

p(m) = P{X =m} = pg",

O<p<l; g=p—1;, m=0,1,2,..., nazweaemca pacnpede-
AEHHOT NO 2COMEMPUNECKOMY 3AKONY.

BepositHocTu p(m) o6pasyloT reoMeTpUYECKYI MPOTPECCHIO C
IIEPBBIM UJIEHOM P U 3HAMEHATENEM ¢ : P, gD, ¢°Ps ¢°p, - . .. Ilo sroit
IpUYMHE paclpejie/ieHne Ha3bIBAIOT reoMeTpudecknM. Jlerko ybe-
JIUTBCSI, UTO PsiJi CXOJUTCS W CyMMa ero paBHa ejuHure. Jleiicrsu-
TEJILHO, CyMMa Psijia €CTh CyMMa, 9JIEHOB OECKOHEUHOM reoMeTpude-
CKOIl TIPOr'PEcCHr €O 3HAMEHATEJIEM MEHBIITUM eIUHUIIBI, TOTIa CYM-
Ma ero:

p+ap+Pp+aPp+... = % —P_q,
-q P

Haiinem 4mciioBble XapaKTEPUCTHKHU C/IyIaWHON BEJIUMIUHBI X,
pacCIIpeJIeJIEHHON 110 TeoMeTpudeckoMy 3akoHy. C 3TOl TeIbio BOC-
MOJTB3YEMCsI AlllIapaTOM ITPOU3BOISIIIX (PYHKITHIA.

Onpenenenune 8.6.2. [Ipoussodauwets pynryuet 0ai cAyHatinot
seaununs, X Hasvieaemcesa Gynxuus euda

p(z) = Zpkzk,
k=0

2de z — npousdsosvnuil napamemp (0 < z <1).
Beps nepByio mpou3BoAHYIO 0 2 OT IPOU3BOAAIIEH (DYHKINA U
TIOJIOYKUB B Hell 2 = 1, numeeM:

o
pr(z) = kprat,
k=0
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p(1) = kpy = EX.
k=0

Takum obpaszoM, MaTeMaTUIECKOE OXKUJIAHNE HEOTPHUIATETLHOM
[EJIOYMCIJICHHON CIy4YalHON BEeJIMYMHBl PABHO IEPBOU IIPOU3BO/IHON
ee npousBoseii dyukmn ¢(z) npu z = 1.

AHAIOTUYHO MOYKHO YCTAHOBUTH, YTO JUCIIEPCHUS CJIYUIARHON Be-
JIMIUHBI OIIpee/IdeTCd paBeHCTBOM:!:

_ 2
DX = ¢n(1) + ¢r(1) — (¢r(1))".
MaremaTtudeckoe oxkujganue. KX = % .

dokazaresbcTBO. JlelicTBUTEIBHO, 3AIUIIEM ITPOU3BOISIILYIO
GYHKIUIO A1 CaydaiiHol BeJuduHbI X, pacipeieseHHOl 0 reo-
METPUIECKOMY 3aKOHY:

p2) =3 plax)"=p Y (¢2)" = —2—,

m=0 m=0 1—(]2

T.C.

__bp

aJiee IIocJjIeJHee BhIpazKeHHe I CPECHIIUPYEM IIO Z, HMEEM:
p p Py
pq
I(2) = —+——5

Orcrofa HAXOIUM MaTeMaTHIeCKoe OXKUIAHue:

EX=p(1)= 24 _ _P1_1
(1-q? p* p
Hucnepcusa. EX = 1% .
HokazareabcTBo. Bepst BTOpyIo MpOM3BOIHYIO MO 2 OT MIPOU3-
BOZsIEell (DYHKINN JJIsi CIy9IaifiHON BeJIUYUHBLI X, PacCIpeIeIeHHON
110 FCOMETPUYICCKOMY 3aKOHY, NIMeeM:

 2p¢® 2pg* 24P
=y =
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Jlajee HaXOAUM NUCIEPCHUIO U3YyYIAEMOU CJIyUafHON BEJTUIMHBI

2@ q @ _2°+e-d¢ _+ap_alatp) _ q
p P p? p? p? p?

2

U, snaunt, 0 X = %.

[Ipumepamu ciydaifiHBIX BEJIUYUH, UMEIONIUX T'€OMETPUUECKOEe
pacipejiesienne, SIBISIOTCS CJIEJYIONIIe: YACI0 UCHBITAHUI 11pubopa
JIO TIEPBOTO 0TKA3a; YUCJIO0 IUKJIOB 0030pa pauosioKaTopa 10 00HAa-
PyKeHust 00bEKTA; KOJTUIECTBO BKIIIOUCHUN TEJIEBU3MOHHOTO ITPUEM-
HUKa J0 ero IIePBOr'0 BBLIXOJA U3 CTPOs; YUCIO 3aIlyCKOB YKECTKOI'O
JTUCKA JIO 00Pa30BaHUs MEPBBIX MOBPEXKICHNN (DUNIECKON TOBEPX-
HOCTH HYJIEBOTO Tpeka; ducio nojakiaodennit Flash-mamsru k USB
MOPTY JO IIEPBOrO IMOBPEXKJCHUS IPOIIUBKU HHTEPHEHCHOTO KOH-

TpoJjuiepa U Jip.

§ 9. CucremMbl CiayYailHBIX BEJINYH

9.1. llorsiTNE cUCTEMBI CIIyYaliHbIX BEJIMIUH

fcHO, 9TO HA OJHOM W TOM K€ BEPOSTHOCTHOM ITPOCTPAH-
cree (Q,U,P) MOXKHO 3aJlaTb HECKOJIbKO CJIyYaiflHbIX BeJNIUH
X1, X9, ... X;. Tem cambiv Ha npocrpancrse (2,U, P) onpenesen
cayudaiinpiii Bektop X = (X1, Xo, ... X;,), BO3MOXKHbBIE 3HAYEHUSI
KOTOPOTO (MJIM peasn3alust CIydailHOW BeJIMIUHBI) €CTh N-MEePHBDIi
BEKTOD T = (1,22, ... Tp). YJOOHO HHTEPIPETUPOBATEL ITOT BEKTOD
B BHJIE TOYKU B N-MEPHOM €BKJIUJOBOM IIPOCTPAHCTBE TO4YeK I2),.

Onpenenenune 9.1.1. Heckoavko cayuatnolr seaunun X =
(X1, Xo, ... X)), pacnpedeeHnolx co8MeCTVHO HA OOHOM U MOM e
seposmuocmmom npocmpancmee (Q,U, P), nazweaemes cucmemot
cayuatinor seauvun, pasmeprocmu n. Obosnauenne X|[n).

o Ilpumep 1. CTaHOK-aBTOMAT IITAMIIYET CTAJbHBIE JIUTKH.
[TpocrpancrBo siemenTaphbix cobbituil = {A; ="mwimrka cras-
napraas'", A ="mmrka necrangapraas" }. Posib caygaiinbix Besn-
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YUH MOTYT BBIIOJHUTH Pa3Mephl INIMTKA: X| — JJInHA, X9 — IITHPU-
na, X3 — BbicoTa. Takum oOpasoM, ompe/iesieHa 3-X MepHas CHCTeMa,
cayuaitubix Besimant X [3]. Eciu konTposmpyercst ere 1 Macca miiT-
K m = Xy, MBI IOJIy9UM 4-X MEPHYIO CUCTEMY CJIyYalHbIX BEJNYNH
X[4] = (X1, X9, X3, Xy).

Onpenesnenne 9.1.2. ZaxoHom pacnpedeseHus CUCTEMDL CAY-
YAUHDLT BCAUNUH HAZDIBAETNCA N1000E COOMHOWEHUE, YCTAHABAUCH-
0UWEE CBA3L MENHCIY BOSMONCHBIMU ZHAYEHUAMU CAYYATHOLL GEAU-
YUH U UL GEPOATNHOCTIAMU.

Tak ke, KAk U B OJHOMEDPHOM PAacCIpEIC/ICHIN, 3aKOH pacipe-
JeJIeHnsT MOXKeT OBITh 3aJaH B pasJINMYHBIX (opmax. B mumckper-
HOM ciiydae B Buje "MHOromepubix" rabuui (cm. Tabmuiy 7.1 as
X[2] = (X,Y)), dyuknuii pacupesiesenust 1 JIOTHOCTH PacIpe/ie-
JIEHUWSI CUCTEM CJIyYaifHbIX BEJIUYINH.

Onpenenenne 9.1.3. Qynkxyuetd pacnpedeserus cCucmemot CAY-
YAUHDLT BEAUMUH HA3BLBAETNCA BEPOAMHOCTND COBMECTNHO20 BbITLON-
Henua Hepasenems X1 < x1, Xo < xo, ..., X, < Tp:

F(ml,xg, ,xn):P{Xl <z, Xo<xo, ... ,Xn<.7}n}.

Onpenenenne 9.1.4. Ilycmv ¢dynxyus pacnpedesenus F - cu-
cmemol cayuatinux eeaunun X[n] e nexomopot obaacmu D € R"
ABAACMCA T Pa3 HEnpepuieho Juddeperyupyemoir Gyrryut, m.e.
F € Cn(D). IHaomnocmoro sepoamuocmu cucmemv, X[n] nazviea-
EMCA CMEUAHHAA NPOUZBOOHAL NOPAJKE N om GyHKUUY pacnpedene-

HUA:
_ O"F(xy1,22, ... ,%y)

p(x1, e, ... ,2p) =

( ’ ’ ’ 63318.%2 81'”
BeposiTHOCTHBII ¢MBICT 9TOI (DYHKINNA 3aKII0YAETCsS B CJIEILYIO-

memMm. Ecmu wepes dxy, dxo, ... ,dxr, obo3HAUNTE AuddepeHITnaIb

HE3aBUCHUMBIX ITIEPEMEHHDLIX U MPUIATbL UM CMBICJ Pa3MepPOB HEKOTO-
poro n-MepHoro mnapaJutenenunena AB € D, ojgHa U3 BepIInH KOTO-
poro — touka r = (x1,x2, ... ,Ty), TO

P{X|n| € B} = p(x1, 2, ... ,xp)dz1dzs ... dTy .

ITogpobree MBI pacCMOTPUM STHU MIOHATHSI HA IpUMeEpe 2-X Mep-
HBIX CJIyYAHBIX BEJIUINH.
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9.2. ®yukuus pacnpegesieHus cucreMmbr X [2]

[Ipocreitmast cucrema X|[2] = {X, Y} cocrour uz asyx ciydaii-
oeix Besmand X u Y. Ee MOKHO paccMaTpuBaTh KaK KOODIMHATHI
caydaitHoil Touku (x,y) Ha IUIOCKOCTU C JIEKAPTOBON CHCTEMON KO-
opaunatr x0y.

Onpegnenenne 9.2.1. Dynxyueld pacnpedeseHus CuCmemol
dsyr caywatinoir eesunun X U Y  HA3GBAEMCA GEPOAMMHOCTDL
COBMECTMHO20 BVNOAHEHUA HepaseHcme X < xz,Y < y:

¥ F(z,y) = P{X <zY <y}.

leomerpuueckast MHTEPIIpEeTAINA:
7

BEPOATHOCTbL TOrO, YTO CjydaiiHas

Touka Ha IIockoctu x(Oy momajer B

KBaJIDQHT IIJIOCKOCTH C BEepIIMHOH B

0 / ¥ Touke (z,y), JIexKaluii JeBee U HUXKE ee
(puc. 18).

Puc. 18 BeposgTHOCT TOro, 4To CiydaiiHas
TOYKA Ha [JIOCKOCTU HONAJET B KAKYIO-JIMOO0 TIOJIYILIOCKOCTD (110 u3-
BecTHOI (byHKIMY pactpejesenns F) xaxomurest 1o GpopmMysiam, co-
OTBETCTBEHHO

Sa

P{X[2]=(X,)Y): X <z} = ylLI&F(x,y) = F(z,00) = Fi(x),
PAX[2] = (X,Y): YV <y} = lim F(z,y) = F(oo,y) = Fa(y)
(9.2.1)

BepogaTHocTb TOTO, UTO CIydaiiHas TOYKa Ha INJIOCKOCTHU MOIAJIET
B KaKyI0-JII0O TOYKY IPAMOYTOJIHHUKA

{X[2] =(X,Y): (&1 < X <o, 11 <Y <)}

(o u3BectHO byHKIUN pactpejenenus F) omnpenensiercs: mo (op-
MyJIe

P{zy < X <z, y1 <Y <y} = F(x,y2) — F(x2,91)—

—F(21,y2) + F(z1,m) .- (9.2.2)
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Hoka3zaresbcTBo paBencTsa (9.2.2). MHOXKeCTBO TOUEK Mpsi-
moyrosmbauka Aq(z1,y1), A2(xa,y1), As(z2,y2), Aa(z1,y2) 0603HA-
auM uepe3 B (puc. 19). MHOXKeCTBO TOUEK KBaJpaHTa ¢ BEPIIHHOL
B TOUKe (Z;,Y;) yAo0HO obosuaunTs {z;,y;}. Tak, aro P{z;,y;} —
BEPOSATHOCTD, 4T0 TouKa (X,Y) € {z4,y,} . meem:

{z2,y2} = B+ {z2, 11} + {1,592} .

Cornacuo akcuome A3

P{za,y2} = P{B} + P({w2,y1} + {z1,2}) -

BTOpOG cjaraeMoe HaiijgeM 110 TeopeMe CJIOZKeHU A

P({z2,y1} +{z1,y2}) = P{w2,y1} + P{z1,92} — P{w1,51}.

YunreiBast, uro P{z;,y;} = F(x;,y;), moiydaeM yTBepXKIeHHE
(9.2.2).
A 5
B

Puc. 19

CaoiicTBa dyHkuuu pacrpenenenust F(z,y).

1. F(x,y) aBisiercss HEyObIBAIOMIEH 10 KAaXKJIOMY M3 apr'yMeH-
TOB.

2. F(z,—o0) = F(—o00,y) = F(—00,—00) =0.

3  F(4o00,+00)=1.

JokazarenbcTBa CBOHCTB 1-3 BBITEKAIOT HEMOCPEICTBEHHO U3
omnpeaeaeHnst PYHKIIUU PACIIPEIeIeHNs], 1 Mbl IX OILyCTUM.



106 T'naBsa 2

9.3. IlsorHOCTH BeposiTHOCTU cUCTeMBI X [2]

IIycts B obstactu D, npunamiexkaieit miockoctu xOy, GyHK-
IAsi PACIIPEJIESIEHUS] BEPOSITHOCTU HEKOTOPOW CJIyJIailHON BETHIH-
HBI [IPEJICTABJISIET CODOM MBAXK Bl HENTPEPBIBHO AuddepeHnupyeMmyo
dbyuknuio F(z,y), r.e. F(z,y) € C2(D). CpeanHeii MJIIOTHOCTBIO
BEPOAMHOCTIU NONAOAHUA CAYUATHOT BEAUNUHDL 8 HEKOMOPLIT NPA-
moyeoavhur AD ¢ pasmepamu Ax u Ay, npunadiescauumu 00-
aacmy D, aeaaemces ommowerue 8epoAmMHOCIU NONAOGHUS CAY-
watinot eeaununve X[2] 6 AD % naowadu 9mozo npamoy2oibHUuKa:
%ﬁﬁm. ILnoTHOCTBIO pacipe/ie/ieHns CIydaiiHON BEJIMYIUHLI B
TOYKE €CTECTBEHHO HA3BATh Ipejiest (eCu OH CyIIecTByer)

p(z,y) = lim, (s;% Acky )

CyrecTBOBaHIE 9TOrO Ipejiea B JIAHHOM CJIydae 00ecledeHo
teM, uto F(z,y) € C%*(D). B camom jese, COrIacHO CBOfiCTBY 5
dbyuxiyn F(x,y) nmeem:

P{X €[z, x+Ax],Y € [y,y + Ay]} =
=F(x+Az,y+ Ay) — F(z,y+ Ay) — (F(xz + Az,y) — F(x,y)).
[Ipumensis dpopmysy Jlarpamxa "KOHEIHBIX MPUPAIEHUI Oy IUM:
P{X €[z, +Az],Y € [y,y + Ay} = Fi(&1,y + Ay) Az—
—Fy(&,y+ Ay) Az,

ryie &1 u {3 — COOTBETCTBYIOIIME CPEJIHUE TOUKH U3 UHTepBaia (T, x+

} v
52

lim P{X[2] € AD;} 1
Avmo Ax Ay Ay

mpu Az — 0. [TosTomy
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Cuosa nipumensts popmyiry Jlarpanzka (1o y) u mepexo/is K IpeJiesy
mpu Ay — 0, TOJIy9IuM PaBEHCTBO

0*F (2,y)
oy O0x

KOTOpPOE€ IIPUMEM 38 OIPENEICHUE IJIOTHOCTA PACIIPEICTICHUA Bepo-
SITHOCTH CJIyvaiinoil Besimanibl X [2] o u3BecTHON DyHKIMH pacpe-
JleJieHusi BeposiTHOCTH F' (2, y) 9T0ii cryvaiiHOi BeJMIUHBL.

Ecin m1oTHOCT, Ha HEKOTOPOM HIPSAMOYTOJIbHHUKE [) ITOCTOSTHHA
p(z,y) = po, TO U3 OUpeesIeHNs] CPeJIHEl IIJIOTHOCTH MMeeM:

p(z,y) =

P{X[2] € D} = po Az Ay,

rae Ax u Ay CTOPOHBI IPSIMOYIOJbIuKa D.

[TpeamosokuM, 9T0 HAM M3BECTHA IJIOTHOCTH P(x,Yy) pacrpese-
JIeHUsl HEKOTOPO# CJIy4YailHOI BEeJIMYUHBI U YTO

(i) Ppyrryua p(z,y) unmeepupyema no Pumany 6 obaacmu D.

Torma st MpUOIMIKEHHOTO BBIMUCIIEHNS] BEPOATHOCTH IOIIA1a-
HUsI CorydaiitHoi Besmunnbl X [2] B B 06s1acTh D MOXKHO IPUMEHHUTH
cyenyIomuii mporecc: obmacts D pa3zbubaeM Ha JIOCTATOYHO MeJIKUE
gacta ADj, B KazKJI0it 13 KOTOPBIX (PUKCHPYETCA IPOU3BOJILHAA TOU-
Ka (Z,Y;), a IVIOTHOCTb Ha 3TOM y4acTKe Pa30OueHust IpuOInKeHHO
CUYNTAETCs IOCTOSHHOM, paBHON p(x4,Y;), U TOrIA

P{X[2] € D} =) P{X[2] € AD;} ~ > plxj,y;) |ADj].
n=1

n=1

31ech mocie/iHee BbIpaXKeHue IpeJcTaBisieT coboii cymmy Pumana
JJIs IBOWHOrO MHTErpaJjia mo objactu ), KOTOPLIN CYIIECTBYET B
BUJIY yCI0BUA (1), M TO9TOMY TOYHOE 3HAYECHUE HCKOMOI BEPOSITHOCTH
HaXOIUTCst 10 (hopMmyJie

P{X[2] € D} = /p(:z,y) dxdy .
D



108 T'naBsa 2

Teneps HEOOXOTUMO OTMETHTDL cjeayiomiee. Mbl ompeeiim
IJIOTHOCTD paciipe/ieieHnst ciydaiinoii esmannbl X [2] kak cMenan-
HYIO IPOU3BOJIHYI0 OT (byHKIUK pacupejenenus F(z,y) npu ycio-
Bun, uro F € Cy(D). Dro ycnoue moxker ObiTh Hapymeno. Ha-
npumep, DYHKIUS paclpejiesieHusi pejcTaBisier coboit (Hera-
KYyI0) CKJIeiKy HeckoJabKux ¢yuknuii. Ho rorya n dyHskus niorHo-
cru p(x,y) npejacrapiseT coboii TaKXkKe CKJIEHKY COOTBETCTBYIONIIX
dbyHKIWI 1 He MOXKeT OBITH HOJIyUeHa (B IIPOM3BOJIBHON TOYKE) Kak
CMeIanHas MPOU3BOIHAsT OT (DYHKIUU pachpejenenns. Bosee 06-
IIIUM SIBJISIETCS CJIGIYIOINIEe ONPe/IeIeHNe IIOTHOCTH PACIIPEIeICHIS
BEPOSITHOCTHU CJrydaitnoit Besmanabl X [2].

Onpenenenne 9.3.1. Qynryus p(r,y) Ha3b16aMCH NAOMHO-
CMBI0 PACNPedeserus 6EPOAMHOCINU CAYUatHOU seauvunv, X [2], ec-
AU BEPOAMHOCTNG NONAOGHUA CAYHAGTHOT BEAUNUNDL 8 NPOU3BONDLHYIO
obaacmo G naockocmu xOY BLIMUCAAECNCA O POPMYAE

P{X[2] € G} = / p(w,y) dzdy.
G

B »stom onpememenvn dyHKIUA p KaK (PYHKIUSI TOU-
ku (x,y), oOOpeJeIeHA [OYTH BCIOJY, T.e. C€ TOYHOCTHIO
JIO  MHOXKECTBa TOYEeK C  HYJIeBOil  JieberoBoit  Mepoii.

CpolicTBa MJIOTHOCTU PAacCHpe/ieJIeHnusi CJOy4daliHOU BeJiu-
YUHBbI QYHKITUA
YcTaHOBUTE CAMOCTOSITEJIBHO CJIEIYIOIIe CBOMCTBa (DYHKITUH P:

L p(z,y) >0;
2. [ [ p(xy)dedy=1;

3. j | pla.y) dwdy = Fla,y):;
t ] T rtwydedy=Fi); || pley)dedy = Fa);
5. J )y =p@)s [ play)de = p();

6. Fi(xr)=pi(z); Fyy)=p2(y).
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Cnenyer obparuTh BHUMaHMe, UTO (hyHKIMu Fi u Fh, onpeme-
JeHHble B paBeHcTBax (9.2.1) u onpeesieHHbIe B CBOiCTBE 4, NMEIOT
OJIH U TOT YK€ BEPOSITHOCTHBIN CMBICJI (BEPOSTHOCTD TIONACTH B MO~
JIYILIOCKOCTb ), IOSTOMY COBIIQJIAIOT.

9.4. 3aBucuMbIe U HeE3aBUCUMbIE CIIydaiiHble BeJIMINHbBI

Onpenenenne 9.4.1. YVeaosuvim 3axorom pacnpedeaenus 00-
HOU CAYHATHOT BEAUNUHDL, BTOOAWET 6 CUCTEMY, HA3DIBAEMCA 30-
KOH, HaUdenHvill NPu Ycaro8uU, 4mo I0py2as CAYHATUHAL GEAUNUHE U3
2motl oice Cucmembvl NPUHANG ONPeJeNeHHOE 3HAEHUE.
W3 omnpeneenus ciemyer, 9TO YCIOBHAsT (PYHKIUST BEPOSITHOCTH
U YCJIOBHAS IIJIOTHOCTb BEPOSTHOCTU PaBHBI COOTBETCTBEHHO:
Fle/y) = P(X <x/Y =y}, pla/y =y)= T =0
(9.4.1)
Eciin dynkuus pacupegenenust F(x/y) muddepennupyema, o
VCJIOBHAS TIJIOTHOCTH PACHPEJIeIEHNS BEPOATHOCTU OIPEesIsaeTCs
PaBEHCTBOM
vy dF@/Y =y)
plafy =y) = =0
Cayuaitable Beqmauabl X, Y, onpe/ieJieHHbIe Ha OJTHOM U TOM YKe
BEPOSITHOCTHOM TIpocTpancTie (2,U, P), Ha3bIBAIOTCST HE3aBUCHMbI-
MM, €CJIU UX (PYHKIMS COBMECTHOIO PacHpeiesieHns TPEeJICTaBIeHa B
BUJIE ITpou3BeaeHns (PYHKIINM, 3aBUCIIIIX TOJBKO OT & U TOJBKO OT

y:

F(z,y) = Fi(x) Fy(y). (9.4.2)

Teopema 9.4.1. Fcau X u Y cayuatinoe seauquns, onpede-
AeHHvle Ha seposmuocmmom npocmpancmee (.U, P ), nezasucumo,
mo

P{xl<X<ac2,y1<Y<y2}:P{:c1<X<J:2}P{y1<Y<y2}.

Hoka3zaresabcTBo. Vcnonbsys dopmyiy (9.2.2) u onpejesienue
(9.4.2.) BeposiTHOCTH TONAIAHNsT ColydaiiHoil Besmunabl X [2] B 1psi-
MOYTOJIBHUK, IIOJIydaeM:

Pz < X <z2,y1 <Y <y} = F(x2,y2) — F(x1,y2) — F(x2, y1)+
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+F(z1,y1) = Fi(22) Fa(y2) — Fi(w1) Fa(y2) — Fi(w2) Fa(yr)+
+Fi(z1) Fa(y1) = Fa(y2) [Fi(z2) — Fi(z)]+Fa(y1) [Fi(z2) — Fi(z)] =
= [F1(22) — Fi(z1)] [Fa(y2) — Fa(y1)] =
=Pz < X <ax} P{y1 <Y < yo}.

JHokazaTeabcTBO 3aKOHUIEHO.

Teopema 9.4.2. Jlaa mozo wmobw., cayyatinve seausuror X uY
onpedeaennvie Ha seposmmuocmuom npocmpancmee (LU, P), 6viau
HE3ABUCUMDL, HEOOTO0UMO U JOCMAMOYHO, 4IMOobbL UL COBMECTVHAA
NAOMHOCTG PACNPEICAEHUA GEPOATNHOCTIU NPEICTNABAANACD 6 BUJIE
npouseederus PYHKUUL, 366UCAUWUT MOALKO O T U MOALKO OM Y-

p(z,y) = p1(z) pa(y) . (9.4.3)

HoxkazaTeabctBo. 1. Heobxongumoctsb Ecoim X nY —
He3aBUCUMBIE CJIydaliHble BEJIMYUHBI, TO cOrJiacHO Teopeme 9.4.1

Pl < X <z, y1 <Y <ya} = P{z1 < X <z} P{yh <Y < y2}.

Orcroma citeflyer paBeHCTBO

T2 Y2
/@@M@=/mww/m@@,
D x1 Y1

rie D = {(z,y): z1 <X <2, y1 <Y < ys}. llockosbKy Bepiiu-
HBI 3TOTO IPSMOYTOJLHUKA IIPOU3BOJILHBI, a (DYHKIIUH, BXOJAIINE B
HOJTyYeHHOe PABEHCTBO HEIIPEPLIBHbI, TO OTCIOJA, CJIELyeT PABEHCTBO
(9.4.3).

2.-loctaTo49HOCTb. [IycTh BhINONHSIETCS PABEHCTBO

p(z,y) = p1(x) p2(y).

Uurerpupyst ero mo ksaapanry {(z,y) : X € (—o0,2), Y €
(—o0, )}, nomyunm (9.4.2.):

F(z,y) = Fi(x) Fa(y) ,

OTCIOJ[a HE3aBHCUMOCTH CJIy4YailHbIX Bejaudud X u Y cjejyer 1o
onpenesenuio. Jloka3zaTeIbCTBO 3aKOHIEHO.
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9.5. MomeHTBI, MaTeMaTU4ieCKoe OXKWJ/IaHWe, JIUCIIep-
cusi cucreMsbl X [2]

IIycrs p(x,y) — WIOTHOCTH paclpejieieHns CIydaiiHoil Besm-
anubl X [2] = (X,Y). Kak HaM y»ke u3BeCTHO, MOMEHTAMHE CJIydaii-
HOM BeJINUUHBI (OJJHOMEPHOIT) HA3BIBAETCS MATEMATUIECKOE OXKH/Ia-
HUe cTelleHu ciydaiinoil Beamaunbl. s X[2] momernmom nopso-
ka (o, 3) HA3LIBAEMCA MAMEMAMUYECKOE 0HCUIGHUE NPOU3EEIEHUA
cmenenets CAYHATHLL GeAUNUN.:

(X%, YA

Beiesum MomenTol nopsizikos (1,0), (0,1) u (2,0) u (0,2) (sT0
COOTBETCTBEHHO MATEMATHIECKOE OKUJAHNE ¥ JUCIEPCHS).

Omnpepnenenne 9.5.1 Mamemamureckum osrcudaruem caywaii-
nox seauiun X u'Y, exodswur 6 cucrmemy X [2], nasvisaromes cae-
dyroujue 3HAYEHUA

+00 +00 +oo
EX =Y z;plzy;), EX= / / zp(x,y) dedy = / zp1(z) dx
b —00 —00 —00
400 +00 ~+o00
EY =) y;play;), BEY = / / yp(z,y) dedy = / ypa(y) dy
3 —00 —00 —o0

Ona QUCKPEMHDIT U HENPEPLIEHBLT CAYUATHBLT GEAUMUH, COOTMEEM-
cmeenno. 371ech BBEJEHBL naommnocmuy pacnpedeaenuts pi(x) u pa(y)
cayuatnor seauvun X u Y, Bxogsamux B cucremy X [2]:

+00 400
pi(z) = / p(e.y)dy, paly) = / pla.y) dz.

Hokaxkem cBoiicTBa MareMaTuieckoro oxkujganus 4) u 5), cop-
MYJINpPOBaHHBIE B IIyHKTe 7.1.

HJoxkaszarenbcrBo csoiicrBad): E[X +Y]=EX + EY.

JlocTaTovHo 0Ka3aTh CBOWCTBO /I HEIPEPLIBHBIX CJIyYIAHHBIX
BesmauH. [lockonbKy cirydaitable BeJimduHbl X U Y pacipesesieHbl
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HA OJIHOM BEPOSITHOCTHOM TipocTpancTse (0, U, P), To u ciydaiinas
Besmmunaa X + Y pacrpejiesieHa Ha 9TOM K€ BEPOSTHOCTHOM IIPO-
CTPAHCTBE, IIOITOMY

“+00 +00
BX+Y) = [ [ (@t y)ptay) dudy =
“+o00 400 400 +00
= / /mp(m,y)dmdw/ /yp(rc,y)d:vdy-

Vcxoist 3 onpeiesieHis MaTeMaTHuIeCKOro OyKUIaHUsT JIJIsl CJTydaii-
HBIX BEJIMYWH, BXOASNMX B cucreMy X [2], mosyuaem cBoiicTBO 4).
HJoxaszareansnbctsBo 5): EXY]=FEX-FEY. locra-
TOYHO JO0Ka3aTb CBOMCTBO JJIgd HEITPEPBIBHBIX CﬂyqaﬁHbIX BEJIMYUH.
[TockosibKy cirydaiinble Beuaunbl X u Y pacipejiesienbl Ha 0JHOM
BEpPOSAITHOCTHOM IipocTtpaHcTse (Q,U, P), To u ciydaiiHasi BeJMYnHa
X + Y pacnpenenenHa Ha 3TOM K€ BEPOSITHOCTHOM ITPOCTPAHCTBE,

II03TOMY
+o00 +o00

E[XY] = / /xyp(a:,y)dxdy.

—00 —00

J1J1sT HEBaBUCUMBIX CJIyIaflHBIX BesimdauH X u Y IIOTHOCTDL PAaCIIpe-
nenennst p(z,y) = p1(z) p2(y). Tlosromy

+oo +o00
BIXY) = [ am@) [ ypaly)dody = EY - BY.

Taxum 06pa3oM, JIJIst He3aBUCHMBIX CJIyJailHbIX Besmans X, Y, pac-
[PeJIe/ICHHBIX Ha OJ[HOM BEpOSTHOCTHOM npoctpanctse (,U, P), 1o-
aydaeM cBoiictBo 5): E[XY]| = EX EY.

IIycrs X[2] = (X,Y). Beenem obo3natenue jist eHTPHPOBaH-
HBIX CJIyYalHBIX BequduH, coorBercrBenno X, = X — FX, Y, =
Y - EY.
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Onpegenenne 9.5.2. Jlucnepcueti cayvatinvx eeauvun X u 'Y,
srodawux 6 cucmemy X [2], naswviearomes caedyrouyue 3HaeHUA

DX = E[X2Y") = E[XY, DY = E[X?Y? = E[V2).

B nynkre 7.2 mna He3aBUCUMBIX CiIydaiHbIx Besmaud X u Y,
BxofAmux B cucremy X |[2], mbl gokasamu csoficreo D[X + Y] =
DX+ DY . qns upoussosbubix (X,Y) = X[2] umeem (cum. naparpad
7.2, JI0Ka3aTeJIbCTBO CBOHCTBA 3 JIUCIIEPCHN )

DIX +Y]= DX + DY +2E|(X — EX)(Y — EY))].

[Tpuaem 371eCch TpeThe cilaraeMoe paBHO HYJIIO JIJIsI HE3aBUCUMBIX CJTy-
Jafiupix BesmauH X u Y, MO9TOMY HEPABEHCTBO HYJIIO BbIParKEHUS

E[(X —EX)(Y —EY)] #0

€CThb NPUSHAK HAAUNUA 3asucumocmu meacdy X u Y. Maremarnde-
CKOe OKIJIaHUe IPOU3BEIEHNs IEHTPHPOBAHHBIX CJIyIaiiHbIX BesIn-
and (X — EX) u (Y — EY') Ha3bIBaeTCst KOPPEAAUUOHHBIM MOMEN-
mom E[X.Ye] (momenmom ceasu) mmm xosapuayuetit! cayaainbx

pesmant X, Y, Bxogsamux B cucremy X [2].

9.6. KoBapuanus caydaiiibiXx BejanuuH. Kosaddumnuent
KOppeasin

IIycres ciayuaitabie BesmauHbl X W Y OIpeJe/IeHbl Ha BEPOSIT-
HocTHOM TipocTpancTBe (Q,U, P). KoBapuanueii ciiydailHbIX BeJiu-
anH X n Y Ha3bIBaeTCsS MaTeMaTHIeCKOe OXKUIAHUE ITPOU3BEICHUS

(X — EX) (Y — EY):
cov(X,Y) = E[(X — EX) (Y — EY)].

CsoiicTtBa
1) cov (X,Y) =cov(Y,X);

1 Or amrmmiickoro covariation - coBMecTHasi BapHAIsi, aOGCOTIOTHBIA MMOKa-
3aTejIb COBMECTHOI'O DacCCesHUs 3HAYEHWH IBYX CJIydalHBIX BeamduH. Moxer
paccMaTpuBaTHCS KaK JIBYMEPHBIN aHAJIOr JUCIIEPCUU.
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2) cov(X,X)= DX;
3) KoOBapHaIlMs HE3aBHCHMBIX CJIydailHBIX BEJMYNH DaBHA Hy-

4) DY eiXi] =300 cicj cou(Xi, Xj) 5

5) leov(X,Y)| < VDX DY .

HokazareanscrBo. Cpoiictsa 1), 2) 1 3) ¢ 04eBUIHOCTHIO BBITE-
KAIOT U3 OIpejie/ieHus (PYyHKIIUT COv.

HoxaszaTeubcTB o cpoiictBa 4). Paccmorpum ciryvaiinyto

n n
pesamunny Y = Y ¢ - X;. Umeem: EY = > ¢; - EX; . Torga
i=1 i=1

ch | = E[(Y —EY)?] =

n

Zch EX;) ZCJX EX;)| =

Jj=1

Z cicj(X; — EX;)(X; — EX;) =

n n
= ZCZC]E[(X]—EXJ)(Xl—EXZ)]: ZCZ'CjCOU(Xin).
i,j=1 hj=1

JoxkasareunbcTs o cBoiictBa 5). [Ipumensisi coiicrsa
JUICIIEPCUY U CBOMCTBA 3) U 2), HOJLYIHM:

0< D[ X+ Y]?=E DX + DY +2¢ cac0v0(X,Y).

Boiparkenue crpaBa pacCMaTpUBaeM Kak KBaJIPATUIHYO0 (hopMy OT
€1, Co. 3HAKOOIPEIEIEHHOCTh KBaJIPATUIECKONH (DOPMBI TOBOPUT O
TOM, 4TO JIUCKPUMUHAHT KBa,ZLpaTHOFO TpexqﬂeHa (oTHOCHUTENBLHO €1
W C) He TOJIOXkuTe NeH, T.e. ¢3 cov?(X,Y)—c3DX DY < 0, otky/a
cJlejlyeT yTBepK/ieHue cBoiictsa 4).

CgoiicTBo 4) JlaeT OCHOBaHUE PACCMATPUBATH B KAYECTBE KOJIMIe-
CTBEHHOI XapaKTepUCTUKU 3aBUCUMOCTU CJIyYaflHbIX BEJUYUH CJie-
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JIyIOIee OTHOIIEHNE, KOTOPO€e HA3bIBAeTCsl KOI(PDUIITMEHTOM KOP-

pessinun? cayuaitnbix Bemana X n Y:

cov(X,Y)
VDX DY

CaoiicTBa K03dduiimeHTa KOppeJIsiiuu.

1) |K(X,Y)| <1;

2) ecwm X u Y — HesaBucuMmble CiydaiiHble BEJIMYHUHBI, TO
K(X,Y)=0;

3) eciu ciydvaiiHble BeJIMUUHBI CBA3aHBI JINHEHHON 3aBUCHMO-
croio, To |[K(X,Y)| =1.

Hoxka3zaresabcTBo. Cpoiicra 1) 1 2) ¢ 04€BUIHOCTHIO BHITEKAIOT
U3 COOTBETCTBYIOIINX CBONUCTB KOBAPHUAIINH CJIYUAHBIX BEJIUUNH.

K(X,Y)=

Hokasareancrtso cpoiicta 3). [Tycts Y = AX + B.
Nmeem:

cov(X,Y)=E[(X —EX)(Y —EY)] =
=E[(X - EX)(AX +B - E[AX + B])] =
= FB[(X-EX)(AX — BE[AX])] = AE[(X - EX)*| = ADX.
VunTeiBasi, 9To (CM. CBOHCTBA AHCIEPCHN)
D[AX + B] = D[AX]+ DB = A’DX,

HOJIY MM YTBEPKJIeHNe CBOiicTBa 3).

§ 10. IIpenenbHbie TeOpEMbI TEOPUUN BEPOSITHO-
cren

BI)I,ZLGJISIIOTCH JB€ I'DYIIIBI IIPpEJEJIbHBIX TECOPEM.

1201 parmmckoro correlatio - B3aMMOCBSI3b, OTHOCHTEIBHBINA TTOKA3ATEL JIH-
HEIHHOU B3aMMOCBA3U MEXK/Iy CJIYy4YailHbIMU II€pPEeMEHHBIMU.
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IlepBast rpymma npee/bHBIX TeopeM IIoJIydeHa Ha OCHOBE Hepa-
BeHCTBa JeObIeBa W BKIOYaeT B cebst Teopembl debOnimmeBa, Map-
KoBa, bepnyinu, Ilyaccona. dra rpymma TeopeM OOLIYHO Ha3LIBAECT-
cs 3aK0HOM boavwuxr wuces. IIpakKTUIecKuit CMBICT 3TOTO 3aKOHA:
cpednutl Pe3yALMam MACCOBBIT CAYUATUHDIT ABACHUL NPAKMUYECKU
nepecmaem 6vimb CAYYATUNDIM, BECOMA YCMOUNUG, ABAAECMCA 3GKO-
HOMEPHBLM U €20 MOIAHCHO TPOHO3UPOBAND.

Bropast rpymnma mpeesibHBIX TeopeM (paccMaTpHBaeTCs B CXe-
Me wucnblTanuii Beprysm) cocrour uz Teopembl Jlamnaca u Teope-
Mbl MyaBpa-Jlamiaca u oO0beauHsieTcs 1Mo, OOIIMM Ha3BAHUEM UeH-
mpasvHas npedesvhas meopema. IIpaKTHIeCKnil CMBICIT 3TOI Teope-
MBI B TOM, UTO 34KOH PACNPEIeseHus CYMMv, doCmamouHo boabuwo20
YUCAA CAYYATHDLT BEAUNUH NPUDAUNCAETNCA K HOPMAALHOMY 3AKOHY
pacnpedeseHu.

Hpe,ZLGJIBHI)Ie TeopeMbl UMCIOT BazKHOE€ 3HaY€HUEC B TE€OPUU BEPO-
ATHOCTEH, SIBJISTIOTCSI 10 CYIIECTBY CBA3YIONINM 3BEHOM MEXKIY TE€O-
pueil BeposATHOCTEl U CTAaTUCTUKON KakK Teopueil, udydqaroleil 3aKo-
HOMEPHOCTH CJIYIafiHBIX SIBJIEHHH IPU MaCCOBOM HAOJIOICHUN HaJT
HUM.

Hwmxke OymyT paccMOTpEeHBI COBOKYIHOCTD IIPEIJIOXKEHU, KOTO-
pbI€ C BEPOSITHOCTBIO, OJIN3KO K €IUHUTIE, YTBEPK/IAIOT, YTO HACTYII-
JIEHFe HEKOTOPOTO COOBITHSA 3aBUCHUT OT COBOKYITHOCTH HEOTDAHUIEH-
HOT'O YHC/Ia CIydaitHbIXx coObIiTuil (hakTOpOB), KayK10e U3 KOTOPHIX
OKa3bIBaeT Ha HEr0 HE3HAUNTEIbHOE BJIUSHUE, TO €CTh PE3Y/IbTaT 0~
YTH HE 3aBUCHAT OT CJIydas. DTOT OOIMUIl MPUHIUAII HOCUT HA3BAHUE
— 3aKOH GOJIBIIIX YHCes 5.

[Tepeiinem Kk HOpPMYyIUPOBKE U TOKA3ATEILCTBY HEKOTOPBIX TEO-
peM 3aKOHa OOJIBIINX YHCEJ, MUCIOJb3ysl MeToi ebblieBa, OCHO-
BaHHBIII Ha TOYHOM YCTaHOBJICHUU O6H_H/IX CBOICTB MaTeMaTUYeCKUX

13U cropuuecku mepBoe Taxoe mpesIorkenue 610 ccopMymuposano A. Bep-
HyJu 1 ony6auKoBaHO mocse ero cMeptu B 1713 roxy. B 1837 romy C. Ilyac-
COH JIOKa3aJl aHAJOIUYHYIO TeopeMy B (oJjiee MMPOKUX yciaoBusx. B 1866 romy
pycckuit maremaruk [1.JI. Yebnrmes B pabore "O cpenuux Benmunnax" mame-
HUJT KoHIenwio f. Bepuysuin, mepeiist oT pacCMOTPEHUsT CIIYYaiHbIX COOBITHI
K HE3aBUCHUMBIM CJIydaiiHbIM BeqnduHaM. [1ozxke A.A. MapkoBbiM ObLIu MOJTY-
qeHbl 6osiee o0IMe pe3yJsIbTaThl, B TOM UIC/Ee MIPUMEHNMOCTDH 3aKOHA OOJIBIIIX
qUCcesI K CyMMaM 3aBUCHUMBIX BEJIUYHH.
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O}KI/I‘HaHI/IIU/I 1 Ha KUCIIOJIb30BaHUM OLICHKU pacnpeﬂeﬂeHHﬁ CJIy‘IaﬁHbIX
BEJIMYMH.

10.1. HepaBencTBo Yebnnmnena

[Ipenmonokum, YTO 3aJaHO BEPOATHOCTHOE ITPOCTPAHCTBO
(Q,U, P), na KOTOpOM oIIpejiesieHa, ciaydaiinas Beananna X .

Teopema 10.1.1 (Hepasencrso Yebniiesa). ITycmov das cay-
walinot seaununor X CYWecmeyem MamemMamuieckoe oHculaHue
EX u ducnepcusa DX , moada dasn aobozo € > 0

DX
P{X - BEX| 2} < . (10.1.1)

Jdoka3zaTeabCTBO MPOBeIEM I HEIIPEPLIBHOM CIydaifHONl Be-
JIMYUHBI, 33JIAHHO} IJIOTHOCTBIO pactpeseserus p(x). B arom cy-
Jae BEPOATHOCTH IONACTHb B JI000i mHTepBas (a,b) ompemensercs
HHTErPAJIOM OT ILJIOTHOCTU 10 OTPe3Ky |[a,b]. Tlosromy, obosnavast
m = EX, umeem:

P{X —m| > e} = / (@) da. (10.1.2)
{x:|z—m|>e}

C nipyroii cTOpOHBI,

+oo
DX = / |z —m|? p(x) de > / lz —m|? p(z) dz .
—00 {x:|lz—m|>e}

DTO HEPaBEHCTBO TOJLKO yCHJIUTCS, ecild Beluauny |z — m|* 3ame-
2

HOATH Ha £°:
DX > ¢&* / p(z)dx.
{z:|lx—m|>e}
Bocnoabsyemesi pasencreom (10.1.2), Torpa
DX > P{|X —m| > ¢},

orkyza cieayer (10.1.1). TokazareabcTBo 3aKOHIEHO.
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CaencrBue. Hepaercrso YebkbliieBa, 3aMUCAHHOE B BHJIE

PUX —ml<c} 21— 05, (10.1.3)
JTaeT HIPKHIO TPAHHILY OTKJIOHEHHS JIIOOOH C/IydaiiHOH BeTHIHHBI
OT CBOEr0 MaTEeMATHIECKOI'O OXKHJIAHUsI. ITO HEPABEHCTBO HOJTBED-
JKJaeT NPaBHJIBHOCTH BBIOOpA JUCIIEPCHH B KadeCTBE MeDbhI Dac-
CeUBaHUS 3HAYEHUH CJIydaiiHOH BeJIMUYUHBI BOKPYT CBOEIO MaTeMa-
THYIECKOro oxKmpaHus. B camom jejte, ¢ yMeHbBIIIEHHEM JTHCIIEPCHH
HEOOXOIHMO yMEHBIIIATH €, 4TOOBI HUXKHSISI TDAHHIIA BEPOSTHOCTH
(=1- 2—5) OTKJIOHCHHSI CJIydaiiHOH BeJIMYMHBI OT CBOErO0 MaTeMa-
THYECKOTO OXKHJ[aHUS HE U3MEHHUJIACH.

Teneps BepHeMcst K npasuay mpex cuem. [omoxum B (8.2.5) € =
ko mpu k = 1,2, 3. Ilosyamm, 9TO BEPOSITHOCTH TOTO, UTO CIyvaiiHasd
BeJIMYMHA BBIIET 3a Ipeesibl ko 0T MAaTeMaTHIeCKOrO OXKUIAHUS
UMeET CJIEJYIOIIe BEPXHIE I'PAHUIIbL:

npu k=1 P{|X —m|>o0o}<1;
mpu k=2 P{|X —m|>20} <1/4;
npu k=3 P{|X —m|>30} <1/9.

N3 3Tux coOTHOINIEHU MBI BUIUM, UTO PABUIO 30, ITOJIYIEHHOE
paHee TOJILKO JIJIst HOPMAaJIbHOTO PACIPEJIEIEHIs, PACIIPOCTPAHSIETCS
JIJIsT TPOU3BOJIBHBIX CJIYYailHBIX BEJIMUUH.

IIpaBusio 30 (obmwmit ciay4vaii). Bepoamuocms mozo, wmo om-
KAOHEHUE CAYUATHOT BEAUYUHDL O CE0E20 MAMEMAMUYECKO20 0AHCU-
darusa bydem no abcoaommrol eesurute 6oAbULE YeM 3T, HE MONHCEM,
6vimo boavwe 1/9, T.e. MPpaKTHIECKH MaJia.

[IpaBuiio 30 mpuMeHsieTcsI B 00IIEM CJIydae, KOTIa 3aKOH pacipe-
JIeJIEHUs] CJIyYafiHON BEJIMYUHBI HEU3BECTEH, & M3BECTHBI TOJILKO 1M
U O, IPU 3TOM OTPE30K C rpaHuniaMu m + 30, cauraercs OTPe3KOM
HPAKTUYECKU BO3MOXKHDBIX 3HAYCHUN CIIy4YaliHON BeJINYINHDI.

B GosibimaCTBE CIydaeB, 5Ta BEPOSTHOCTh 3HAYUTEHHO MEHbIITe
1/9. Tak st HOpMasibHOTO 3aKoHa OHa pasHa 0,003 (cM. mpaBmIO
30 JJ1si HOPMAJILHOT'O PACIIPEJICJICHNUS ).

OrmernM, 9TO HepaBeHCTBO UYeObllIeBa HMeET HMPaKTHIECKOe
3HaYEHHEe TOJIBKO IIPH OTHOCHTEJILHO OOJIBIIHX €.
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JeficTBUTEILHO, TYCTh € = %\/ D, Torna

1 D,
— > — < =4.
}?{LX nﬂ__Q\/Dx}__L%/4 4

Ho sicHO, 9TO BEpOSTHOCTD JIFOOOIO COOBITHSI HE MOXKET OBITH 0OOJIb-
me 1. Ecn xe € = 10v/Dy, 1o P {|X —m| > 10D, } = 1018;) =
€T

0,001. D10 yxKe HEIIOXasi OIEHKA BEPOSITHOCTH.

10.2. Teopema Yebnnmnena

Bce uzyuaembie jastee ciaydaiiHble BEJTUIUHBI PACCMATPUBAIOTCS
HA OJ[HOM ¥ TOM K€ BEPOATHOCTHOM IrpocTpanctse (Q,U, P).

Teopema 10.2.1. Ilycmv X1, Xo, ... , X, — nonapHo ne3asu-
CUMDBLE CAYHATHDBLE BEAUMUHDL U

1
lim — Y DX; =0. (10.2.1)

Toeda das arwboezo € > 0

{‘Z?:l Xi _ > n—1 EXi
n

n

lim P

n—oo

<5}:1. (10.2.2)

Hoxka3zaresabcrBo. CoracHo mepasencrBy ebbrmesa (10.1.1),

UMeeM:
roXe Y EX; 1 X
P =1t n=1 Ll > el < D Lai=1 "1 )
n n = n
Tak Kak ciaydaiinble BemIuubl X1, Xo, ... , X, IONApHO HE3ABUCHU-

MBI, TO COIVIACHO CBOMCTBaM JUCIIEPCHUU, IIOJIYyIUM:

P{’Z?:l Xi _ 21 EXi
n

n

1 n
ZE}S52n2 ZDXi — 0, n —
=1

Ho Torza BepoSTHOCTH MPOTUBOIOJIOKHOTO COOBITUSI CTPEMUTCH K
ejmHUIE, T.e. crpasenBo pasercTso (10.2.2). JokasaresbeTBo 3a-
KOHYEHO.
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Teopema (10.2.1) cupasejiuBa 1 Jjisi 3aBUCUMBIX CJIYYA{HBIX Be-
smand. [Ipusenem GopMyanpoBKY 9TOif TeopeMbl 0e3 T0Ka3aTesb-
cTBA.

Teopema 10.2.2 (Teopema Mapkosa). [lycmv nocaedosamenn-
nocmov X1, Xo, ..., Xy, cocmoum u3 3G6UCUMDBLE CAYUGTHDIT BEAU-
YU U

1 n
lim — Y DX; =0.
n=1

n— oo n2

Toeda das arw0bo20 € > 0

{’2?1 Xi _ ZZ:1 EX;
n

n

lim P

n—oo

<z~:}:1.

Teopema 10.2.3 (O6o6mennas teopema Yebbimesa). FEc-
2 X1, X, ..., Xy — NonapHo HE3a8UCUMDBLE CAYHATIHDIE BEAUMU-
HoL ¢ mamemamuyeckumy oxcudarnuamu EXq, EXo, ... ,EX, u
Vi DX; <C, mo daa awboeo € > 0

(‘ Z?:l Xi _ 22:1 EX;

n n

lim P

n—oo

< e> =1. (10.2.3)

HoxkaszarenbcrBo. Cornacro nepasencrsy (10.1.1)

p{|ERX D, )
n n

nC —0

2

1 — 1
= g2n?2 ;DXi < e2n
1=

npu N — oo . Ho Torma BeposiTHOCTD IMIPOTUBOIIOIOXKHOTO COOBITHUS
CTPEMUTCS K eJIMHUIIE, T.e. crpaseanBo paseHcTso (10.2.3). Jdoka-
3aTeJIbCTBO 3aKOHUIEHO.

O6o6mennast TeopemMa UebbleBa SBJISETCS OIHON M3 BayKHEl-
X B IPYIIIE TeopeM — 3aKoHa OoJibIux 4nces. OHa yCcTaHABIIN-
BAaeT CBA3b MEXK/Y CPEeIHUM apUPMETHICCKUM HADJIIOIaeMbIX 3Ha-
YeHN C/IyIaiiHON BEJIMYNHBLI U €€ MAaTEMaTHIECKUM OYKHIAHIEM.

IIpeenst B Teopemax (10.2.2) u (10.2.3) ymo6uo dopmynupo-
BaTbh, UCIOJIb3YsI MIOHATUE CLOOUMOCTIU NO GEPOATNHOCTIIU.



Cryuaiiable Besmmauabl. OyHKIUN PacpeaeIeHusT 121

Omnpenenenne 10.2.1. [HocaedosamesvHocmd CAYHGUHDIT BEAU-
yun X1, Xs. ..., X, crodumca no sepoamHocmu K 6eAuMUHE G,

(Xn 2, a) , ecau das mobozo € >0 lim P{|X,, —a| <e}=1.
n—oo

10.3. 3akoH OoJBIIINX YUCeJ

3J/iecb MBI pacCMOTPHUM OJ[HY M3 MPOCTEHAIINX U BMECTE C TE€M

Hanbosiee BayKHBIX POPM 3aKOHA, OOJIBINX THCET.

[IpeiBapuTesIbHO MPOBEIEM CJIEIYIOIINE BCIIOMOTATEIbHBIE PAC-
CY K IeHMUSI.

Nwmeercst coyuaitinas peamaunaa X ¢ MATEMATHIECKUM OYKUIAHY-
em FX = m u ¢ nucnepcueit DX = d. [IpousBogurcss n OmbITOB, B
KaXKJ0M M3 KOTOPBIX 3Ta CAydaifHas BeJIMINHA MOXKET IIPUHSITH O
HO u3 cBoux 3HadeHuil. Yepes X; obo3HavunM CaydaiiHyIo BeJIMIUHY
— peaym3anus CaydaifHoi BemduHbl X B 4-0M ombiTe. [Ipesmmoso-
JKUM, 9TO IPOU3BEIEHO 71 OIBITOB, U PACCMOTPUM HOBYIO CJIYUIAHYTO
BemuuHy Y — cpejiHee apudMEeTUIeCKOe 3TUX BEJTUINH:

y — Z?:l Xi .
n

fcHo, 9TO BCe ciydaiiHble BeIUYUHBI X; UMEIOT T€ YK€ JUCIOBBHIE
XapaKTEePUCTUKU, UTO U ciydaiiHas BenmuunHa X . Haiinem marema-
TUYIECKOe OXKUIAHUE U JucIepcnio misa Y. Vmeem:

1< 1< 1
EY:—ZEX-:—Zm:—nm:m,
i i n

1 & 1 & 1 d
DY == DX;=—> d= —nd=—.

W3 31ux BCrioMoraTe/ibHBIX PACCyKIEHUI TOJIYIUM CJIEIYIOIINE Bbi-
BOJIBI:

— MaTeMaTuJeckoe oxkujanne "cpemgaeir”
Y He 3aBUCHT OT 4YMCJIa OIBITOB U PABHO MATEMATHIECKOMY OXKUJIa~
HUO0 HAOJIIOAeMOil CiTyJaiftHON BeuauHbl X .

— mucniepcust "cpemHeit" ciyuaitHoON BeIUIUHBI Y HEOrpaHUYIEH-

Cay4dailnoil BeJMInHbI

HO y6bIBaeT C yBeJMYeHueM YUCJIa OIILITOB (‘{GM 0oJIbIIIEe OIIBITOB,
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TeM MeHbIIe OTKJIOHeHHe (pa3bpoc) 3HAYEHUIT CIyJaiiHON BeJMIuHbI
X OT CBOEro MaTeMaTHIECKOTO OYKHJIAHIA).

[Tocnennee TpeboBanmMe KaK pa3 u COAEPKUTCs B Teopeme JeObi-
meBa. Temepb chopmyupyeM 3aKOH OOJBIITAX YUCEJT.

Ipu docmamouno 60ALULOM HUCAE HEZABUCUMDBLL ONBLIMOE CPEd-
Hee apudmemuneckoe HAOMOIGEMBLT 3HAUNEHUT CAYIATHOT BEAUNU-
HbL CTOOUMCA MO BEPOAMHOCTIU K €€ MAMEMAMUYECKOMY 0MHCUda-

HUro:
n

) X;
nh_)ngoP ;n—m <e,=1.

Hau cpednee apupmemuneckoe pearsudayud CAYHaTIHBET 8EAUNUN
CLOOUMCA NO BEPOAMHOCTNY K €€ MAMEMAMUYECKOMY OHCUOGHUIO
NPU HEOLPAHUMEHHOM YEEAUYEHUY YUCAG ONDIMOE, T.€.

Z?:l X P
_— ] —
n

m.

Tounas popmyMpoBKa 3aK0HA OOJIBIMNX UUCET:

Teopema 10.3.1 (Teopema Xunuuna). Ecau X1, Xo, ... , X, —
00UHAKOBO PACTPEIENEHHBIE U NONAPHO HE3ABUCUMDLE CAYUATHDIE 6e-
AUNUHDL, UMEIOM Konewnyto ducnepcuro DX; = 02 < 00 u mamema-
muueckoe oocudanue EX; = m, mo daa awbozo € > 0

: > i1 Xi
lim P |[==— -m|<ep,=1. (10.3.1)
n—oo n
Jloka3aTeJabCTBO C OYEBUIHOCTHIO BBITEKAET U3 TeopeMbl Je-
ObIIeBa,
E?:l EX; _na __
T.K. &L= = B =m.

n
Teopema 10.3.2 (Teopema Bepuysum). ITyemo pu, — wucao no-
asaenuti cobvimus A 6 creme ucnwmanut Bepnyaru u P(A) = p,
moeda das a06020 € > 0
lim P{‘@—p‘ <ep=1. (10.3.2)
n—oo n
HokazareabcTBo. Obo3natnM qepe3 X; caydIaiiHyio BeIUInumy,
PaBHYIO
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1, eciu B i-OM UCIBITAHUN COOBITHE A TTPOU3OIILIO
0, ecau B i-oM mcHbITAHUE COOBITHE A HE TTPOU3OIILIO.

Torna p, =Yy ;- X;. Kpome roro,
m=a=FE[X;]=1p+0(1—-p)=p, (¥ i=12.3,...).

Orcrona

n

D¢
P{‘an‘<5}:P<ZZ1 ‘—a <s>
n

Teneps yrBepxaenue (10.3.2) caenyer u3 pasencrsa (10.3.1).

JokazaTeabCcTBO 3aKOHUEHO.

Kak 6p1710 oTMedeHO BbIIIe, TeopeMa BepHyn siBjsieTcs ICTO-
pUYeCcKN TEepBOM W BasKHeirelr (GopMoit 3aKoHA OOJIBITHX THCEL.
OHa ycTaHaB/JIMBaeT CBA3b MEXKJY YaCTOTONH COOBITHSI "7" U ee Be-
POATHOCTDBIO P: OTHOCUTEJIbHAsA IacTOTa % IIOABJICHU A CO6bITI/I$I A B
KaXKJIOM HCIBITAHUU CTPEMUTCS K BEPOSITHOCTH 3TOTO COOBITHUSA IIPHU
HEOI'PaHNYIE€HHOM YBC/JIMICHUU KOJIMYIECTBaA MCIILITAHUIA. PaCCI\/IOTpI/IM
naJtee 0bobierne reopeMbl Bepuyim — Teopemy Ilyaccona, momyc-
KaIoIIyI0 B OTJMYNE OT TeopeMbl BEepHYy/IN 3aBHCHMOCTH BEPOSIT-
HocTH TosiBJieHnst cobbitust P(A) = p; or HOMepa ucnbITanus. DTy
TeopeMy IPUBEIEM B Ka4eCTBE yIIPaKHEHU.

o Ilpumep.

Teopema 10.3.3 (Teopema Ilyaccona). IIpu neozpanuuerom
YBEAUNEHUY YUCAG HE3ABUCUMBLL UCTIHIMAHULT 8 NEPEMEHHBIT YCAO-
BUAL “acmoma cobvimus A cxodumcs no 8epoAMHOCIIU K CPEIHEMY
APUPMEMUIECKOMY BEPOATNHOCTET P; NOABAEHUA COOBIMUA A 8 1-0M

ucnvtmaHuu.!
n .
lim P(“"-Zi:lpl <5) —1.

n—oo n n

VYkazaumue. Vcnonn3yiiTe caydaiinyo Bequndanny X;, BBEJIEHHYIO
Ipu J0Ka3areabCcTBe TeopeMbl Ilyaccona, m 000OIIEHHYIO Teopemy
Yeboimena.
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10.4. YcuiieHHBIA 3aKOH OOJIBIIINX YUCEJI

IIycte X1, Xo, ..., X, — 1mocjieqoBaTeIbHOCTD CJAyYallHBIX Be-
JIMIMH ¢ KOHeYHO# muctepcueit. Ecan qucmepcnn paBHOMEPHO orpa-
HUYEHBI, TO IIPU 7, — OO UMEET MECTO 3aKOH OOJIBIIUX TUCET

Z?:l Xi P
| —
n

a

WIA TOBOPSAT, YTO IOCJIEJIOBATEIbHOCTD CJIYYalHbIX BEJIMYUH
{X,, n > 1} ynoBierBopsier 3aK0HY GOJIBIIUX TUCEIL.

[Ipex e gem maTh GOPMYSTUPOBKY YCUIEHHOTO 3aKOHA OOJIBIIIX
YUCeJI, ONPEIeUM eIlle OJINH BUJ CXOIUMOCTU — CXOIUMOCTDL C Be-
POSITHOCTBIO €/IMHUIIA (MM CXOJAUMOCTD [OYTH HABEPHOE).

Onpeaenenne 10.4.1. [locaedosamesvbHocmvb CAYHATHLT GEAU-

yur X1, Xo. ..., Xy cxodumes nowmu HagepHoe K CAYHaiHOT 8el-
n.H.

yure X, (Xn — X) , eCAU
P{lim X, = X} = 1.
n—oo

VCHIIeHHBIM 3aKOHOM GOJIBIINX Yuces ' Ha3BIBAIOT yTBED-
JKJIEHUsI, B KOTOPBIX CXOJMMOCTH O BEPOSITHOCTH 3aMEHSIeTCs CXO-
JIUMOCTBIO C BEPOATHOCTBIO euHUIA. Takum oOpasoM, ecjiu B yCHu-
JIEHHOM 3aKoHe GOJIBIINX YUCeJl TOBOPST O TOBEJIEHUH BCEH MOC/Ie-
J0BaTEJIbHOCTU CYMM B II€JIOM, TO B 06bI‘—IHOlVl 3aKOHE 6O.HIDH_II/IX qu-
ceJl pedb WIET JIMIb 06 OTJAeJbHBIX cyMMax. [Ipu 3rom oTiesbHO
paccMaTpHUBAOT CJIydan, KOrja ciiydaiinbie Beaudnsbl { X,, n > 1}
pacIpe/iesieHbl OJIMHAKOBO ¥ UMEIOT IIPOM3BOJIbHOE PaCIIpejieIeHue.

CdopmymupyeM HEKOTOPbIE TEOPEMBI YCUJIEHHOTO 3aKOHA, OOJIb-
MUX 9UCETT JIJIS TOCTIeT0BATETbHOCTH CIYYaHBIX BEJTUYNH.

“Brepsbie b1 copMyanpoBan u jgokazan B 1909 rony GpaHIy3cKuM Ma-
rematukoM . Bopesem (1871-1956) nyst cxembl Bepuymm B caydae p = %
®. KanTenu ycTaHOBUII JIOCTATOYHbIE YCIIOBHS YCUJIEHHOTO 3aKOHA OOJIBIINX M-
CeJI JIJIsl HE3ABUCHUMBIX CJIyYaiHbIX BEJIMYMH B TEPMHUHAX BTOPBIX M YIETBEPTHIX
IIEHTPAJIbHBIX MOMEHTOB cjIaraeMbix. JlanbHeiiiee paciimpenne yCaoBUil MPUIIo-
2KAMOCTH YCUJIEHHOI'O 3aKOHa 6osbIux uuces 66110 ocymecrsieno A 5. Xunun-
HBIM (BBesT TepMuH "ycuieHnbIi 3akoH Gombmux gucen"), A.H. Kommoropossim

u FO.B. IIpoxopoBbim.
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Teopema 10.4.1 (Teopema Kanremm). ITyems X1, Xo. ... , X,
— N0CACOOBAMEABHOCTND HE3ABUCUMBLT CAYUATHBIT GEAUNUH C KO-
HEUHBLM YEMEEPMBLM MOMEHMOM U MAKUE, MO OAfL HEKOMOPO2O
C = const
E|X,-EX,[*<C, n>1.

Tozda npu n — oo

(Z?:l Xi Yo EXZ') o (10.4.1)

n n

Teopema 10.4.2  (Teopema  Kosmoroposa).  ITycmw
X1, Xo. ..., X, — nocaedosamesvnocmsd HEZABUCUMDLT CAYUATHDIT
GEAUNUN C KOHEUHBLM 6MOPBIM MoMenmom, m.e DX, = 02 < oo u
svinoaneno ycaosue (Koamozoposa)

[e.e]

DX
D <
n
n
Tozda npu n — oo
n . n .
<zi1XZ DY EXZ> ) (10.4.2)
n n

Bameuanne 10.4.1. Yeiaosue Koumvoroposa y D ngn

JISIETCST JIOCTATOYHBIM, HO HE HEOOXOJUMBIM JIJISI CHPABEJJIHBOCTH
VCHJIGHHOT'O 3aKOHAa OOJIBIINX THCEJI.

B Teopun n3BecTHO MHOI'O IPUMEPOB I10CJIEI0BATEILHOCTEN HE3a~
BUCHUMBIX CJIyYaflHbIX BEJUYUH, I KOTOPBIX UMEET MECTO YCHUJIEH-
HBII 3aKOH OOJIBINNX Yncesi, HO ycaoBue KojiMoroposa He BBITIOJIHEHO
(em. [17], cTp. 154.).

B ciy4ae, eciu ciaydalinble BeJIUYIUHBI B3aUMHO HE3ABUCUMBI U
OJINHAKOBO PACIIPEJIEJIEHBI, JIJIsl TOIYMHEHNS UX YCUIECHHOMY 3aKOHY
OOJIBINIUX YHCEJT HET HEOOXOJUMOCTHU CYIIECTBOBAHHUS BTOPOTO MO-
MenTa. HeobOxoanuMbIM U JOCTATOYHBIM YCJIOBUEM JIJIsI TPUMEHUMO-
CTU YCUJIEHHOTO 3aKOHA OOJIBIUX YUCEN JIJIs TAKOH M10C/Ie/10BaTe b=
HOCTHU CJIYYafHBIX BEJIUYUUH SBJISIETCH CYIIECTBOBAHUE MaTeMaTUIe-
CKOT'O OYKUJIAHUS.

< o0 4B-
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Teopema 10.4.3  (Teopema  Kosamoroposa).  ITycmw
X1,Xs. ..., X, — nocaedosamesvHOCMD HE3ABUCUMBLL, 00U~
HAK0B0 pacnpedeseHivir cayuatinux sesuvun ¢ E|X,| < oo. Toeda

<Zn=1X> e, (10.4.3)

n

npu n — 0o

2de m = EX,,.
3ameuanue 10.4.2. B cxeme BepryJiim 11 duc/ia ycexoB ume-
P
eT MecTO He TOJBKO 3aKOH Gojbmux wmcen B —— p, HO u ycu-

JIeHHbIH 3aK0H GoJIbIINX Uncen  E it D.

3ameuanue 10.4.3. YrBepxkierne TeopeMbl MOXKHO chOpMYJIU-
poBaTthb ciaexyromuM obpasom. Ilycte X1, Xo. ... , X,, — mocienoBa-
TeJIbHOCTh HE3aBHCHMbIX, OJUHAKOBO DAaCHPEEJTEHHBIX CJIYIalHbIX
BEJIMIHUH, JJISI KOTODPBIX

(Z?1 Xi> I.H, C,
n

e C — koneunast koucranta. Torna FE|X,| < oo n C = EX,,.

3ameuyanue 10.4.4. Ecinm mareMaTHdecKoe OXKHJIAHHE CYIIe-
CTByeT, HO HE 00s3aTeJbHO KOHEYHO, TO YTBEPIKJCHHE TEOPEMbI
(10.4.3) ocraercs B cuite.

JokazarenbcrBa cOPMYIUPOBAHHBIX BBIIIE TEOPEM YUTATEJID
MOZKET HaiiTu, HAIIpUMED, B CJepyonmx Kaurax: [4], [16].

3aKkoH GOJIBIINX YNUCE U YCIICHHDIH 3aKOH OOJILIIIX THCEJI HMEe-
10T GOJILIIOE HE TOJIBKO TEOPETUIECKOE M METOMOJIOIMIECKOe 3HAde-
HUe I HayKd, HO U OTPOMHYIO, IPEXKIE BCEro, IPAKTUICCKYIO ICH-
HOCTh. OHHU HCIOJIB3YIOTCS TPU MATEMATHYECKOM U3YUYEeHHH SIBJIE-
Huil TpUPOAbI, (PUMIECKIX, XUMUIECKIX, TEXHIIECKIX IIPOLECCOB,
a TaKyKe TeX WJIM MHBIX OOIECTBEHHBIX ABJIeHni. [TponumocTpupyem
JeliCTBUEe 3aKOHOB CJICAYIOIIMM CXEMATHIECKIM IIPUMEPOM.

o IIpumep 1. PaccmorpuMm oTpe3ok npoBojHUKa (IIyCTh 3TO Oy-
JIeT KYCOK MEJIHOIl IIPOBOJIOKH) OIIPEJIETICHHOTO CEeYeHUsl. 3apaHee
HeJIb3sl CKa3aTh, C KAKOH CKOPOCTHIO U B KAKOM HAIIPABJIEHUN OyIyT
JIBUTaTHCA OTACJIbHLIC CBOOOMHBIC 3JCKTPOHBI, TaK KaK MX JIBHIKC-
Hue XaoTU4HO. Ho eciam paccMOTpeTh MOBEIEHHE 3JIEKTPOHOB IIPHU
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OTIPEJICTICHHDBIX YCIOBUIX — HAJOYXKEHUE BHEIIHEr0 JIEKTPUIECKOrO
[I0JI Ha IIPOBOJIHUK, TO MOYKHO PAaCCUYUTATDH JIOJIO CBOOOHBIX DJIEK-
TPOHOB, KOTOpBIE OYIyT JBUTATHCS B OIPEICJIEHHOM HAIPABJICHUM.
Nmenno moBesienre COBOKYTTHOCTH JeHCTBUS CBOOOHBIX IJIEKTPO-
HOB, a HE KaXXJOr'0 B OTJEJIBHOCTU OIPEe/IsIeT OCHOBHOE CBOWCTBO
MPOBOJIHUKA — TTPOBOINMOCTD JJIEKTPUIECKOTO TOKA. BO3MOXKHOCTH
[IPOBOJIUMOCTH TOKA, OIPEJIEIISETCS KOJUIECTBOM CBOOOIHBIX 3JICK-
TPOHOB, TTPOXOIAIINX 38 €UHUILY BPEMEHU U€Pe3 ¢IUHUILY TLIONIAIN
cedeHust MPOBOJIHUKA. KOIMIECTBO 3JIEKTPOHOB, TPOXOJIAIINX Yepe3
ceveHne, MEHSETCS B 3aBUCHMOCTH OT CJIyvasl, OTHAKO B CHUIY Hei-
CTBHUS 3aKOHA OOJIBIINX YHCEJ — CHJIA TOKA OCTAETCs MOCTOSHHON
BesimanHON. D10 "ypaBHuBaiee" BiusHAE 3aKOHA OOJIBIITIX YUCET
BBITIOJIHSIETCST € BBICOKO# TOUHOCTHIO. OTCyTCTBHE TOKA B MPOBOJI-
HUKE B OOBIYHBIX YCJIOBUsIX (6€3 HAJIOXKEHUSs JIEKTPUIECKOTO MOJIs )
MOXKHO OObSICHUTH C IIO3UIUI YCHJIEHHOI'O 3aKOHA OOJIBIIUX HYHCEJI.
OrnpeiesieHHast 10J1si CBOOOJIHBIX 3JIEKTPOHOB ITPOXO/IAT Ye€pPe3 3a1aH-
HOE CEUEHUE B ONPEJICICHHBII MOMEHT BPEMEHU B OJTHOM HAIPABJIE-
HUU, JpyTras JI0Js — B IPOTHBOINOJIOXKHOM. M3 Kypca dusukn uz-
BECTHO, 4TO 00a 9TU HAPABJICHNUS KoMIleHCHpyioTcs. JleiicTBue pas-
JINYHBIX CJIyYalHbIX (PAKTOPOB BHI3bIBAET HEDOJIBIIIOE OTKJIOHEHUE
B Ty WIN MHYIO CTOPOHY, OJHAKO CYMMapHOE ITOBEJIEHUE CBOOOTHBIX
3JIEKTPOHOB CTAHOBUTCS BIIOJIHE 3aKOHOMEDPHBIM, TOKA B IIPOBO/IHUKE
HE MOXKET OBbITh.
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DJIeMEeHTbl TeOpUn
CJIy4ailHbIX IIPOIIECCOB

Creyst HICTOPUYECKO KOHIIEIIIUH, C TEM ITOObI 00bSICHUTE BO3-
HUKHOBEHHE W PA3BUTHE OCHOBHBIX IIOJIOXKEHUI TEOPUU BEPOSITHO-
creif, JaIuM KpaTKoe 0O0CHOBAHHE IIOSIBJIEHUIO HOBOI TEOPUU — TEO0-
pun caydaiiHbIX MpOIeccoB. B pesynbrare JasbHEIIEro n3ydeHust
PeaJIbHBIX IIPOIECCOB, HO Teleph YK€ BO BPEMEHHU, MHOIUE yYeHbIe,
B TOM dYwncCJie (PU3NKU, OUOJOTH, WHXKEHEPHI W JIPYTUe, MOJONLINA K
BeCbMa, BaxKHOM Ipobjeme. Teopust BepossTHOCTel IIpejijiaraia UM B
KavecTBe MaTeMaTUIeCKOrO AIlllapaTa JIUIlb CPeJICTBa, M3yUaBIIHe
cTannoHapHbIe cocTostHnsI. Heobxommma, »ke ObLIa Teopusi, KOTopas
u3ydajia CIydailHble BeJIUIUHBI, 3aBUCSIIIE OT OJHOTO WJI HECKOJIb-
KX HEMPEePBhIBHO U3MEHAOIMXCs mapamerpoB. B XX Beke mpobJie-
Ma, JIOCTULJIA CBOEIl 3pesIoCTH, BbI3BAB IBPUCTUYECKOE HAIIpaBJIEHHE
B IIOMICKAX €€ peIleHMusl.

Hagaso obmeit Teopun cirydaffHbIX HMPOIECCOB OBLIO TIOJIOXKEHO
paboramu coercknx maremarnkoB A. H. Kommoroposbmv (1903-
1987), A. 4. Xumummeim (1894-1959), E. E. Coaynxum (1880-
1948), H. Bunepom (1894-1965). Omnako y HUX ObLIM IIpejrie-
creennuku — 1. Jlamnac, JI. Bamense, 2K. Ilyankape, A.A. Map-
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KOB.K0/IMOTOpOBBIM OBLIIO JAHO CUCTEMATHIECKOE U CTPOroe TIOCTPO-
€HMe OCHOB TEOPUU CTOXACTUYIECKUX IIPOIECCOB 6€3 Moc/ieneiicTBIit
(mporeccoB MapkoBckoro Tuma). B paborax A.¢. Xununna 6bLia
CO37aHa TeopHs CTAIlMOHAPHBIX mporeccoB. H. Bunep B cepemune
JBaAIATBIX T'OIOB IPU U3yYEeHUU OPOYHOBCKOI'O JIBUXKEHUS BBEJ B
PacCMOTpEeHUE IIPOIIEeCC, MOJYUUBIINN HAa3BaHNE BUHEPOBCKOT'O IIPO-
niecca. Paborer E. E. Ciynkoro (1880-1948) mocCBsIIIeHbI U3y Y€HIIO
TEOpUU CAydIatHbIX GyHKIuUI. B Hamm nau Teopus caydaliHbIX TPO-
IIECCOB 3aHUMAET IMEHTPAJBLHOE MECTO HE TOJIBKO B TEOPUU BEPOST-
HOCTell, HO TaK>Ke B €CTECTBO3HAHUU, B WHXKEHEPHOM Jiejie, B KO-
HOMUKE, B OpraHU3allii ITPOU3BOJICTBA, B TEOPUU CBSA3U, B TEOPUH
MacCOBOIO OOC/IY2KUBaHUs U JP..

[Ipexe wem mepeiiT K U3YyUEHUIO JIEMEHTOB TEOPUU CJIydaii-
HBIX IIPOIECCOB, PACCMOTPUM HEKOTODBIE 33/1a4l, KOTOPbIE SIBUIUCH
MCXOJIHBIM ITYHKTOM HOBOM Te€OpHH.

1. N3y4yenue nporiecca auddy3un

PaccmoTpum nosesenne Kakoit-HUOYIb MOJIEKYJIBI Ta3a WK KU
KOCTHU. DTa MOJEKYJIA B CIyIaiiHbIe MOMEHTBI CTATTKUBAETCS C JIPYTH-
MU MOJIEKYJIAMHU U MEHSIET [IPU ITOM HAIPABJICHUE JBUKEHUS U CKO-
poctb. CocTosiHIe MOJIEKYJIbI, TAKAM 0DOPa30M, IIOABEPXKEHO CJIydaii-
HBIM M3MEHEHUsIM U MPEJICTABISET cODOU HUYTO MHOE, KaK CJIydaii-
HBII IIPOIECC, KOTOPBIN OIIPe/IesdAeT s MIECThIO IapaMeTpaMu - Tpe-
Msl KOODJUHATAMHU U TPEMsi KOMIIOHEHTaMu cKopocTu. Kak 6bIcTpo
poTeKaeT mnporece nuddy3un, Mo KaKuM 3aKOHaM, KOT1a 00pa3yio-
asi CMech CTAaHOBHUTCS ojiHOpoAHOI? Ha Bece aTu Bopocs! jaer oTBer
craTucrmyeckas Teopus auddysun’
pusi ciaydaiiubix mnporeccoB. 1loo0Hbie 3a/1a9i BO3HUKAIOT B XUMUH
[IpU U3yYEHUU XUMUIECKUX peaknuii. Teopusi ciydallHBIX IIPOIEC-
COB JIaeT OTBETHI HA BOIIPOCHI: KaKas 9aCTh MOJIEKYJl YK€ BCTYIIHIIA

, B OCHOBE KOTOpOﬁ JIC2KHUT TEO-

B PeakInio, KAKOBa 0CODEHHOCTH MPOTEKAHUS PEAKIIUU BO BPEMEHU
u ap.?

TonbITKa N3yYeHust CpeICTBAME TEOPUH BEPOSITHOCTE! siBeHus nuddy3un
Obla mpennpuasita B 1914 1. aBymst uzBectHbIMu duzukamu — M. [lrarkom
(1858-1847) u A. Doxkepom (1887-1972).
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2. VNIzyyeHue $BJIEHWII, NPOTEKAIOIINX II0 NPUHIUILY
PaaAMoOaKTUBHOTO paciiajia
Muoro4ncieHable HaOJIIOAEHUsT IOKA3bIBAIOT, 9TO pacial OT-
J€JIbHBIX aTOMOB IIPOUCXO/IUT B Cﬂy‘{aﬁHO B34TbIe MOMEHTBI BpEMeHIN
1 PaCIOJIOXKEHHE 3TUX MOMEHTOB, €CJIM KOJMIECTBO PACIIaIaIONIEro-
Cs1 BEIeCTBa He MPEBOCXOIUT HEKOTOPOTO OIPEIEJIeHHOIO KPUTHIe-
CKOI'O IIpejiesia, He 3aBUCUT JAPYT OT JApyra. s n3ydeHus mporecca
PaIHOaKTHBHOI'O PACIajia BeCbMa BaXKHO OIPEJIEJINTh BEPOSITHOCTD
TOTO, YTO 3a OIPEIE/EHHBIN MPOMEXKYTOK BPEMEHHU PACIIAIAETCS TO
NJI1 HOE YUCJIO aTOMOB. AHa.HOFI/I‘{HO IIPOUCXOAT MHOTUE JIpyTrue
IIPOIIECCHI: TIPOIECC OPOYHOBCKOTO JIBUKEHUsI, KOTOPBIH OIpeIe/sieT
9UCI0 OPOYHOBCKUX YaCTHUIl, OKA3ABIINXCS B JAHHBII MOMEHT B OIIpe-
JeJIeHHOM 00/1acTH mpocTpancTBa. V3ydenneM TakuxX MPOIECCOB 3a-
HUMAETCsl CTATHCTHYIECKAs TEOPHs GPOYHOBCKOTO JBIKeHHsZ. Vm
pa3/IMIHbIE IPOIECCHI MAaCCOBOTO OOC/IYKUBAHWS, HAIIPUMEp, UUC-
JIO BBI3OBOB OT aDOHEHTOB, IOCTYIAIOIINX Ha TeAePOHHYIO CTAHIIHIO,
KOJIUYIECTBO OoOpalienuii B 6aHKOMATDHI, TEPMUHAJIBI OILIATHI COTOBOIT
CBSA3U 1 JIp., 6a30BO# OCHOBOI KOTOPBIX ABJISIETCST TAKYKE TEOPUS CITY-
YalHbIX [IPOIECCOB.
3. UccaenoBaHus, cBa3aHHbIe ¢ POHOOBOI OupKkeii
OpHuM U3 CIIocobOB OIPAHMYEHUsT MACCHI JEHET, OOPAaIAIOIIIX-
cd B CTpamHe, sIBJISIETCs] MCIIOJb30BaHNWe Pa3JUYIHBIX BEKCeJel, pac-
[IMCOK U JIPYTHX [IEHHBIX OyMar, KOTOpbIE€ MOHOIIOJIBHO BBIILYCKAIOT-
Cd TOCYy1apCTBOM. I/IBBGCTHO, 9TO aKIUU JIMKBUJIHBLI, TO €CTb MOI'yT
OBITH IPOJAHBI HA PHIHKE — IIPEBPAIIEHbl B Ty WJIM WHYIO BaJioTy.
Kak npaBuyibHO BBIOpaTh CTpATErnio OUPKEBOI UTPHI HA OCHOBE ITPO-
[IIJIBIX JTaHHBIX O IeHAX 3aKPLITUsI, KAK IPOCIeIUTh INHAMUAKY IeH
aKIuit 3a KaKOW-TO IEPUOJl, KaK yJIadHO BLIOPATH MOMEHT ITOKYII-

2Teopust GPOYHOBCKOTO [[BUKEHHS, MCXOJSIIA U3 TEOPETHKO-BEPOSTHOCTHBIX
MPEANOCHIIOK, ObLTa pa3paborana B 1905 r. aBymst m3BecTHbIMU pusnkamu M.
CmosyxoBekuM (1872-1917) u A. Ditainreitnom (1879-1955). OcHoBHBIE HTOJIOXKE-
HUsI UX TPYJOB UCIOJb30BAINCHL HEOJHOKPATHO KaK IPH U3yYeHUU (PUTICCKIX
SABJICHWHN, TAK W B Pa3JUIHBIX WHKEHEPHBLIX 3aJadax. B JaCTHOCTH, WMEHHO C
3THX PaboT, a TakxKe ¢ paboT DpJiaHra, MPOABUIICS IIUPOKUIX HHTEPEC K IIPOIECCY
ITyaccona. Bupouem, cam ITyaccoHn BBel B pacCMOTPEHHE TOJBKO PacIpe/ie/IeHIe
Ilyaccona, HO OH 3aCJIy?KWJI, YTOOBI €ro WMs MPOU3HOCUJIOCH W TIPH U3YyICHUN
CJIy9afiHbIX IIPOLECCOB, CBSI3aHHBIX C €r0 PACIIPEICICHUEM.
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KU u npofaxku akiuii? Ha 9Tu BOIpockl TakKe JIaeT OTBET TEOPUS
CJIy4alHBIX IIPOIECCOB.

§ 11. BBegeHue B TeOopmIO CJOyYaHBIX ITPOIEC-
COB

11.1. OnpenesieHne ciydaiiHOro Irpoliecca

B kypce Teopum BeposiTHOCTEl OCHOBOI aAKCHOMATUKU SIBJIsi-
eTcsl MOHsITHE BepOSITHOCTHOrO upocrpancrsa (Q,U, P), toe Q—
IIPOCTPAHCTBO 3JIEMEHTApPHBIX COOBITHH, U— o-ajnredpa MOJIMHO-
»xecTB (), Ha3bIBaeMasi COOBITUSIMU, P— BepOsITHOCTHAsT Mepa Ha U.
Chyuaaiinoii Besimannoil X, IPUHUMAIOIIENH 3HAYCHUS B MHOYXKECTBE
B, naseiBaercs jobast ynkiusgs X : ) — B, u3mepumasi OTHO-
curesbao U. OObryHO 3a MHOXKecTBO B mnpunumaor B = Z, win
B = Ry, wiu B = R, (B ciiy4ae BEKTOPHBIX CJIyYailHbIX BEJIMIUH
WJIA TEOMETPHUIECKIX BEPOSTHOCTEl ). B Teopuu cirydaitHbIX mporiec-
COB HCIIOJIb3YETCs Ta, YK€ KOHCTPYKIMS U IPAKTUIECKHU Ta XK€ TEPMU-
HOJIOT'HS, OIIPeeJICHHA JIJId CAydaliHbIX BesanH®. BBeieM monsTue
CJIy9IailHOTO TIpoIiecca, 6a3upyIOIIerocsi Ha aKCHOMATUKE TEOPHUH Be-
POATHOCTEMN.

Onpenenenne 11.1.1. Cayuatinowm npoueccom {X (t,w)} na-
3bL6AI0OM. NOCACIOBAMEALHOCTIG UAY COBOKYNHOCTD CAYHATHBLL 6e-
AUNUH, 3a0AHHBLT Ha seposmuocmuom npocmpancmee (U, P), sa-
sucawuz om napamempa t, t € T (t unmepnpemupyemea xax epe-
MA).

3TosbKO B KauecTBe MHOMKECTBA B BBIGHPAECTCS MHOXKECTBO GOJI€e CJIOZKHOI
crpykrypbl. Hanpumep, eciu B = Z% wim B = R*, To ciydaiiHasi BeJMdIuHA
X mpuHUMaeT 3HAYEHUsI B IMPOCTPAHCTBE IEJIOUYNCIEHHBIX WU JeHCTBUTETbHBIX
TIOCJIEJOBATEJILHOCTEHM, U TOBOPAT, UTO X — CJIyHYaWHBIN MIPOIECC C TUCKPETHBIM
BpEMEHEM.
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Onpenenenne 11.1.2. Peaausayueti (mpaexmopueti) cayuaii-
HO020 NPOYELCCA HA3DIBAECMNCA HECAYHATHAA GYHKUUA, NOAYUEHHAL NPU
purcuposarmrom wy € . Co8OKYNHOCD BCET BOZMONCHHBLT PEANU-
30Ut HA3BIBATOM, AHCAMOAEM PEAAUSAUUT JaHH020 CAYHATHO20 NPO-
yecca.

Onpenenenne 11.1.3. Cevenuem cayualinozo npouecca Ha3vi-
saemcsa caywatinas eeauvuna X (to,w), nosyuennas npu @urcupo-
sanrom tg € T.

Takum 06pazom, cirydailHblIil IPOIECC MOYKHO PACCMATPUBATH JIU-
60 KaK COBOKYITHOCTH CJIydailHbIX BesndanH X (), 3aBUCAIINX OT Ia-
pamerpa t, iubo Kak COBOKYIIHOCTH peasnsanuii nponecca X (t). [Tpu
9TOM JIJIsl OIPEJIEIEHNS CJIyIaiiHOTO IPOIIecca HeOOXOIMMO 33,/1aBaTh
BEPOSITHOCTHYIO MEPY B IIPOCTPAHCTBE PEAJIUBAIMIA [TPOTIECCA.

11.2. Kinaccudukamnus ciaydaifHbIX ITPOIECCOB

OcCHOBHBIE TPU3HAKHU, [0 KOTOPBIM DPA3IMYAIOTCS CJIydailHble
[POIIECCHI, KACAIOTCs MPUPOJIBI IPOCTPAHCTBA COCTOsIHMI (0003HA~
qaeMoro depe3 E), BpeMeHHOro napamerpa I’ u OTHOIICHHI 3aBHCH-
MOCTH MEXKJLy CJIyYalHBIMU BEJIUIHMHAMU.

Omnpenenenne 11.2.1. I[Ipocmparcmeo cocmoanuti — 3mo npo-
CMPAHCMBO, KOMOPOMY NPUHACAEHCAM, BCE BOZMONCHBLE HAMEHUS,
npunumaemvle 6cemu cayuatinomu sesuvunamu X (t) usu Xy Fe-
au E cosnadaem ¢ R, mo npouecc {X(t)} nazweaemcs deticmeu-
MEALHOIM CAYUATHOIM npoyeccom. Eeau E — esxaudoso k-meproe
npocmparcmeso, mo npovecc { X (1)} asasemca k-meprvim.

Onpenenenne 11.2.2. FEcau T = {0,1,2,..}, mo {X ()} aean-
emcs npoyeccom ¢ duckpemmvim epemenem. FEeau T = [0;00), mo
{X(t)} — npouecc ¢ nenpepuervim 6pemerem.

o Ilpumep 1. JI1000it BEIOOPOUHBI KOHTPOJIb POy KITHH Oy 1eT
OTHOCUTBHCHA K CﬂyqaﬁHBH\/I oporeccaM C JUCKPETHBIMU COCTOAHUAMMA
(e7 — rojHasi, ea — HEroHAs HPOJYKIHsI) U JIMCKPETHBIM BPEMEHEM
(t1, to -Bpemst npoBepku). C Apyroii cTOpoHBI, cilydail oTKasa Jr06oi
MAIIMHBI MOYKHO OTHECTH K CJIYYAHHBIM IPOIECCaM C JUCKPETHBIMEI
COCTOSIHUSIMU, HO HEIPEPLIBHLIM BpemeHeM. Perucrparuio Temiiepa-
TYPBbI BO3/LyXa B OIIPeJIeJIeHHbIE MOMEHTBI BDEMEHH MOYKHO OTHECTH K
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CJIyJaifHOMY IIPOIECCY C HEIPEPBIBHBIM COCTOSTHUEM W JINCKPETHBIM
BPEMEHEM, B CBOIO 0Y€pe/ib CIIydaifHbIil IPOIECC N3MEHEHNUs HAIPsi-
JKeHNsI B 3JeKTpocern nuranus DBM sBisiercss npumepoM cirydaii-
HOTO IIPOIIECCa C HEIIPEPBIBHBIM COCTOSIHUEM ¥ BPEMEHEM.

Basknoit geproii ciryuaitrnoro npomecca { X (t)} sBistercs 3aBucu-
MOCTBb MEXK/Iy ciIydaiinbivu Besaunanaamu X (t). Xapakrep 3Toii 3aBu-
CUMOCTH OIIPEJIEJISIETCsT 33/ JAHUEeM COBMECTHBIX (DYHKIMIi pacrpejie-
JIEHWH JIJIsT KazKJ0ro KoHeuHoro cemeiictsa X (t1), X (t2),.... B Teo-
pUH CJIyYaiiHBIX IIPOIECCOB BBIJIEIAIOT PA3JINIHbIE IHPOKUE KJIACChI
CJLy4JaiiHbIX I[IPOIECCOB, KOTOPbIe MOIYT U IepeceKarbest. Oumiinem
HEKOTOPbIE KJIACCHYECKIE THUIIBI CIIyYaifHbIX [IPOIECCOB, XapaKTepu-
3YIOIIMECs] PA3JINIHBIME BHJIaMK 3aBucumoct Mexy X (t), t € T.

1. MapKoBCcKH€e IPOLECCHI

fBisroTest caMbIM KPYIIHBIM HAIPABJICHHEM B TEOPUH CJIydaii-
HBIX [[POIIECCOB.

Coayuaiinsrit mponecc { X (t)} Ha3bIBaeTcst MADKOBCKIM, €CJIH BbI-
nosiasiercs yeaoBue MapkoBa: Vi < tg < ... < t, cIpaBeiIuBO
COOTHOIIIEHUE

P{X(tn) = en/X(tl) = el,X(tQ) =e9,... ,X(L‘nfl) = enfl} =

= P{X(tn) = en/X(tn—1) = €n—1}, 1vHE e1,€2,...,e, € E.

s 3-x momenTos Bpemenu t; < t; < tj yciosue Mapkosa 1pu-
MeT BUJ;

P{X(tk) = ek./X(tj) = 6j,X<ti) = ei} = P{X(tk) = €k/X(tj) = ej}.

Takum obpaszom, OyyIee COCTOsIHUE CUCTEMBI 3aBUCUT OT IIPO-
IILJIOT'O TOJIBKO 1epe3 HacTosiee. MapKOBCKUe MPOIECCH SIBJISIOTCS
€CTEeCTBEHHBIM O000DINEHNEM JeTEPMUHUPOBAHHBIX IIPOIECCOB, Pac-
CMATPUBAaEMbIX B KJacCH4ueckoil ¢usuke. B merepMUHUPOBAHHBIX
IIPOIIECCaX COCTOSIHWE CUCTEMBI B MOMEHT BpEMEHU Ty OTHO3HATHO
oIIpeieJIsieT XOJI, Iporecca B Oy/IyIneM; B MAPKOBCKUX MPOIIECCAX CO-
CTOSIHHE CUCTEMBI B MOMEHT BPEMEHH t() OJTHO3HATHO OTIPE/Ie/IIeT pac-
IpeJjie/ieHre BEpoATHOCTEN Xo/a Ipoliecca upu t > tg, IpudeM HUKa-
KWe CBEJIEHHUsI O XOJe IPOoIecca JI0 MOMEHTa BpPeMEHM { He U3MeHs-
IOT 3TO pacmpeiejienne. MapKoBcKue TPoIecchl MOLYIUIN IITMTPOKOe
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IIPUMEHEHNEe B CTATUCTUYECKOM KOHTPOJIE KAdeCTBa MPOIYKIIUU, B
TEOPUU MaCCOBOI'O OOC/IyKUBAHUS, B TEOPUU HAJIEYKHOCTH, B TEOPUH
IUTAHUPOBAHHUS.

2. CranmoHapHble CJIydaiiHble ITPOIECCHI

ABAAIOTCS BTOPBIM IO 3HAYUMOCTH KJIACCOM CIIYIaifHBIX ITPOIIEC-
COB.

Cayuaiinsiit nporiecc {X (t)}, ¢t € T < R; HasbIBaeTcsi CTaIl-
OHAPHBIM B Y3KOM CMBICJIE, €CJIN COBMECTHBIE DACIIPEJIEJICHUS Ce-
meiicts X (t1+h), X (ta+h), ..., X(th+h) u X(t1), X(t2),..., X(tn)
OJIMHAKOBLI TIpK Bcex N > 0 u Beex ty,to,...,t, € T, T.e. MHOrOMED-
Hasg QYHKIUS pacupeeeHns He 3aBUCUT OT HavyaJla OTCUeTa UJIH OT
CIBUTA BCEX CEYEHUIl BIIPABO WJIM BJIEBO HA OJIUH U TOT YK€ MHTEPBaJ
BPEMEHN.

Cayuaitnsiit nporecc {X(t)}, t € T < R; nasbBaercs cTa-
IIMOHAPHBIM B IIMPOKOM CMBICJIE, €CJIU €r0 MaTeMaTH4eCKOe OXKH-
JaHue W JUCHEPCUsl He 3aBUCAT OT BPEMEHM, a KOBapHUAIMOHHAS
GYHKINS 3aBUCUT TOJBKO OT PA3HOCTH MOMEHTOB BPEMEHH, T.€.
B(t,t+ h) = B(h), tne B(t,t + h) = cov(X (t,w), X(t + h,w)).

Y3K0€ U NIIPOKOE OIPeJIECTICHIS CTAIMOHAPHOCTH HE TOXKIECTBEH-
ubl. Coydaifible TPOTECCHI, CTATTMOHAPHBIE B Y3KOM CMBIC/IE, BCETIA
CTAIIMOHAPHBI B MMUPOKOM CMBIC/IE, HO He HaobopoT. CxeMa crarmo-
HAPHBIX CJIYyYIAfHBIX MPOIECCOB C XOPOIIUM MPUOJIMKEHIEM OIUCHI-
BaeT MHOTHE peaJIbHble SBJIEHUSI, COMPOBOXKIAIONINECT HEYIIOPSI0-
YEeHHBIMU (DIYKTyAIUAMU. 1aK, HaIpUMep, IIyJIbCAIIMH CUJIbBI TOKA
WJIM HANPSIZKEHUST B 9JIEKTPUYIECKOl 1enu (ssekrpudeckuii "mrym")
MOKHO pacCMaTpPUBATh KaK CTAIMOHAPHBINA CJIy4aliHbI IIpoIece, ec-
JIN 9Ta IeNb HAaXOAUTCS B CTAIIMOHADHOM peXKUMe, T.e. €C/IH BCe ee
MaKPOCKOIITYECKNe XapaKTEPUCTUKU W BCE YCJIOBUsI, BBHI3HIBAIOIIUE
IPOTeKaHNe Uepe3 Hee TOKa, He MEHSIOTCS BO BPEMEHW; ITyJIbCAITIH
CKOPOCTH B TOUKe TYPOYJIEHTHOTO TeUYeHUs TPEICTABIIAIOT COO0i cTa~
[IMOHAPHBIN CJIyIaliHbBIN IPOIECC, €CJIN HE MEHSIOTC O0IINe YCIOBHS,
HOPOXKJIAIONIHE PACCMaTPUBAEMOe TedeHue (T.e. TeUeHHE SIBJISIeTCs
YCTAHOBUBIIMMCSI ), U T.JI.. BblJIeJIeHIE TIOHSATUSI CTAIIMOHAPHOTO CJIY-
JaiffHOTO mpoliecca W MOIydYeHNe MEePBLIX OTHOCAIIUXCSI K HEMY Ma-
TEMATUIECKUX PE3YJIbTATOB, KaK ObLIO OTMEYEHO BBIIIE, SIBJISIOTCS
zacayroit E.E. Caynkoro u oraocsites K koniy 20-x u Hadamsy 30-x
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rr. XX Beka. B jmasnbHelinemM BaxKHbIE paOOTHI 10 TEOPUU CTAITTOHAD-
HBIX CJIyJailHbIX IpoleccoB ObLn BeimoaHeHbl A. 9. Xuauasiv, A H.
KosmoroposeiM, I Kpamepom, H. Bunepom u 1ip.

3. Maprunrajbt

B nociennne jecsTusieTusi UHTEHCUBHO BEJyTCS HMCCJIEIOBAHUS
KJIacca CJIyYallHbIX MPOIECCOB, KOTOPBIE HA3BIBAIOTCS MapTUHTAJIA~
vu 4. OBIIHOCT TOr0 KJIACCA ONMPEENISIETCS TeM, 9TO HA XapaKTep
3aBUCUMOCTH MEXKJIY CJIyIailHbIMU BeJTMINHAMY HAKJIABIBAIOTCS J10-
BOJILHO CJiabble yCJIOBUsI, BhIparkaeMble B TEDMUHAX YCJIOBHBIX MaTe-
MaTUYIECKUX OXKUJIAHUI.

ITycrs {X (t)}, t € T — neficrBuTENBHBIH CITyYailHbLi IIPOIIECC C
JIMCKPETHBIM WJIM HENpepbIBHBIM TapamerpoM 1. Crydaftubiil mpo-

necc {X(t)} masbiBaercst MapTHHraIoOM, ecymn s Vi < to < ... <
tnt1, ti € T cupasemmuBo E{X (t,+1)/X(t1) = e1,..., X(tn) =
€n} = €p, JUIs BCEX JIOIMYCTUMBIX 3HAYEHHUil €1,€9,...,€,, TO €CTh

YCIOBHOE MaTeMaTH4YeCcKoe OXKHJaHue MapTHHIaja B CJeyIOoNuit
MOMEHT BPEMEHH PaBHO ero 3HaUeHWIO B IIPeJIbIIyINNil MOMEHT Bpe-
Menn. VHbIME ctoBaM#, MapTUHIAI — 9TO Lpolece 6e3 cHoca (B TOM
CMBICJIe, UTO ero MaTeMaTHIecKoe OXKIJJaHue B CJIeIyIomuil MOMEeHT
BPEMEHH COBIIAJAECT CO 3HAYCHHEM B TEKYIIHH MOMEHT).

o IIpumep 2. Eciu X (t) onuceiBaeT coCTOsIHNE KAIUTAJIA HIPO-
Ka B MOMEHT ¢, TO II0 OIPEJIeJICHUIO MapTUHTaJIa CPEJHAS BeJNInHA,
ero KalluTaJja B MOMEHT t,,41 IIPU yCJIOBUHU, YTO B MOMEHT t, OH pac-
HoJIarasl KalluTajaoM €y, , PABHO €,, HE3aBHCHMO OT TOT'O, KaKOB ObLI
€ro KalHuTaJl B IIPeJIIeCcTBYIONINe MOMEHTEI BpeMeH .

B maremarnveckoil Teopun MapTHHTAJIOB OCHOBHYIO POJIb WI'Da-
IOT MOMEHTBI OCTaHOBKH V. B MaTeMarnmyeckux Mojesax puHaHCO-
Boro poiaka mporecc {X ()} MoXKeT ONUCHIBATH, HAIPHMED, IECHY
aKIMil B MOMEHT t, a CJIyJaiiHblii MOMEHT I COOTBETCTBOBATH MO-
MEHTY IIPOJIayKH IIaKeTa ero BjaJesiblieM. MapTuHrajsl ¢ ycrnexom
IPUMEHSIOTCSA B TeHeTHKe, TeOPUH ITOTEHINA/IA, CTOXACTHICCKIX MH-
Terpajax u T.[I.

4®pannysckuit Gpunancosblii Maremaruk JI. Bamense cosmas obInyio Mare-
MaTUYECKYIO TEOpUIo Ge300MHBIX UI'p — MapTHHIAJ, KOTOpas IO3JHee, I0Cje
nccnemosanuit 2K. Bumne, I1. Jleeit, 1. dy6a (1910-2004) u ap., crama omaum
W3 BaXKHEHIINX KJIACCOB CTOXACTHYECKUX IMIPOIECCOB.
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4. TIpouecc ¢ He3aBUCUMBIMU IIPUPALIEHUSIMI

VIMeHHO ¢ M3yYeHHsl JAHHOIO KJIACCa BO3HUKJIA TEOPUs CJIydaii-
HBIX IIPOIeccoB. BHauase m3ydaanch BHHEPOBCKEE IPOIECCH (IIpo-
Tecchbl GPOYHOBCKOTO JIBUZKEHUsT ), 3aTeM GoJiee OGITue MPOTecchl ¢
HE3aBUCHMBIMU IIPUPAIIEHNASIMI.

Cuayuaiinsrit nporece {X (t)}, t; € T < Ry — uporecc ¢ He3aBU-
CHMBIMH IPUPAIIEHUSIMHA, €CJIN €r0 IPUPAIIEHNST Ha, HellePEKPhIBAIO-
MIIXCS OTPE3Kax He 3aBUCAT JPYr OT japyra: Jyuis Vig < 1 < ... <
t, € T npupamenns ciaydaiinsix Besmans X (t1) — X (t), X (t2) —
X(t1),..., X(tn) — X(tn—1), HE3ABUCUMBL.

[TpumepamMu poIEccoB ¢ HE3aBUCHUMbBIMU [IPUPAIICHUSIME SIBJIsI-
I0TCST IIPOIeCC GPOYHOBCKOTO JBUKEHUs (IIPOIECC ¢ HE3ABHCHMBIMI
IPUPAIIEHUSIMA, JIJIsl KOTOPBIX pacipejiesienne Beananabl X (t+h) —
X(t), t > 0,h > 0 aBasercs rayccoBbiM), nporecc Ilyaccona (croxa-
CTUYECKHU HEIPEPBHIBHBIN MPOIECC ¢ HE3aBUCHUMBIMU IPUPAIIECHUSIMH,
ecin X (t) — X (s), Vt,s > 0, s < t), 6e3rpaHUIHO JIeIUMbIE DACIIPe-
JICJICHUS 1 JIP.

§ 12. MaremaTruvdeckuii anmapaTr JUCKPETHBIX
MapKOBCKWX Ilerneit

ITemr MapkoBa — ofHAa W3 MEPBBIX CTPOTO MaTeMaTHIECKH
000CHOBaHHBIX MOJIEJIe CIIydaiiHbIX MpoIieccoB. Takoil mporecc ObLI

5Hpe;LCTaBnHeT o000 MOJIE/Ib JBUKEHUST MAJIEHHKOW YACTUIILI, B3BEIIEHHOMN
B JKHMJKOCTU WJIM Ta3e U COBEPINAOIIENl XaOTUUECKOe JIBUXKEHHE B Pe3ysIbTare
CTOJIKHOBEHUSI C MOJIEKYJIAMU OKPY2Kalolei cpesibl. BiepBble Takoe sIBJICHUE Ha-
6JIIOIAJT TOJIAHJICKMI HATYPaIUCT (M3BECTEH KaK M300peTaresib MUKPOCKOIA)
Anronn Ban Jlesenryk (1632-1723) B 1670 roxy, m3ydasi OBeJeHHE HACTHIILI
MBLIBITBI B BOJHOM PACTBOPE IO/ MUKPOCKOTIOM. AHnruiickuit 6otanuk P. Bpoyn
(1773-1858) B 1828 r. noxpobHO omUCa CBOWCTBA STOrO ABHXKeHUst. Maremaru-
YeCKH CTPOrYIO TEOPHUI0 GPOYHOBCKOrO JBMKeHus roctpous B 1923 r. H. Bunep
(1894-1964), onnako 3HaveHne ero paboThI OBLIO MOHATO TIOCIE CO3AHNS AKCH-
omaTnydeckoii Teopun BepositHocTeil A.H. KonMoroposbim.
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BIepBbIe paccMoTped B pabore A.A. Mapkosa (1856-1922), mocssi-
IIIEHHON aHAJN3Y MTOCTIEIOBATEIHLHOCTH TVIACHBIX U COTVIACHBIX OYKB B
pycckoM Tekcre. Ob1mast Teopusi MAPKOBCKHUX IIPOIIECCOB M MX KJIAC-
cuduranus Ob1a jgaHa A.H. Kosmoropossim B 1930 romy. Ero uc-
CJIEIOBaHUSI JAJIN JIOTHIECKU H6Ee3YIPEUYHYI0 MaTeMaTHIeCKyo OCHO-
By 0OIIIeil Teopuu MapKOBCKHUX IIPOIECCOB. B HacTosIIee BpeMs Teo-
pUst MApPKOBCKUX IIPOIECCOB U €€ MPUJIOXKEHUs IITUPOKO TPUMEHSIOT-
Csl B CAMBIX PA3JINIHBIX 00JIACTSAX HAYK: B MeXaHUKe, PU3NKe, XUMUN
u Jip. Baronaps cpaBHUTENTBHON TPOCTOTE W HAIVISITHOCTA MaTeMa-
TUYECKOIr'0 allapaTa, BBICOKON JOCTOBEPHOCTA M TOYHOCTH TOJTyvdae-
MBIX PeIeHunit, 0coboe BHUMAHNE MapKOBCKUE IIPOIECCH TPUObpETH
y CIIEUAJIUCTOB, 3aHUMAIOIIUXCS MCCJIEIOBAHUEM OIepaInii U Teo-
pueil IPpUHATUS ONTUMAJIbHBIX PEIICHUN.

12.1. Kiaccudukanuss MapKOBCKUX CJIyYallHBIX HPO-
IIECCOB

MapKOBCKHE TIPOIECChI PA3IMIAIOTCS COCTOSTHUSAMUI BO BPEMEHU
U B IPOCTPAHCTBE. B OTHOIMEHNN COCTOSHUS IIPOIECCa BO BPEMEHN
pas3/ImyaloT JiBa TUIIA MAPKOBCKHUX ITPOIIECCOB: C JUCKPETHBIM BpeMe-
HEM U HelIPEPLIBHLIM BpEMEHEM.

Onpepenenne 12.1.1. Maprxosckum CAYHATHBIM NPOUECCOM C
JUCKPEMNHBIM BPEMEHEM HA3VIBAETNCA MAKOT NPOUECC, Y KOMOPO20o
nepexrodvl U3 00H020 COCMOANUA 8 IPY20€ B0ZMONCHDL 8 CMPOLO ONpe-
deaénnoie, 3apanee 3a0aHHBIE MOMEHMBL 8pemeny t1,ta, . .., tk, Ha-
3bl8aEMble Wa2aMY npouecca. 1arxotl npoyecc HA3LIEAEMCA UENDIO
Maprosa uau npoueccom ¢ duckpemmvim napamempom T', xomopwid
Mootcem bbimd NPOYUELCCOM C KOHEUHBIM UAU OECKOHEUHBIM MHOIICE-
CMBOM COCTOANUT.

Onpenenenne 12.1.2. Maprosckum CAYHATHBIM NPOUECCOM C
HENDEPHLEHDIM BPEMEHEM HA3BIBAEMCA MaKrol npouecc, Y Komopozo
neperod u3 00H020 COCMOANHUSA 8 IPY20e 803MOAHCEH 8 A1000T, MOMEHM,
epemert t.

ChydaiiHble TPOIECChI, B TOM YHCJIE MAapKOBCKHE, MOLYT OBITh
C JUCKPETHBIM YHCJIOM COCTOSIHUM. B 9TOM CJIy9ae OHM Ha3bIBalOT-
¢ OAMCKPETHBIMHU CJIydYalHBbIMHU HpoleccamMu. Uucao cocTos-
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HHUIl sIBJIsTETCSI CIYETHBIM KOHEUYHBIM WM OecKOHeUHBbIM. U BBIJIES-
IOT KJIACC HEITPEPBIBHBIX CJIYYaANHBIX HPOIECCOB, JJisT KOTOPLIX
BO3MOKHO OECKOHEYHOE MHOYKECTBO COCTOSHHIA.

T - AHICKPeTHO T - Help epPLIBHG
() E - JHCKp eTHO X(0), E - JHCKPeTHO
Rl o e o w ell—r g prgdiiag I N ._:
4 B : I
| S 1 | |
o A o - CE 7 ER (I ) L___'___!r___i._,
| | | H ! | i
I | | 1 '
[ | —
L & ! e e et el St et s
0 t1 tz ts3 tx t 1] tr €2 (a2 ts+ €5 (ki
IIEIIL MAPEOBA JIICEPETHEIT

MAPEOBCKIIT ITP OITECC

T - THCKEPETHO T - HETIPEPRIBHO
E - HempepbIBHO E - "HermpepeIBHO

N (t) X(t)

i
i
| | i
t

i
: T e
0 t1 tz k-1 kb 0 t1 t2 tz t+ ts tit
MAPKOBCKAS HEIIPEPBLIBHBLIT
TOCTTETOBATETLHOCTE MAPEOBCKIOL IIPOITECC

Puc. 20

12.2. BeposiTHOCTHBIE XapaKTepucTukmu riereii Mapko-
Ba

[Iycte E = {eg,e€1,...,€k,...} — HEKOTOPOE KOHEIHOE WJIN
CUYETHOE MHOXKECTBO. PacCMOTPHUM IOCTIEI0BATEIBHOCTD CIyYalHbIX
sesmunt {X,}, n = 0,1,..., KOTOpbIe IPUHUMAIOT 3HAUEHUS U3
3aJIaHHOIO MHOXKeCTBa ¢ BepositHocTsaME Pji(n) = P{X, = e},
k =0,1,.... Takum obpazom, X,, — ciyvaiiHas BeJUINHA C JTUC-
KPETHBIM (KOHEYHBIM WJIA CYETHBIM) MHOXKECTBOM COCTOsSHUi F.
Coyuaitayto nocsenosaressHocts { X}, n = 0,1,... ykasanHoro
THIIA HA3BIBAIOT JUCKPETHOM MEenblo.
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Onpenenenne 12.2.1. Cayuatinan nocaedosamenvrocms { X, }
nazweaemea duckpemnoti uenvio Mapkosa 5, ecau owa seasem-
ca duckpemnoli uyenvio u obaadaem MaPKOBCKUM CEOTUCMEOM, M.€.
0ast A0bur n > 1 U A006L IAEMEHMOB €, €1, ..., En MHONHCE-
cmea E evnoaneno P{X, = e,/X,-1 = ep_1,..., X0 = e} =
P{Xn = en/Xn—l = en_l}.

N3 ompenesienust cjaemyer, 9T0 JAUCKpeTHasl menb MapkoBa siB-
JITETCA YaCTHBIM CJIy9aeM MapKOBCKOI'O IIporiecca. bymeMm cunTarh,
YTO TPOCTPAHCTBO F — mM3MepuMoe MHOYXKECTBO, B KOTOPOM BCE OJI-
HOTOYEYHbIE MHOXKECTBA, TaKyKe m3MepuMmbl. Kciaum B momenTt n > 0
npouzorwio cobbitue { X, = e}, To roBopsiT, uro nenb Mapkosa Ha-
XOUTCST B COCTOSHUN €, . Kceanm »Ke m3BEeCTHO, 4TO JJIsI Bcex n > 1
BoiosHeno {X,_1 = ex} u {X,, = exy1}, TO roBopsr, YTO IIENH HA
Nn—M IIare mepelia U3 COCTOSTHUS € B COCTOSHUE €y 1. Eciau E nme-
eT KOHEYHOE 9HCJI0 COCTOAHHI, TO COOTBETCTBYIOIIasA enb MapKoBa
HA3bIBAETCSI KOHEYHOTA.

Onpegenenne 12.2.2. Bepoamuocmo cay4atinot sesuvunst X,
NONACMb 6 COCMOAHUE J , €CAU U3IBECMHO, 4MO Xp_1 HATOOUMCH
8 COCMOAHUY T , HA3BLEAEMCA 00HOWA2080T NEPETOOHOT, BEPOATMHO-
Mmoo u 0603HANAETNCA Djj -

ITo onpenenenmo: p;; = P{X, = j/X,,—1 =1}, i,j € E.

Onpepenenne 12.2.3. Mampuua P, saemernmamu xomopot
ABAANOMCA GEPOAMHOCTU NEPET00a Dij , HA3BIEALMCA NePeToOHoT
mampuuet yenu Mapkosa { Xy} 3a odun wae.

P11 P12 --- DPin
P — P21 P22 ... DP2n
Pn1 Pn2 .- DPnn

6 TIj151 IOCII6A0BATENbHOCTH UCIBITAHMIL B 5.1. GBIJIO BBEIEHO OLPEIE/ICHUE LIe-
mu MapkoBa. B manHOoM pasjiesie MEHSIeTCsT TOJIBKO TEPMUHOJIOT S JJIsi U3y IEHUST
neneit MapkoBa B pasjiMIHbLIX MPUJIOXKEHUsIX. Bbipaxkenue "pe3yibTarom n-ro
HCIIBITAHUS OKa3aj0Cch cobbitne E," 3amensiercs Ha ciemyromee — "B MOMEHT
BPEMEHU 7. CUCTeMa HaxoauTcss B cocroguuu E,"; repmun "ycjioBHas BeposT-
HOCTB D;;" 3aMeHsIeTCsl Ha TePMUH "BEPOATHOCTD IIEPEX0/1a CUCTEMBI U3 COCTOSI-
uus E; B cocrosinne Ej".
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[Tepexonnast maTpuria obJjiaiaeT CBORCTBAMMU:

1) 0<p;i; <1, pra mobbixi,j =0,1,...

2) Z;L:()pij: 1, VZZO,l,

Marpuria, yaoBjeTBOpsiIOias cBoiicTBaM 1,2, HA3BIBAETCA CTO-
xacTu4ueckoi. CToxacTuyecKue MaTPUIbl, YIOBIETBOPAIONINAE JI0-
[OJTHUTEJILHOMY YCJIOBUIO — CYMMBI 3JIEMEHTOB B KarKJIOM CTOJIOIE
paBHBI 1, HA3BIBAIOTCS JBAXK/Abl CTOXaCTUYECKUMMU.

Onpegenenne 12.2.4. Ilenv Mapxosa nasweaemcs 00Hopoo-
HOU, ecau Oan 6cex m > 1 neperodHvie 6EPOAMHOCTIU HE 3A6UCAN,
OM HOMEPA UCILIMAHUA (Wa2a), M.€. 0OCMANMCA NOCTNOAHHUMY 6
xode npouecca: pij(n) = pij-.

Onpepenenne 12.2.5. Bepoamnocmv pi(n) = P{X, =
ek}, ex € E nasweaemes 6eposmmocmvlo cCOCIOAHUA €, 8 MOMEHM,
spemenu n > 0. Bexmop p(n) = (po(n),p1(n),...) nasweaemea pac-
npedeaenuem sepoamuocmets cocmoarud yenu Maprosa { X, } 6 mo-
menm n > 0.

OueBn/HO, YTO p(n) YJAOBJIETBOPSIET NIPH KaXKJIOM N < 0O yCJIO-
BUIO HOPMUPOBKI: » oo Pr(n) = 1. KomionenTs: Bekropa p(n) mo-
Ka3bIBAIOT, KAKME N3 BO3MOYKHBIX COCTOsHUI 1ernm Mapkosa B Mo-
MEHT N sBJSIIOTCsT HamboJiee BEpOSITHBIMHU, a Kakue Her. [Iporecc
IOJTHOCTBIO OIPEJIENIEH, €CIIH 3aJlaHa MATPUILA, IIEPEXOHBIX BEPOSIT-
HOCTEl 1 BEPOSITHOCTH HaYaJIbHBIX COCTOsTHMIA. Takum o6pa3om, mapa
(P,p(0)) MOJHOCTBHIO OMKUCHIBAET BEPOSITHOCTHYIO CTPYKTYDPY OJIHO-
poxaHoit erm Mapkosa.

HeiicrBurensho, nycrs P{Xo = ep} = pj,,.

ITo onpeeIeHnIo YCIOBHON BEPOSTHOCTH MMEEM:

P{X() = eo,Xl = 61,...,Xn :en} =
= P{Xn = en/X(] = €O,X1 = €1,... 7Xn—1 = en_l}x
XP{XO = 60,X1 =€1,... 7Xn—1 = en_l}.
Ho no OIIPEJICJICHNIO MapKOBCKOI'O IIpo1eccas:

P{X,=e,/Xo=¢€0, X1 =¢€1,...,Xp1=€p_1} =

= P{Xn = en/Xn—l = 6n—l} = Pipn_1in-
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I/ICHOJIBSyH ImocjieJHue ABa paBEHCTBA, IIOJIYYHUM:
P{X() = 60,X1 = 61,...,Xn = 6n} =

=P{X,=en/Xo=eo,X1=¢€1,....,Xn-1=€n—1}Di,,_1in-

I/ICHOJII)3yH NHAYKIOWIO, OKOHY9aTE/JIbHO UMEEM:
n
P{Xo=eo,X1=e1,....Xn=en} =pig [ [ Pin_ix ~ (12:2.1)
k=1

i B BeKTOpHOIT dbopme: p(n) = p(0)P™.

Sameyanne 12.2.1. Ecin pgy) (n) = P{Xntm = €;/Xn = €1}
— BEPOSITHOCTD IIEPEXO0/Ia UX COCTOSHUSA €} B COCTOsIHIE € 3a m > 1
MIAroB, TO JYIst OJHOPOAHOM Iern MapKoBa HMeeM:

p(n+m) = p(n)P™.

[lepBas 3a1a4a B Teopun 1ierneir MapkoBa COCTOUT B OIIPeIeJI€HUN
BEPOSITHOCTH TIePEX0J[a U3 COCTOSIHUSI ¢ B COCTOSIHME j 3a 1M IIaros..
[Iycrs {X,,} — mens MapkoBa ¢ MaTpHIell IIEPEXOIHBIX BEPOSTHO-
creit ‘P u MmHOXKecTBOM cocrosinuii F/ . Marpuria nepexoiHbix Bepo-
SITHOCTE OIIpejiesisieT BePOSITHOCTHU mepexona 3a 1 mar. [loias3ysich
dbopmyuoit (11.2.1), MOXKHO HaWTH BEPOSTHOCTH [IEPEXOJIOB 3, 1M 1A~
roB P{ X, 1m =7j/X, =1} = pg-n), CYMMUPY$SI BEPOSITHOCTH TIO BCEM
BO3MOXKHBIM 3HAYEHUSM .

Teopema 12.2.1. Jlas odnopodnoti uenu Mapxosa ¢ mampuuedi
nepexodnnr sepoamuocmed P npu mobom m > 1 cnpasedaugo pa-
sencmeo: PM) = pm,

HokazarenbcTBo. Tak Kak 1mo ¢Gpopmysie MOJHON BEepPOSITHOCTH
npu Vk € {1,2,....m—1} uVi,j € E

= 3Bl 1222)
r=1

To cornacHo (12.2.2) Mexly MaTpuIeii ¢ pa3JInIHbIMUA UHIEKCa-
Mu cymecTByer coornourenne P = PE)plm—Fk)
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B wacrrocTH, Ipu m = 2 HAXOIUM, YTO

P2 — pLpl) — (73(1))2 _ 732’
mpum = 3:

Pl — pLpR) — (7)(1))3 — P3,

U upu Ym noayunm: P = P,

Hoxkazarenscrso (12.2.1) 3aKoHUEHO.

JormycTuM, YTO B CUCTEME ITPOTEKaeT MAPKOBCKUM JUCKPETHBIN
[IPOIECC C JINCKPETHBIM BpeMeneM. I1ycTb 1,9,...,, — BO3MOXKHbIE
COCTOSIHUSI CUCTEMBI U t1,t, ..., t, — IIArW, B KOTOPbIE CHCTEMa MO-
JKeT IMEePeXO/IUTh U3 COCTOSIHUSI B COCTOsIHUE, TO €CTh MMeeM Ielb
Mapxkosa.

Onpegenenne 12.2.6. [[env Mapxosa nasvieaemcs neodnopoo-
HOTl, ecau nepexoduvie eepoammocmu (xomsa 6v. 0dHa) 3asucam om
Homepa ucnvimanua (waza) k.

B sroMm cilydyae TepexojHble BEpOSTHOCTH OyjeM 0003HAYATD
pij (k). Torma marpuia mepexoqHbIX BeposATHOCTEH OyJIeT 3aBHCETH
ot k:

p1i(k) pia(k) ... pin(k)
Plk) = pa1(k) poa(k) ... pon(k)
pn‘l'('k) pn.Z'('k) pn'n'('k)

s neomuopoaHoit et MapkoBa BEKTOP pacipeieeHus Bepo-
ATHOCTEHU COCTOSHUN OIIpeliesisieTCs Kak

(12.2.3)
Tax »Ke JJIsl HeOIHOPO/IHOII el UMeeT MecTo cJiejlytomast (hopMyJia;

(p1(k), p2(k), ..., pn(k)) = (p1(0),p2(0), ..., pn(0)) PP ... PH)

(12.2.4)

BepositHoctu  cocrosinuit pi(k) i = 1,2,... HEOIHOPOIHOI

nenn MapkoBa Ha KaKJOM IlIare  BBIYUCISIOTCH JnOO 110 pe-

KyppenTHoii dopmyse (12.2.3), subo 1mo dopmysne (12.2.4), rue

(p1(0),p2(0),...,pn(0)) — BeKTOp HAYAIBLHOIO PACIpE/EJCHUs] Be-
POATHOCTEN COCTOAHUI CUCTEMBI.
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12.3. IIpuwmeps! neneit MapkoBa

Bouboe unciio pusndecknx, GHOJTOrMYCCKUX U SKOHOMUIECKIX
SIBJIEHHII OIMCHIBAIOTCS IernsaMu MapKosa.
o Ilpumep 1. IIpocTpaHcTBeHHO-OAHOPOAHBIE ITenn Map-
KOBa
Ilycrs muckperHast ciaydaifHas BeanduHa £ NPUHAMAET HEOTPH-
naTeJabHbIE [eJOYNCIeHHble 3HaueHns, upuiem P{{ = i} = p; , u

pi > 0m Y p; =1 Iycrs &1,89,...,&,, ... — pe3yJbTaThl He3a-
BHUCHUMBIX HAOJIIO/IEHUI CIydailHON BeJIMIUHBI &.
a) Oupenesnum nponece {X,}, n=0,1,2,..., nogoxus

X, =&, e Xg = & 3agan0. MaTpuiia mepexoiHbIX BEPOSTHO-
cTeil 9TOro MpoIecca UMEEeT BH,

bPo P1 --- Pn
P — Po P1 --- DPn
bPo P1 --- Pn

Y P Bce CTPOKH OIMHAKOBLI, CJIEIOBATEILHO, CIydaiiHas Beju-
qnnaa X,4+1 HE 3aBUCUT OT CJIyYaiiHON BeIUIUHBI X, .

6) Onpenesum uponece {X,}, n = 0,1,2,..., nonoxus X,, =
Sp, tme S, = & 4+ & + ... + &,. Cuanraem, aro Sy = 0. Haiimem
MATPHILY IIEPEXOIHBIX BEPOSTHOCTENA.

P{Xpy1 =j/Xn=1i} = P{&+ -+ = j/61+ &} = P{&nn} =

_J pj-is 3279
0, j<i

Po P1 P2 D3

bPo DpP1 D2
P = Y L
b1

[Tpomnecc {X,,} obpasyer LIM.
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o Ilpumep 2. OgHOMEpHBIE cay4aliHbie OJIy>KIaHus

[Tycts 71,72,... — HE3aBUCHMbIE OJMHAKOBO PACIPEIE/ICHHbIE
cayuaiinple Besmunusl. P{m, = 1} = p, P{n, = —1} = ¢, a no-
CJIeIOBATENILHOCTD {&;} CTpOUTCs MO MpaBIILy

& = max{&—_1 +m,0}, t=0,1,2...

1 Ha3bIBaeTCA CJIyLIa.I'?'IHbIM 6.Hy}K,ZLaHI/IeM Ha MHOXKECTBE HeOTpHuIla-
TEJIbHBIX IIEJIbIX YHUCEJI C OTPpazKalolluM 3KpaHOM B 0.

Pl =1i+1/& =1} =p,

P{§t+1:Z_1/§t:Z}:q:1_p71217
P{&1=0/& =0} =q.

v

I
o o
o O3
Q o o
o o o

o Ilpumep 3. Mojenb dpendecToB Aiisi poriecca aud-
dby3un

DTa MOJeIb IpejcTaBIsieT cobOi 1menb ¢ 1 + 1 COCTOSTHUSIMU U
BO3MOXKHBIMHU TIEPEXOTAME TOJBKO B COCTOSIHUSI, COCETHUE CIIpaBa 1
cneBa. Torma mepexojHble BEPOSITHOCTU OIPEJIE/ISIIOTCS PABEHCTBA-
MU:

k k
Phjt1 =1 — —, Prr—1=—.
n n

Henb umeer npe ¢usnyueckue uuTeprperaruu. [logpobHo pac-
CMOTPHM IIEPBYIO MOJIeJb, Ha3BaHHYIO 1m0 uMmeHu [layns u Tarbsaab
OpendecToB. YdeHble (DU3UKU OMUCAJINA MBICJCHHBI SKCIIEPUMEHT,
IpU KOTOPOM IIE€PEMEIaIn N IaCTUll M0 AByM cocylam. B Kaxkmabrit
MOMeHT BpeMenu t = 0,1, ... ciiydaifHO, paBHOBEPOSATHO U HE3aBUCH-
MO OT IIPEABICTOPUU BBIOUPACTCS OJHA U3 N YaCTUIL U IIEPEMEITACTC S
B Jpyroit cocy. IlycTs & — quciio yacTuly B 1epBOM COCY/E B MOMEHT
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t. CocrosinneM mporiecca cantaercss ducyo dacrur (0,1,2,...,n) B
[EPBOM COCYJIE, U MEPEXOIHBIE BEPOATHOCTH UMEIOT BUJI:

k k
Pléri=k—1/& =k} =, Pl =k+1/& =k} =1-.
Torna
0 1 0 0 0 0 0 0
L0 1-1 0 0 0 0 0
o 2 o0 1-2 0 0 0 0
P =
0 0 0 0o ...1-2 0 2 0
0 0 0 o ... 0 1-%1 0o 1
0 0 0 0 0 0 1 0

Cire1oBaTe/IbHO, SKCIEPUMEHT DPEH(MECTOB OIUCHLIBAETCS IIEIIHIO
MapkoBa. Co BTOpOil MHTepIIpeTAIeil, IPEICTABIISIONEH CJIydaii-
Hoe OJiy2K/1aHne, B KOTOPOil BEPOATHOCTD ITEPEMEIICHIST U3MEHSIETCS
IpY U3MEHEeHNN TosIoyKeHus (i dy3us Ipr HAJTAYINN [EHTPaTHHOM
CHJIBL), YUTATEJIb TIOPOOHO MOXKET IIO3HAKOMUTHCs B KHure [18§].

o IIpumep 4. Berssiuecs: mporecchr’

[IpeirionoykuM, 9TO0 Opranu3M B KOHIIE CBOEI'O BPEMEHU KU3HU
MIPOU3BOJIUT CJIyHaiHOe IUCTIO0 £ TOTOMKOB COTJIACHO PACIIPE/IeIEHIIO
BEPOATHOCTEHN

Ple =kt =pp k=0,1,2,...,

"B 1873-1874 r. Tanbro u ne Kanmonb ykazaan Ha psiJi IPUMEPOB UCUYE3HO-
BeHUs (paMUINi aHTJIMACKUX JIOPJIOB. VMU BO3MOXKHO BIIEPBBIE OBLI ITOCTABJIEH
BOIIPOC: KaKOBA BEPOSITHOCTb MCYE3HOBEHUS IOIYJIAINN C TEYEHUEM BPEMEHU !
Mogenp Takoit curyanun ObLIa IPEIJIOXKEeHA U TACTUYHO PEIIeHa CBSIIMIEHHUKOM
Barconom B 1874 r.. IlosiHblit aHamn3 MOEIN, KOTOPAs CETOMHS HA3BIBAETCS
BETBSIIMMCS IIporeccoM, 6bl1 3akonueH Credancom B 1930 r. Cam ke TepMuH
"serBammecs npoueccel”" 6ot BBemen A.H. Kommoroposbim. Byproe passurue
TEOPUH BETBAIINXCSA MIPOIECCOB HAYAJIOCh ¢ n3BecTHLIX pabor A.H. Kommoroposa
— "Bersimmecs ciy4aiiable npoueccot , "Borancienne duHAIBHBIX BEPOSTHO-
creii" | BBINIOJHEHHBIX COBMECTHO ¢ ero ydenukamu H.A. JImurpuesbim u B.A.
CeBacTbsSIHOBBIM.
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rae pr > 0, > 22 pk = 1. B cBOIO 0vepenb IOTOMKU HE3aBHCHMO
JpYyr OT JIpyTa B KOHIIE CBOEI'O BPEMEHU KU3HU IIPOU3BOJAT IIOTOM-
CTBO, COIVIACHO TOrO Ke pacupejesenus. [Ipornecc { X, } — mMapkos-
CKasl Telb, rjae X, — 9YHCJIeHHOCTD MOIYJSINA B N—OM ITOKOJICHUH.
HeficTBUTEILHO, €CTIN 33J]aH0 3HadYeHne, nanpumep, Xo = 1, To mar-
pHIa IEPEXOJIHBIX BEPOATHOCTEN OIpeIeseTcs

pij = P{Xnp1 =7/ Xn =i} =P{&i+ &+ +& =7},

rme £ + &9 + - - - + § —obIIee 9ncI0 TOTOMKOB.

[Tomo6HBIE HPOLECCHL CIIy2KAT HE TOJILKO JJIsl MaTeMaTHYeCKO-
T'O OIINCaHUuA pOCTa HOHy.HHLH/H/I, HO " ﬂpyFI/IX HB.HGHI/IfI, CBA3aHHBIX
C BETBEHHUEM, HaIpUMep, PACIIpOCTpaHeHne MHQEKINN, XUMIICCKIE
WINA SIJIEPHBbIE PEAKITUA U JIp..

12.4. Kunaccudukamusa cocrosHmii 1erneit MapkoBa

Bynem paccmarpuBaTh TOJTBKO OJHOPOIHBIE Ilenu MapkoBa.
IIycts E — muOXKecTBO cocrosumit nemn Mapkosa, p;j = P{X, =
j/Xo = i} — BepoATHOCTDH Hepexo/a 3a M IMIArOB U3 COCTOSIHUMN i B

. (n) ) . . .
cocrosiume j; fi) = P{X, = ,Xp1 #4,..., X1 #i/Xo =1} —
BEPOSTHOCTH TIEPBOT'O BO3BPAIIEHUS 3a 1 IIIArOB B COCTOSIHUE 1.

Omnpenenenne 12.4.1. Cocmoanue i € E nasvieaemcs wecy-

E;-n) > 0 dan
= 0 das ecex n > 1. B npomusHom
CAYHAE COCTNOAHUE & HA3BIBAEMNCA CYULECTNEEHHDBIM.

o Ilpumep 1. B nertu MapkoBa ¢ MaTpurieil mepexoJIHbIX Bepo-

SITHOCTEM

wWecmeenHviM, ecau Hatidemes j € FE, maxoe wmo p

nexomopozo m > 1, no pg?)

(n)

COCTOsiHME €1 HECYIIECTBEHHO: P1" = &

Py = (= pY) 5o pl = (= ni)
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Onpenenenne 12.4.2. Cocmosanue i HA36BGEMCA NOLAOULAIO-
wWuM, ecau py; = 1.

B npumepe 1 cocrosinusi ea u €3 - HOIJIOMIAIONITE.

Onpegenenne 12.4.3. Cocmosnus i,j € E naswviearomes co-
obwaruuMuca, ecau natidymesa maxue m,n > 1, umo pl(,;") >0 u
pg-?) > 0.

Obo3nauenne i < j.

CsoiicTBa:

1) pediekcuBHOCTD: i > i;

2) CUMMETPUYHOCTD: €CJIH i < jJ, TO j > i;

3) TPAH3UTUBHOCTD: €CIH & < j U j <> k, To i < k.

N3 ceoiicTB 1-3 cemyeT, 9TO BCe MHOXKECTBO COCTOSTHUM F MOXK-
HO pa30uTh Ha KJIACCHI 9KBUBaIeHTHOCTU. COCTOSTHUS OO'be TMHSTFOTCST
B OJIMH KJIACC, €CJIM OHU COODIIAIOTCS JIPYT C JAPYTOM.

Onpegnenenne 12.4.4. [lenv Mapxosa, cocmoswan us 00Ho-
20 KAACCA COOOULANOUUTCA COCMOAHUT, HA3BIBALTNCA HEPASAOAHCUMOY.
Ecau ona codeporcum 6oaee 0dnoz0 xaacca coobWaIOUUTCA COCTNOA-
HUT, MO OHG PA3AOHCUMG.

o IIpumep 2. Ilycts mens MapkoBa uMeeT CAeIyIONIYI0 MATPHU-
Iy TIePEXOHBIX BEPOATHOCTEN:

1

11 0 0 0

1 3

L3 0 0 0

Py 0
L )

0 0 * 0 1 0 0 P

0 0 3 0 3

0O 0 0 1 0

Cocrosinns nenn MapKkoBa paciaialoTcsd Ha 2 KJacca, COODIAo-
muxcst cocrostamii: {ey, ea} u {es, eq, e5}. B 3aBucumocrn or Havab-
HOI'O COCTOSIHHsI IIPOIIECC PA3BEPTHIBAETCS JIMOO TOJBKO B HEPBOM
KJIACCE COCTOSIHUIT M ero MepexoJibl ONUCHIBAIOTCS HoaMarpureii Py,
76O TOJBKO BO BTOPOM KJIACCE U €0 HEePeXO/ibl ONUCHIBAETCS M0]I-
Marpuieit Po.
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Onpegenenne 12.4.5. [lycmov d; — HOZ[ wucea
{n>1:p >0}
Cocmoanue i Hasvleaemcsa nepuodudeckum ¢ nepuodom d;, ecau
d; > 1.

B npomuerom cayuae cocmoanue — anepuoduieckoe.
¢ IIpumep 3. Ilycts

010
P=100 1
100
00 1 100
TormaP@ =100 |, PO®=(01 0], P‘=P
010 00 1
h T.JI.
CremoBare/ibHO,

(n) { 1, ecim n =j —i(mod3);

O, B OCTaJIbHBIX CJIyYasaX

ITpmvem Ge3 moKa3aTeIbCTBa CIICAYIOMNe yTBEPKICHU:

1. Ecau i < j, mo d(i) = d(j).

OTO yTBep:K/leHHe OlpeJielisieT IIePHOJl KaK XapaKTePHCTUKY
KJIacca COOOIIAIOIINXCA COCTOSHHIA.

2. Ecau cocmosmue i umeem nepuod d(i), mo IN < oo u
pz(?d(l)) > 0 gy Bcex n > N.

OTHM yTBEPXK/JAETCs, YTO BO3BPAICHUE B COCTOSIHUE i MOXKET
IIPONCXOJIUTD BO BCE JIOCTATOYHO JAJIEKHE MOMEHTBI BDEMEHH, KPaT-
Hble epuoy d(i).

Onpenenenne 12.4.6. Cywecmeennoe cocmoanue i € E nasovi-
saemca 6ozepammsim, ecau In < oo maxoe wmo P{X, = i/Xy =
i} =1, u nesosspammvim, ecau P{X, =1i/Xo =1} < 1.

Onpenenenne 12.4.7. Cywecmeennoe cocmoanue i € E 1asovi-

(n)

6a€MCA 6036PATMHIM HYAECBDIM, ECAU D\~ — 0 npu n — oQ0.
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Onpenenenne 12.4.8. Hepasaoorcuman yenv Mapxosa Ha3vi6a-
emcesa anepuoduteckot, ECAU 6CE €€ COCMOAHUA ANePuodUYECKUE.

s HepasaoxxkuMoit renrm MapkoBa cipaBeJInBbI CBOMCTBA:

a) ecyim XOTsi Obl OJIHO COCTOsIHME BO3BPATHO, TO U BCE JPYIHe
BO3BPATHBI;

6) eci XOTsi ObI OJIHO COCTOSIHHUE HYJIEBOE, TO BCE JPYrHe COCTO-
STHUS HYJIEBBIE;

B) ecJi XOTsl Obl OJIHO COCTOsIHUE uMeeT 1iepuoj d > 1, To u Bce
OCTaJIbHBIE TIEPUOIUYIHBI C IIEPHOJIOM d.

Takum obpazom, HepazmoKuMas Iernb MapkoBa Oymer amepro-
JUYIECKON, €CJIN XOTs Obl OTHO U3 €€ COCTOSHUI — alepuoIniecKoe.

Teopema 12.4.1(kpurepuit Bossparaoctn). Cocmoanue i A6.AH-
emes 6036PAMHBIM M0o20a U MOoAbKO mozda, Ko2da

o0
pi=Y Pl =
n=1

HokazareabcTBo. Ilycts v, = fi(-" ) BEPOSITHOCTDL BIIEPBBIE
BEPHYTHCSI U3 COCTOSIHUSI § B COCTOSIHME i 9epe3 71 IIaros, TOTIA
Wn =>4 i(im) fi(ﬁ —m BEPOSITHOCTH JIFOOBIM CIIOCOOOM BEPHYTh-
Csl B COCTOsIHUE i Yepe3 n aros (BHa4Yase depe3 m I1aros, a 3areM
4epes ocrapmuecs: (n —m) maros). C ya9éToM BBeJIEHHBIX 0003HAMe-

HUt 110 pOpMyJie TOJTHON BEPOSTHOCTU MOXKHO 3aIlMCATh:
Wy = VoWwp, + V1Wwnp—1 + -+ + VpWwo,

u nyctb vy = 0, wg = 1. Ob6paTumMcs K TpOU3BOIAIIMM (DYHKIIHSIM:
o0 00
Vi(z) = Z vmz™, W(z) = Zz/nz”, 0<z<1.
m=0 n=0

[Tosyuennbie cOOTHOIIEHUST MEXKITY KO3 duIimenTaM BbIpazka-
10T PaBEHCTBO

W(z) —wo=W(2)V(z), wo = 1.
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Orcroma W(z) = 1/(1 — V(z)). Ilo oupejesieHuto BO3BpaTHOCTH CO-
CTOSTHUSI 1 CJIEJTYET, ITO

v= Zum—ll_)niV(z)zl
m=0
Torna )
lim Wz) = lim 3775 = o
Ho

11m W(z) = ll_r)n Z wp 2" i Wn
n=0

", TAKUM 0Opa3oM, BO3BPATHOCTH COCTOSIHUSI § PABHOCUJIHLHA TOMY,
9TO P Yoo g Wy PACXOIUTCH, TAE Wy = » 0 pfzn ),

Hokazaresbcro (12.4.1) 3akoHYEHO.

o IIpumep 4. Paccmorpum omHOMEpHOE CiTydaiiHoe OJTy K IaHne
o mesiouncyaeHHo permérke ¢ = 0,+£1,+2, . ... 3a KaxK bl Tepuos
YACTHUIA C BEPOATHOCTBHIO P TIEPEMEITAeTCsT Ha €UHUILY BIPABO U C
BEPOSITHOCTBIO ¢ — HAa eJUuHUILy BjeBO. OUeBUIHO, UTO p( n+l) _ 0,
a

pz(zn) Cm n n _ anqn'

—n

Ucnonbsyst popmysty Crupiusara n! ~ v/ 2rnn™e™ ", nomxydaem:

@2n) _ (pg)m2*"

AN

TO €CTb BCE€ COCTOAHUA HYJIEBBIE. HpI/IMeHHﬂ KpurTepumn BO3BPaTHO-

— Ompun — oo,

CTH, 3aKJIl09aeM, 9TO IIPpU CUMMETPUIHOM CﬂyqaﬁHOM 6JIy}K,ILaHI/II/I,

2 (2
T.e. KOTJa p = q = %, TO pz(»in) ~ \/% n pAan Zn lpun) =

BCE COCTOSAHUS BO3BPATHBI. TakuM 00pa30M, OJJHOMEpPHOE CiIydaiiHoe

OJIy2K/1aHuEe BO3BPATHO TOI‘,ILEL U TOJIBKO TOIJa, KOTJla p = q = %

Bemn p # g, 10 Y00, pi”
HEBO3BPATHBIM.

Teopema 12.4.2. Ecau ucxodnoe cocmoarue i AGAACMCA 603-
BPATHBLM, O CUCTEMA C BEPOATNVHOCTBIO 1 30 OECKOHEYHO MHO20

< 00, TO KaxKJI0€ COCTOsIHUE i SBJISIETCs
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YUCAO WA206 DECKOHEYHO MHO20 pa3 6038pAULGEMCA 6 1. Ecau oamo co-
CMOoAHUE ABAAEMCA HEBO3BPATNHBIM, TMO 34 becKoOHEYHOE YUCAO ULA-
208 CuCmema ¢ 6EPOAMHOCIMDBIO 1 Auwd KOHEUHOE HUCAO pas no6wvL-
8aem 6 COCMOAHUY 1.

12.5. IlpenenbHas TeopeMa /ijisi KOHEYHbIX Iereit Map-
KOBa

Cy1ecTBeHHON XapaKTePUCTUKOM CIyIailHbIX ITPOIECCOB SIBJISI-
eTcsd WX TOBeJeHWe Nph N — 00. PaccMOTpuM OHOPOHYIO TIENb
Mapxkoga.

Teopema 12.5.1 (Teopema Mapkosa)®. Ecau npu nexomopom
n < 00 BCE INEMEHBL MATNPUYUDL TLOAOHCUMEABHDL, MO CYULECTNEYIOM

MaKUe NOCMOAHHBLE “YUCAA Dj, ] € {1,2, .. ,n}, Ymo HE3A6UCUMO
. . n
om uHIeKco8 i uUMENM Mecmo paseHcmaea lim, o pgj)
k
Zi:lpj =1,p; >0.

DuU3nIeCcKuii CMBIC TeoOpeMbI CJIe,ZLyIOIHHfIZ BEPOATHOCTDL CHUCTE-

= pj, 2de

MBI HAXOJIUTCS B COCTOSHUM j, MPAKTUYECKH HE 3aBUCUT OT TOTO, B
KAKOM COCTOSIHHH OHA HAXOIUJIAChH B JAJIEKOM IIPOILIOM.

Ounpepnenenne 12.5.1. Pacnpedenenue sepoamnocmets pj, j =
0,+1,..., > y p; = 1 naswearom cmayuoraprvm s 00HOPOIHOT
uenu Mapkrosa X, n >0, ecau npu 3a0aHHOM HAMANGHOM PACTPE-
denenun, 8 NOCACOYIOUUE MOMEHMBL BPEMEHT PACIPEIENEHUE BEPO-
amnocmet pj(n) = P{X, = j} ocmaémca neusmernnvm npu ecex
n>0: pjn)= pj uau 6 obwem 6ude p; = p;P.

Onpenenenune 12.5.2. Ilenv Mapxkosa, ydosaemsoparou,as
yeaosuam meopemvr Maprkosa, nasvieaemcs p200uveckol’’, a pac-
npedenenue sepoamuocmets p* = (po,pi,...) — CMAYUOHAPHBIM DAC-
npedesenuem uenu Mapxosa.

[Tpumem 6e3 TOKA3ATETBCTBA CIAEAYIONLYIO TEOPEMY.

8Cetyer oTMETHTD, 4TO C JOKA3aTEIHCTBOM TEOPEMbl YHTATE/Th MOYKET O3HA-
KOMWTBCA B KHHTE [4].

9CunonnMoM TepMuHa "sprogmdeckoe cocrosiHne siBisieTcst 'BO3BpATHOE,
HeHyJeBoe, arnepuogutieckoe cocrosuue". Ilnorna sproqudeckuM Ha3LIBAIOT JIIO-
6oe Bo3BpaTHOe cocrosinue (cMm. [18].)
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Teopema 12.5.2. /Jlaa mozo wmobv xoneuras uenv Mapxosa
bvLAa apeoduneckoti, HEobTOJuUMO U Jdocmamoyuro, wmobwv, oHa bvLAG
HEPA3N0ACUMOTL U anepUuoduHos.

§ 13. /luckperHblii cCiy4YailHbIII MapPKOBCKMIi
ITPOIIeCC

B 1931 r. 6bu1a onybaukoBana cratbs A.H. Kosimoroposa "O6

aHAJIMTUYECKUX METOJAaX B TEOPUU BepodTHocTeil"

, TIe OBLIN 3a-
JIO2KEHBI OCHOBBI TE€OPUHM MAPKOBCKHUX MporieccoB. [losyuensr ypas-
HeHust (IpsiMble U 06paTHBIE), KOTOPBIE YIPABIISIIOT BEPOSITHOCTSIMU
nepexoyia. OO1asi Teopusi MAPKOBCKUX IIPOIECCOB ObLIa CO3/IaHA B
30-40 rr. paboramu A.H. Konmoroposa, B. @emnnepa, B. [lebnauna,

II. JleBu u mp.

13.1. BeposTHOCTHBIE XapaKTEePUCTUKN MapPKOBCKHX
M POIECOB

IIycrs {X(t)}, t > 0 — ciay9aitHbI mpoIece, TPUHAMAIONIHIL
3HaYeHUs] IIPU KarkIoM ¢ 13 MHOXKecTBa F. Jlajee 6e3 orpanndeHmst
obmHocTH OyIeM cunutarh, 9to 1 = k, k= 0,1,...

Onpenenenne 13.1.1. Cayuatinas ¢gynrkyus {X(t)}, t > 0,
NPUHUMAIOWGA 3HAYEHUA U3 MHrodcecmea I, nasweaemes mapros-
CKUM NPOUECCOM C HENPEPBIBHBIM BPEMEHEM U OUCKPEMHBIM MHO-
AHCECNBOM 3HAUEHUTL, ecat Oan A0bvix saremenmos 0 < t1 < to <
oo Ztpo1 €8 <t u 3HaveHu B, 80, ... tn—1,%,] € 6bINOAHEHO

P{X(t) :]/X(S) = ivX(tnfl) = infly-“vX(tl) = Z.1} =
— P{X() = §/X(s) =i

Onpenenenne 13.1.2. Bepoamnocmsbio nepexoda Maprosckozo
npouecca { X (t)} nasweaemes pyrxyus

pij(s,t) = P{X(t) =j/X(s) =i}, ede i,jE€FE,0<s<L.
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Sameuanue. /13 onpejieseHus CJICIyIOT CBOHCTBA BEPOSTHOCTEH
mepexoJa:

L. > eppij(s,t) =1 nusa seex i € E.

2. pu(t,t) =1 mns seex i € E.

3. pij(t,t) =0 mnst Beex @ # j.

Bosmozkublie 3nauenust mporecca { X (t)}, To ecTb 3/1€eMeHThI MHO-
»)kecrBa F| HasbiBaroT Takzke cocrostHusiMu mporiecca { X (t)}. [Toaro-
My Dij(s,t) — BEpOSTHOCTB HEPEXO/a U3 COCTOSHUS ¢ B MOMEHT S B
COCTOsIHUE j B MOMEHT t, i,j € F.

Omnpenenenne 13.1.3. Bepoamuocmvio i—moz20 COCMOAHUA 6
momenm epemery t > 0 Has3vleaemea 6eAUNUHA

pi(t) = P{X(t) =i}, ede i€ E.

Ouesudno, wmo
pi(t) >0, > pi(t) =1
i€l
Mex 1y TIepexoTHBIMU BEPOATHOCTSIMUA U BEPOSITHOCTSIMU COCTOSTHUT

nMeeTCd CBA3b.
Teopema 13.1.1. ITycmov 0 < s < u < t, moeada

pij(s,t) = sz‘k(sa w)pkj(u,t),
k

pi(t) =Y pi(s)pri(s,t).
K

HokazareabcTBo. /lokasbiBaercs 110 (popMysie TOTHON BEPOST-
HOCTH.

Sameuanme. Papencrsa, chopMyupoBaHabie B TeOpeMe
(13.1.1), naspiBarorcst ypapaenusimu Kosmoroposa- Yenvera.

Onpenenenne 13.1.4. Maproscrut npoyecc {X(t)} naszwea-
emca 00Hopoonuim, ecau pij(s,s +t) = p;;(0,t), daa ecex i,j €
E, s,t>0.

[TpeanosoKuM, 9To Ipu KaxkaoM s > 0 mepexoaHast IJIOTHOCTD
nmuddepennupyemMa 1o ¢t npu Jo0bIX i, j € F.
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Onpenenenue 13.1.5. Hnmencusnocmsio (niommocmuvio 6epo-
amuocmu) nepexoda Nij(t) > 0 uz cocmoanus i 6 cocmosnue j 6
momerm t > 0 Ha3veaemca 6eAUNUHA

. pij(t,t+h)
Aii(t) = lim —/————= ¢
ij (t) hb 7 #J
o IIpumep 1. IlokazaTb, YTO UHTEHCUBHOCTH II€PEXOIOB OJIHO-
POJIHOTO IIPOIECCa HE 3aBUCIT OT BPEMEHHU.
P emenue B cury ognoponnoctn p;j(t,t + h) = pi;(0,h),
ITO3TOMY

Aij(t) = lim CARCRR A Aij(0) = const.

Jlastee MBI Oy/ieM paccMaTPUBaTh TOJIBKO OHOPO/IHBIE ITPOIECCHI,
BCJIEJICTBUE 9TOTO

)\ij(t) = )\ij7 pz-j(s, s+ t) = pl‘j(t).

13.2. Cucrema auddepennmanbubix ypaBueHuii Koi-
MOropoBa

Haubosbmmuit mpakTudecKuit HHTEpeC MPU UCCJIETOBAHUHN TPOTIEC-
COB OIMCAHHOTO TUIIA MPEJICTABJISET BHIYUCIEHNE BEPOATHOCTENH €ro
COCTOSTHUS B JTIOO0H MoMeHT t > 0, ec/in 3a]aH0 HAYATBLHOE PacIpe-
Jiesienne BepositHocTeit cocrostaust p(0).

Teopema 13.2.1. ITycmo {X (t)} maprosckuti npouecc, npuvem
O0AA BCEX NAP COCMOANUT © U J ONPEIeseHd, NAOMMHOCIY GEPOAM-
nocmeti Aij u Aji. Toeda seposammocmu cocmosmutds cucmemot pi(t)
ydosaemesopsrom cucmeme ypashenutdi Koamozoposa:

Wi — _py() SRy ik + Py pr(E) M
ki ki
n
ZZ‘:1 pi(t) = 1.

JlokazaTeJsbCTBO.
Ncnonbsyem paBenctBo Kosmoroposa-Henmena, a mMeHHO

pi(t) = Zpk(s)pki(s, t) (13.2.1)
k
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1 UCIIOJIB3YyeM ollpejejieHrne NHTEHCUBHOCTU IIePexXo/10B, TOrAa
Pri(h) = Agih + 0(h), k # .

YunreiBas, ato » . pik(h) = 1, moxyanm

n n
pii(h) =1 =Y pir(h) = 1= Nirh +0(h).
k=1 k=1
i i
[Mogcrasnss nocseanue jaBa ycjioBusi B paBeHcTBo (13.2.1), umeem:
n n
pilt+h) =pi()(1 =D Aih) + > pe(t)Arih + 0(h)
=t =

njm, 9TO TO 2Ke caMoe,

plt el Z M)+ 3 pi(®)wh 1 2.

h
k=1
k;éz k#i

Jlst 3aBepieHnst JOKA3ATEIbCTBA TOCTATOYHO TEPEHTH K TPEIeTy
upu h — 0

8171 B

_pz Z)\zk + Zpk; )\]m, 1€ R,

k;é'L k;ﬁz

nJjim

Op; __ n n
= —p; t — )\z + —1 P A i
{ 5 ()Z’Z# k Zlfc# k() Ak (132.2)

Z?:l pi(t) =1

Hokazarenscrso (13.2.1) 3akoHTIEHO.

[Monyuennsie ypasaenusi (13.2.2) HasbiBatorcst auddepenimaib-
HBIMH ypaBHeHUssMH Kosmmoroposa.

Bameyanue. Cucrema (13.2.2) He siBiIsieTcst JIHHEHHO HE3aBHCH-
MO, T.e OHa SIBJIsSIeTCsl H30BITOYHOH U HMeeT eUHCTBEHHOE pellleHHe

npu kaxxaoM p(0) = {po(0),p1(0),...}.
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JUIst  TpaKTUYecKOoro cocTaBjieHusi ypaBHeHuit Kojmoroposa
VI00HO TTOJIb30BATHCS TPAMUIECCKUM IIPEJICTABICHUEM IIPOIECca B
BHUJIE CTOXaCTUYIECKOro rpada.

IIpaBuio.
Beprmaavmu rpacpa sIBASIIOTCST COCTOSTHHST
nporecca. CTpeikaMi yKa3bIBAIOTCS BO3- An
MOKHBIE II€PEXOJIbI, a psJIOM C KaxK-
JIOH CTPEJIKOH 3alHChIBACTC:A COOTBETCTBY- o o
foiriasi HHTEHCUBHOCTH I11epexoJa. B jieBoit A
YaCcTH KaKJOI'O YDABHEHHUs CTOUT JPOOD Puc. 21
%, B IIpaBOH YacCTH CTOJIBKO CJIATaeMbIX, CKOJIBKO CTDEJIOK CBs3a-

HO ¢ cocrostaueM 1. Ciaraemble Gepyrcst co 3HakoM "mrroc", ec-
JIH CTPEJIKA HAIIPABJIEHA K COCTOSIHUIO, U co 3HaKoM "muuyc" | ecim
CTPEJIKA BBIXOJUT U3 COCTOSIHUS 1.

Kakmoe ciaraemoe paBHO IPOU3BEICHUIO HHTEHCHBHOCTH IIE€PE-
X0/1a, OTMEYEHHOH Ha CTPEJIKEe, Ha BEPOSITHOCTH TOI'O COCTOSTHUSI, U3
KOTOPOT'o CTpeJiKa BhixoauT (puc. 21).

L = —N\ap1 + Aa1p2
2 = —No1p2 + Ma2p1
p1+p2 =1

o IIpumep 1. JIByXmporeccopHasi BBIYUCIUTEIbHAS CHCTEMA
[IpegHa3HaYeHa, 1jIsi 00pabOTKHU IPOCTERIIEro MOTOKA, 38189, IOCTY-
MTAIONINX C MHTEHCUBHOCTHIO A . IIpom3BoanTe/IbHOCTD IIPOIECCOPOB
OJIMHAKOBA. 3aiada CJIydaiiHbIM 00pa30M IPUHUMAETCSI Ha, O0CIIY K1~
BaHme mporeccopoM. Ecau oba mporeccopa 3aHATHI, MTOJb30BATEND
nosryvgaer orkas. [locTpoiite rpad GyHKIIMOHUPOBaHUS JAHHON CH-
CTeMbl U 3alldIuTe cucTeMy auddepeHnuaj bubiXx ypapHenuit KoJ-
MOI'OpPOBa 10 PasMedYeHHOMY rpady, €Cjii HHTEHCUBHOCTH PEelIeHUs!
38189 MEPBBIM IIPOIECCOPOM PABHA [4], BTOPBIM — [i9.

P e m e 5 n e. PaccmoTpuM BO3MOXKHBIE COCTOSIHUSI CHCTEMBI,
KOTOPBIE OIPEIEJISIIOTCST COCTOSTHUSIMU ITPOIIECCOPOB: g — 00a Ipo-
[Ieccopa MPOCTAMBAIOT; 41 — IEPBBINA IIPOIECCOP 3aHAT PEIIeHueM
3ajlad, BTOPOIl TPOCTAUBAET; t2 — BTOPOI IPOIECCOP 3aHAT, IEPBBI
[IPOCTANBAET; i3 — 00a MPOIEccopa 3aHsAThI PEIIEHUEM 3a/1aM.

Ipad dyukumonnpoanusi cucreMbl uMeer BuJl (puc. 22):
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Ky
Puc. 22

Ilo rpady 3zammmiem cucremy JUHEHHBIX ITuddepeHIualIbHbIX
ypasuenuii A.H. Koamoroposa:

o = —2\py + papa + pup1
% = p2ps + Apo — Ap1 — fup1
2 — \p1 + Aps — piaps — pips
% = p1p3 + Apo — p2p2 — Ap2
Z?:o pi = 1,
nJjam

(%P0 = —2)\py + pp1 + pap
% = Apo — p1(A + p1) + paps
87’? = Ap1 + Ap2 — p3(p2 + 1)
G = Apo — p2(p2 + A) + paps

\ 2?20 pi = L.

13.3. Dproauveckue CBOICTBA OJHOPOJHBIX MAapPKOB-
CKUX CJIyYJallHBIX ITPOIIECCOB

Ounpenenenne 13.3.1. Maproscruti npoyecc { X (t)}, t > 0 na-
36IBAEMCA IP20OUMECKUM, ECAU O M0B020 HAMAALHO20 pacnpedene-
nus seposmmuocmet; cocmosnuti pr(0), k € E npedeavnvie seposm-
noemu limy_,o0 pr(t) = pr, k € E, npuvem {pg, k € E} ne sasucam
om {px(0), k € E} u ydosaemeoparom ycroeuro py > 0, >, pr, = 1.
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IIpu amom pacnpedenenue eeposmmuocmets {px, k € E} nasweaemcs
cmayuonaprom pacnpedeaenuem npovecca X (t).

EcJin BBINIOJIHEHBI yCI0BU, YKa3aHHble B onpezenennn (13.3.1),
To pacupesnesnenue {py, k € E} cymecrByer u yI0BIeTBOPSIET aared-
panyeckuM ypasHeHUAM KoJIMOTOpOBa:

=Di(t) > k=1 Aik + D k=1 Pk(H) ki = 0
"o - k#i ki
Ei:l pz‘(t) =1,

IIPUYEM DeEIIEeHNEe CUCTEMBI €JIMHCTBEHHO.
Bameuanme 13.3.1. Cucrema ypasreruii (13.3.1) nosyqaercs

(13.3.1)

u3 cucreMbl jgugdepennuanbabix ypapaennii (13.2.2), ecom mosio-
JKUTh %’;" =0, pi(t) =pi, i € E.

Samevanwme 13.3.2. Cucrema (13.3.1) cnpasemimuba, ecin
{X(t)} mmeer KoHEUHOE YHCIIO COOOIIAIOIUXCST COCTOSTHHUIA.

¢ IIpumep 1. PaccMorpuM mpoCcTEHRInyo 3aa4y TeOPUN Macco-

BOIro O6CJIy}KI/IBaHI/IH — 3a/la41y O CPYHKHHOHHPOBELHI/II/I O/JHOKaHaJIb-

HOH cucTeMbl OOC/TYKUBAHUS C OTKA3aMM, Ha BXOJI KOTOPO# MOCTY-
maer poCTEeiIuii MOTOK 3asiBOK C MHTEHCHBHOCTBIO A (3asiBKa, 3a-
CTaBIlIas KAHAJ 3aHATHIM, IOKUJIAET CUCTEMY ), & HHTEHCUBHOCTD 00-
CIIy’KUBAaHUS 3asiBKU paBHa Bejmuune u. OupenesnM Ipeae/bHbIe
BEPOSITHOCTHU COCTOSTHUI PacCMATPUBAEMOIO IIPOIIECCA.

P em e n ue B gannoMm ciaydae cucremMa MMeeT JiBa BO3MOXK-
HBIX COCTOSIHUSI: 1] — KaHAJ CBODOJIEH; io — KaHaJ 3aHsT (puc. 23).
MaremaTuaeckast MOIETb JAHHOTO IIPOIIEC-

ca MaCCOBOTO OOC/TY2KHBAHUSI UMEET BHUI: A
Op1 _ _
FI D1+ pp2
G = —1p2 + Ap1 m
p1+p2 =1,
Puc. 23

BajaguM  HaYaJIbHOE  PACIPEIEJICHHE
p(0) = {a,1 — a}. Hoxcrasusst py = 1 — pa B HepBoe ypaBHeHHe
CHCTEMBI, MOJLYTaeM:

{ W1 = Apy+ p(1—pr)
p1(0) = a.
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Perum 3a1avy Kormn JJIAd JIMHEITHOT'O HEOJHOPOJHOI'O YpaBHEHUA

_ H —(A+p)t H
t) = - — _—
p1(t) (a /H_)\>€ +M+)\

B cuny Toro, aro pu+ A > 0, e~ (At 0 npu t — oo, ITOJTy IaeM 110

OTIPEJIETIEHUTO
- . 1

= lim t) = ——.

p1 = lim pi(t) Y

AHaJIOruIHO oIy YaeM:

A

o = lim po(t) = ——.

p2 = lim po(t) i

Nraxk,

et
P= pHN p+X)

3ameuanue 13.3.3. [losryueHHbie pe3yIbTaThl MOXKHO BBIBECTH,
€CJIM BOCIIOJIb30BaThCs HE OIIpEIeIeHHEM, a CUCTeMOH uddepeniin-
aJbHbIX ypapHennii (13.2.2):

—Ap1 +up2 =0
—pp2 + Ap1 =0
p1+p2=1

Pemus cucremy, mosiyuaum te e pe3ysabrarsl (puc. 24).
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13.4. IlyaccoHoBckmii Impomecc

IMycrs {X ()}, 0 < t < 0o — MapKOBCKHUil IIpOIECC, HPUHU-
MaIoNui HeOTpHUIATEIbHbIE TIeT0YnCIeHHbIe 3Hadennsa. O6o3HaInM
X (t) — amciio nosiBienust cobbiTusi 3a BpeMs t, P(t;t+h) — Beposit-
HOCTB MOSIBJIEHUST XOTsI OBI OTHOTO COOBITHUST HA TTPOMEKYTKE BPEMEHI
[t; t+ h]. IIpenmooxkuM, ITO IpKU KaXKJIOM ¢ CYIIECTBYET IMOCTOSTH-

BERT P(t,t+h)
nag A(t) = limj_o =3, KOTOpas Ha3bIBACTCHA MHTEHCHBHOCTDHIO
mportecca.

Onpegnenenne 13.4.1. [Ipocmetiwum nomokom cobvimuti Hasvi-
BAEMCA UEAOUUCAEHHBIT MAPKOBCKUL, NPouece, YdosaemsEopAouul
CAEOYIOUWUM YCAOBUAM:

1) {X(t)} — o00nopodnwt uru cmayuonaprvii npouecc, Mo
eCMb €20 MPUPAUEHUE 3ABUCUM, OM BEAUNUNDL NPUPGULEHUS aP2Y-
menma P{X(t+h) — X(t) =k} = P{X(h) =k}, Vt,h > 0.

2) {X(t)} — opdunaproii npoyecc, mo ecmv cobvimus 6 nomo-
Ke cAedyIom cmpozo 00Ho 30 OpY2uM U He NPOUCTOOA, BMECE

P{X(t+h) — X(t) =1} = b + 0(h),

P{X(t+h) — X(t) > 1} = 0(h).

3) {X(t)} — npouecc 6e3 nocaedeticmeuti, mo ecmv cayuatirvie
seauvunv, { X (t1), X (t2) — X (t1), ...} nesasucumwv 8 cosokynmocmu.

3ameuanue 13.4.1. OpauHapHsiii porecc 6e3 mocieaeHcTBuil
HA3BIBACTCST MTyaCCOHOBCKHM TTPOIIECCOM.

N3 croiicTBa 2 MOJIyIUM JIBa BayKHBIX CJIEJCTBHS:

a) P{X(t+h) —X(t)=0}=1—-P{X(t+h)—X(t)>1}=
1 —Ah+0(h).

6) P{X(0)=0}=1.

Heitcrurensuo, P{X(t + h) — X(t) = 0} = P{X(h) = 0} =
1 —Ah+0(h), ecim h =0, To P{X(0) =0} = 1.

YenoBue 2, 2a, 26 ¢ yIeToM yCI0BUs 3 B OOBITHBIX 0003HATEHUIX
MOKHO 3allicaTh B BUJIE:
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0, i >k

MA+0h), k—i=1
1—Ah+0(h), k—i=0
0(h), k—1i>1.

B coorBercTBUE ¢ ycioBueM rpad cocTosiHuit mMeer Bu (puc. 25):

Puc. 25

pik(h) =

Cocrasum 1o rpady ypaaenus: Kojgmoroposa

T = —po
&L = —\p1 + Apo

Ft = APk + APk—1
Zk pr(t) = 1.
Hauasbubie yenosust p(0) = {1,0,0,...,0} umeror Buj, 06ycsios-

JIeHHBIIT caegcTBueM (6).

st pemenusi cucrembl ypasaennii Kosmvoroposa paccMorpum
npousBosinyo dyskimo ¢(z,t), |z| < 1.

o(z,t) = B2V = szpk(t), |z| < 1.
k=0

OueBusiHO, uTO Y(2,t) YIOBIETBOPSIET YCJIOBUIO yPABHEHMUSI
0
{ 5 = Ao+ 2
©(2,0) = 2%0(0) + 2zp1(0) + ... = 1.

[Tosyunm:
gO(Z,t) _ Cef()\f)\z)t7

90(2,0) =c=1,

k
Oz, 1) = e~ A7)t — oA <1 + Azt 4 2F (A1) +.. ) ,

k!
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k
crenoBarensho, py(t) = e M (/\I:') .

B nostyuennom seipazkenun X (t) = A\t — cpejiHee YUCIIO TOsIBIe-
Hust coObiTHs 3a Bpems (0;t).

Takum 06pazom, Ipu KaxKJIoM t ciaydaiinas seaumanna X (t) pac-
npeJiesiena 110 3akoHy IlyaccoHa ¢ mapameTpom At.

3ameuanune 13.4.2. [Iporecc Ilyaccona He mmeer HH CTAIHO-
HapHOT0, HH IIPEJE/ILHOIO PACIPEIeICHUs, TaK KaK

o0
lim p(t) = pr =0, Vk, wu ciaegoBaresbHO Z;ﬁk # 1.
t—o0 o

OnuH 1 TOT Ke MaTeMaTUIeCKUil 0OBbEeKT MOXKHO HHTEPIIPETH-
poBaTh HO-paszHoMy. 1lyacCOHOBCKMIT TIPOIECC MbI OIPEIEJIMIA KAK
OPJMHAPHBIN MPOIECC ¢ HE3ABUCUMBIMU IpupalieHuaMu. FKean ke
9JIEMEHTBI CKAYKOB Tporiecca (IIyacCOHOBCKHI IIPOIECC MPUHIMAET
TOJIBKO I1€JIble 3HAUEHUS U €0 TPACKTOPUU — MOHOTOHHO HEyObIBaIO-
e cTyreHdarsie GyHKIWN) OTOXKICCTBUTH ¢ TOYKAMHI Ha JefiCTBI-
TEJbHOI OCH, TO MOXKHO OYIET CUUTATb, UTO IIYACCOHOBCKUU ITPO-
[IECC — ITO COBOKYIIHOCTDH CJIyYaWHBIX TOYEK HA NPIMOI MJIA ITOTOK
MOMEHTOB HACTYILIEHUsI COObITUIT Ha ocu BpemeHu. [losicHuM cka-
zannoe. [lycrs cucrema mojaBepKeHa MIHOBEHHBIM M3MEHEHUSIM, KO-
TOPBIE MOTYT OBITH OOYCJIOBJIEHBI TAKUMU COOBITHSME, KaK PAaCIa]l
dusnueckoit JacTuIbl, TeJeOHHBIN BhI30B U Jp.. Bce mamenenust
OIOOHBI APYT APYTY, U Mbl HHTEPECYEMCsl TOJIBKO MX ODIIUM YUC-
jgom. Kaxkmoe Takoe nsmeHnenne n (hUKCUPyeTCsl Ha BPEMEHHO# ocH,
HaC K€ MHTEPECYeT CJydailHOoe pacCIpejiesieHue TOYeK Ha JIefHCTBU-
TEJIbHOU OCH.

Paccmorpum pacmpejiesienne MpoMexKyTKOB MEXKIy MOMEHTaMU
COOBITUI B IIyaCCOHOBCKOM ITOTOKE C MHTEHCUBHOCTHIO A > 0. IlycTn
Tp — CJIyvailHasi BeJIMYMHA, XapPAKTEPU3YoIas JJIUHY HHTEPBAJIA
BpPeMeHH, B TeYeHHe KOTOPOI'O IIPOIECC U3MEHsIET CBOE COCTOSHUE C
77k _ 177 Ha ” k??_oe.

Teopema 13.4.1 . Ecau {X ()} — odnopodnwii nyacconosckui
NPOUECC € UNMEHCUBHOCTNDIO X, MO PLCNPEIEAEHUE NPOMENCYMKOS
BPEMEHU T, MEHCIY MOMEHMAMU €20 CKAYKOE HE3ABUCUMO U UMEET,
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noxasamenvHoe pacnpedesenue ¢ PYHKUUET pacnpedeseHus

1—e M t>0

dokazaTeabCcTBO.
F. (t) = P{m, <t} =1— P{m, > t},
TaK KaK T = tp — tx—1, TO OPU T > ¢ TOJyIUM:
P{rp >t} = P{X(ty_1+1) — X (tp_1) = 0} = P{X(t) = 0} = e ™.
CretoBaTe/ibHO,

—At
F,(t)=1—P{r, >t} = { é’ teéo.,t>0

Hokazarenscrso (13.4.1) 3akoHTIeHO.

HezapucumocTh ciiydaiiHOM BEJIMUNHBI T OT ITOBEJIEHUS IIyacCo-
HoBckoro nporecca { X (¢)} ma moxyocu (0; 00) ciieryer n3 He3aBUCH-
moctu npupariernit X () Ha Helepecekaronuxcs naTepBaiax. Jud-
dbepenImpys 10 ¢, JErko HAXOUM IIOTHOCTH BEPOSITHOCTH

Xe ™M t>0
Pr(t) = { 0,t<0.

[Tycrs cay4vaiinas BesnanHaa ty, — MOMEHT BPEMEHH, B KOTODBIIi
nporecc u3 "k — 1”7 cocrostaus mepexonuT B ' k”-0e cocTosTHHE.

Teopema 13.4.2 Ecau {X(t)} — odnopodnwii nyacconosckui
NPOYECe ¢ UHMEHCUBHOCTNBIO N, MO PACTPEIEAENUE MOMEHMOE EPe-
meny ty, umeem pacnpedeserue Ipaared

)\ef)\t()\t)kfl
p(t)=q ol
0,t<0.

dokazaTeabCcTBO.
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— At ()™
Cymma t = an:loe ’\t% MIPEJICTABSIET CyMMAapHOE BpeMs
oKuganus k-oro coObITHSI; OHA UMEET (PYHKIUIO PACIIPEICICHUs

F, (t)=P{ty <t} =P{X(t) >k} =1—P{X(t) <k} =

k—1

_ e (AD)™
=1- E e T t > 0.
m=0
Huddepenrupys 1o t, HAX0AUM IIJIOTHOCTb BEPOSITHOCTH
B At ()1 _
/ _ _ At o At
2t (B — 1)(\t)F—2 oy (A)FE
A4+ —A+...+————A) =] .t .
X( TR N o T

[Tosny4yennoe raMMa-pacipeae/ieHue Ha3bIBAIOT PACIIPEICICHIEM
OpJianra.

13.5. IIporecc yucroro poxkaeHus

[Tpocreiimmm 0606IIEHIEM TTyaCCOHOBCKOT'O TIPOLECCa, SIBJISAETCST
IPOIIECC IUCTOTO POXKJIEHUS, €CH JOIMYCTUTD 3aBUCUMOCTD BEPOSIT-
HOCTHU OCYIIECTBJICHUsI COOBITHS B JAHHBIH MOMEHT OT YHCJIa COObI-
THii, KOTOpbIe yKe mpousonum. Hampumep, BOCIPOU3BEIeHNE K-
BBIX OPIaHU3MOB, KOIJIa IIPU COOTBETCTBYIONIUX YCJIOBUAX — U300H-
JIMM TIAIIA, OTCYTCTBUM CMEPTHOCTH, OTCYTCTBUU MUI'DAIAU U T.JI.,
BEPOSATHOCTH POXKJICHUS B JIAHHBIA MOMEHT IPSIMO IIPOIIOPIUOHAIBHA
pasmepy nomysanun. OupeaesnM MMponece YUCTOr0 POXKICHUS KaK
mapkoBckuii mporiece {X (¢)}, ¢ > 0, yaoBiaerBopsomuii mocTysa-

1) P{X(t+h)—X(t)=1/X(t) =k} = \h+01(h), h — 0;
2) P{X(t+h)—X(t)=0/X(t) =k} =1—Nh+02(h), h — 0;
3) P{X(t+h)—X(t)<0/X(t)=k}=0,k>0;

4)  X(0) = 0 —uucsio poxenuii B Moment ¢ = 0.

Ectmu h > 0 w n > 1, To o dopmysie MOJHONW BEPOATHOCTH,
MapKOBCKOMY CBOMCTBY U IIOCTYJIATY 3 UMEEM:

pult+h) = 3" pu(t)P{X (1 + 1) = n/X (1) = k} =
k=0
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= peOP{X(t+h) - X(t) =n—k/X(t) =k} =
k=0

=3 P (OP{X(t +h) — X(1) = n— k/X(0) = k} =
k=0

=N p(OP{X(t+h) — X(t) =n — k/X(t) = n).
k=0

I[Ipu £ =0,1,...,n — 2 umeem:
P{X(t+h)—X(t)=n—Fk/X(t)=k} <

< P{X(t+h)—X(t)>2/X(t) =k} =01(h) +0z(h)

nJjimn

P{X(t+h)—X(t)=n—k/X(t) =k} <
< P{X(t+h) - X(t) >2/X(t) = k} = 03(h).

Takum obpazom,

Pt + ) = pu(t)h = Ao+ 02(R)] + pua(t) Aa_1h + 01 (h)]+

n—2
+>  pr(t)0s(h)
k=0
Pn (t+h) —DPn (t) =DPn (t) [_)‘nh"’_O?(h)]"’_pn—l(t) P‘n—lh-ﬁ-Ol (h)+0n(h)]

Ilenst va h u nepexojist K npejeny npu h — 0, moayaum:

25 = dovolt)
%,f(t) = *)\npn(t) + )\nflpnfl(t)

¢ HavaabHbiMu yesoBusivu po(0) = 1, p,(0) = 0, A > 0. IlpoBens
[I0CJIEIOBATEIbHOE UHTEIPUPOBAHUE, [TOJIYIUM:

po(t) = Xopo(t),
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)

A - ~
PO = 3 _OAO [e Aot _ =Mt

Ao 1 1
P20) = X " x0 [ 2e — Ao Xo — Ay

MozkHo BBIMCATH U O0INEe pelnienne, yoeauBImuch, 9o pg(t) > 0.

OpxHaKo, ecii A, pacTyT CJUIIKOM OBICTPO IPU pocTe k, MOYKET CJIy-
o0

quTcs, 90 » oo o pr(t) < 1.

[Ipu KakwxX yC/JIOBUSAX MPOUCXOIUT OBICTPBIN POCT Ak, JdaeT Cje-
Jytomast TeopeMa ( [18], crp. 456).

Teopema 13.5.1 (@estepa.) /as mozo, wmobv. npu 6cex 3na-
wenuazx t pewenus pi(t) ypasnernuids wucmozo posicderua yoos.aemaeo-
pasu coomnowenuto Yy po o pr(t) = 1, neobrodumo u docmamowio,

co 1 __
umobvL 3 i - = 00.
Hoka3zaTeabcTBO.
1. PaccMOTpHM YaCTHYHYIO CyMMy psiga » oo o Pk(t)

—Xot _ 6—)\1t) + (6—)\1t o 6—)\2t)

sn(t) = po(t) + p1(t) + -+ pu(t).

W3 ypaBHeHmil pa3MHOKEHNS BLITEKAET, ITO

S;L (t) = —\uPn (t))
TOTIA

1—s,(t) = An/o pn(T)dT (13.5.1.)

Tak Kak BCe WIeHBI CYMMBI Sy, (t) HEOTPUIATEIbHBI, TO IPH KaXKJIOM
dbukcupoBanHoM t cymma S, (t) ¢ Bospacranuem n He yobisaer. O6o-
3HAYIWB

lim (1 — s,(t)) = p(t),

n—oo

nMeeM .
)\n/ pr(T)dT > p(t),
0

", CJIe0BATEHHO,
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Tax Kak npu Ji060M t, N UMeeT MEeCTO HEPABEHCTBO Sy, (t) < 1, To

11 1
t > p(t) xTn Tttt

Eciu psan Y02, i PACXOIUTCsI, TO U3 MOCJIEJIHEIO HEPABEHCTBA, BbI-
rekaer, uto u(t) = 0, Vt, ciegoBarebHO,

lim (1 — s,(t)) =0,

u, cjaeaoBaTe/JIbHO,
[e’¢)

sp(t) = Zpk =1.

k=0
2. O6parno. U3 (13.5.1) sacuo, uto

An /pn Ydr > 1
¢ 1 1 1
sp(r)dr < ( —++—+-++— .
/0 (7) (/\0 A1 /\n>

B npenene npu n — oo mosydaem:

/Ot(l— gi;

k=0

Ecau p(t) = 0, Vi, To fg(l — 0)dr = t, Tak Kak t TPOU3BOJIBLHO,
TO Y 1 i PaCXOAUTCsL.

13.6. IIporecc poxXaeHusi U rudesn

O1HO U3 04EeBUJIHBIX 0OOOIEHUI IIPOIIECCOB YUCTOIO POKICHUS
COCTOHT B TOM, ITOOBI 1103BOJIATE Iporieccy { X (t)} kak BospacTars,
Tak 1 yObIBaTh, HAIIPUMED, U3-3a IUOE/IN WIEHOB MOy IIun. TakuM
00pa3oM, ecjii B MOMEHT BPEMEHHU ¢ IIPOIECC HAXOIUTCS B COCTOSTHUM
1, OH MOKeT 4epe3 HEKOTOPBIN CIIYYalfHbII OTPE30K BpEMEHU epeiiTh
B Ji000e u3 coceaunx cocrodauuii ¢ + 1 mau ¢ — 1. Bosnukaromue mpu
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oM "Tportecchl THbesn 1 poxKIeHuss" MOT'YT PAaCCMaTPUBATHCA KaK
IIPOTIECCHI ¢ HEIPEPBIBHBIM BPEMEHEM, CJIy’Kalllie aHaJoraMn CIIy-
yaliupix Omyxuanuii. CroxacTudeckuit rpad mporecca pecTaBiIeH
Ha pucyHKe 26.

Puc. 26

Mper npennosnoxum, aro {X (t)} sBasgercs MapKOBCKUM MIPOIEC-
COM C COCTOSTHUSIMU 1, 11,12, ... W, 9TO €I0 BEPOSITHOCTHU IEPEXOIA
pij(t) cranmonapuer. Kpome Toro mpemosnozknum, 49to p;;(t) yaosie-
TBOPSIIOT TIOCTY/IATAM:

1) piir1(h) = Nh+0(h), i > 0;

) pii—1(h) = psh +0(h), i > 1;

) pii(h) =1— X+ pi)h+0(h), i > 0;

) pii(0) = ij;

5) po =0, >0, uji, \y >0,2=1,2,....

Paccyxieausimu, 10100HBIMU T€M, KOTOpbIE OBLIN POBEIEHBI

=W N

BBIIIIE, MOXKHO IIOJIy4YUTh cucteMy ypaBHeHuii Kosimoropona, ymnpas-
JISIIOIILYIO ITPOIIECCOM T'MO€eJI ¥ PA3MHOYKEHUSI.

1o)
pgt(t) = —Aopo(t) + pap1(t)
TR
D) — (O + ) (E) + e (8) + M1k (£).
(13.6.1)
Bompoc o cyiecTBoBaHNN U €IMHCTBEHHOCTH PEIIeHUsT CUCTEMBI

(13.6.1.) coBcem He mpoct. CopmysupyeM cBoiicTBa perenuii aud-
=10
nu .

depeHInaIbHbIX yPABHEHN
Teopema 13.6.1. Ecau A, > 0 uw p, > 0, mo cywecmesy-
€M NONOAHCUMEABHOE PEUEHUE CUCTNEMBL QUPPHEPEHUUAAOHVLT YPAG-

10T]epBoe mOKA3aTEIHLCTBO TEOPEMEI CYIECTBOBAHUSI U KPHTEPHUs €[HHCTBEH-
HOCTH OBLIIO IPUBEIEHO B pabOTE aMEPUKAHCKOTrO y4ueHOro Yuiabsama Desrepa B
1940 r. ITogpoGuee YnTaTes b MOXKET O3HAKOMUTHLCH B yuebHnuke [18].
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nenuti npoyecca eubeau u postcderua, maxoe wmo Y pyyy < 0. Ecau
Koapuruernmo. o2paruiens, (U 603pacmaiom AdoCmamouHo meod-
AEHHO), O IMO pPewenue eQUHCMEEHHO U YOOBAETNEOPALT YCAOBUIO

> Pr() = 0.

MoxHo jokazarh, uro npu t — 0 mpemesbl CyImecTBYIOT, He 3a-
BHUCAT OT HAYAJBHOTO COCTOSIHUSA ¢ U YAOBJIETBOPSAIOT yPaABHEHUIM
Kosmoroposa, rie mpaBast 9acTh paBHa HYJIIO, T.€.

—Aopo(t) + pipi(t) =0
— (M + pr)Pr(t) + Ap—1Pk—1(t) + pr1Dr41(t)
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J-pacnpenesienue Jlupaka

DTO MOHSATHE BBEJEHO B JIBAIIATHIX I'OJIAX MPOIILIONO CTOJIETHS
KpymHefmuM anmmaiickuM dusnkom-TeopetnkoM [losrem Iupakom
(1902-1984), ocHoBaTesIeM KBAHTOBON MEXAHUKH JIJIsI OIIMCAHUS BO3-
MyIeHnit (Macca, 06beM, 3apsij) B CTOJb MaJOM OObeMe, 9TO €ro
MO2KHO OBLJIO OBl IPUHSTH 33 TOYKY. JlocTaTouHO MpOCThIe paccy k-
JIeHUsI, TIPUBOISIIIIIE K 9TOMY HOHSITHIO, MOXKHO HAWTH B €ro KHUTE
"[puryunsv. Keanmosols mexanuku" [6], 1 CyTh UX B CJieLyrOIIEM.
[IpencraBumM cebe eMHUYIHYIO Maccy, "pa3sMasaHHyB" B OKPECTHO-

CTH HYJIS C IVIOTHOCTBIO
o0

, / de(x)dx =1.
—0o0

0, |z| <
66(x) = { 4 | |
o0
Ho rorma pasencrso lin% [ 6c(x) dx = 1 upencrasasier coboii npu-
E—>

D™ N[ ™

=0 |z|>
— 0o

HSTBIA 38 UCTHHHBIN (DAKT, 9T0, KAK ObI MBI HM C2KUMaJIH " HOCUTE b
Macchl" | caMa Macca JIOJIPKHA OCTABATHCSI TOCTOSIHHOW, PABHOM €11~
Huie. A Tenephb MONBITAEMCs IIPEJICTABUTE cebe HEKYIO MPEIe/IbHYIO
"§-pynryuro " §(x), rakyro, aro (cm. [6])

705(m)d:v:1
g();):(), x #0.

(1)

[IpumepoB yHKINHE J. MOYKHO IIPUBECTH MHOXKeCTBO. BoT oanH
U3 HUX:

1

& 1
‘x|> ) / 65(517)d513:*€:1, Ve > 0.

5
(2)
OiHaKO HUKAK He yIaeTCsl IPUBECTH IpuMep caMoil d-yrkimu. Ha-
IpUMEP, €CJIN MONBITAThCS MepedTn K mperneny npu € — (0, TO MBI

N[ D™
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oo, =0

0, x#

poe cJeyeT Ha3BaTh HPOTHBOPEYMBLIM (JIydIle CKa3aTh "GecCMBbIC-

gennbiM") 1o cienyromieit npuanne. Uexons uz dpusnyeckux coob-
oo

paykeHHUi, MBI JOJIKHBI IIPEIIOIOKATE, uTo [ Jo(z)dx = 1, HO B
—0o0

MaTEeMATHICCKOM aHAJIM3€E TAKOM MHTEerpaJj M3BeCTeH, OIPeIe/IeH Kak

IPUJIEM K BBIPAZKEHUIO lin% de(x) = do(z) = { , KOTO-
E—>

HecOOCTBEHHBIN 1 00g3aH ObITH PaBHBIM HYJIIO:

—€

/ do(z) dx = lin%) do(z) dx + lin}) / do(z)dz =0,
1

—00

ITOCKOJIbKY HA YYaCTKaX WHTEIPUPOBAHUS [0/l 3HAKOM IIPEJIesia
MTOLIHTErpaibHasd (PYHKIUS MMOCTOSHHA W PaBHA HYJ/II0. Takum 00-
pa3’oM, MaTeMaTUYECKUe PACCYKAEHUs] TIPUBEJIN K IPOTUBOPEYHIO C
GUBTIECKUM CMBICIOM.

fcno, aro onpenenenne §-pynknuu (1) BHI3BAIO MOIIHYIO KPH-
Tuky (a ciycrst 50 JieT €Tajio sICHO, YTO 9TO ONpPEJIeJICHUE TIPUBEJIO
K PEBOJIIOIMU B MaTeMaTHKe, T.K. JIajJ0 BO3MOYKHOCTH IO-JIPYTOMY
OCMBICTUTH OCHOBBI UM DEPEHITNATEHOTO U HHTETPATBHOTO UCUIUC-
nenwusi). II. Tupak, nelitascs yiiTu or Kputuku, B [6] Hammcas cie-
nytoree: "/leavma-pynrkyus 6(z) ne asasemca gynrkyuel 6 coom-
BEMCMBUL C 0OBIUHBIM MAMEMAMUYECKUM ONPEIEAeHUY PYHKUUL,
xoeda mpebyemcs, 4mobvl GYHKUUA UMEAA OTNPEICAEHHOE ZHAUEHUE
0As 00020 3HaMEHUA apeymerma. Imobv. ommemums omausue om
06vi4H020 onpedenenus GYHKUUUL, MOACHO HA3BAMD MAKYI0 BEAUNU-
ny, kak 0(x), npucoedunennol dynxyuet. Taxum obpazom, 0(x) He
ABAAEMCA MAKOT BEAUNUHOT, KOMOPYIO MOHCHO 6IA0 ObL UCTLOABIO-
6aMb NOBCIOAY 8 MAMEMAMUYECKOM GHAAUSE; €€ NPUMEHEHUE JOAHC-
HO ObIMb 02PAHUMEHO HEKOMOPHIMU NPOCTNOMY MUNAMU MATMEMA-
MUNECKUT BBPAACeHUli, AL KOMOPHLT IMO NPUMEHEHUE, HABEPHAKA,
ne npusedem x npomuesopeuusm”.

Iocnenneii ppaszoii I1. Jlupak Kak 66l 3alpeTryl UCIIOIb30BATh 0-
dbyuknuio B Mmaremarndeckom anasmze(!). Ceitgac MbI MOXKEM CKa-
3aTh, 9TO O-(DYyHKIUSI TIPOYHO BOIJIa B MaTeMaTUIECKUI aHAJIU3
U B €ro NpujoyKeHus (IJIABHBIM 00Pa30M B TEODPHIO MHTErPaJIbHbBIX
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u juddepennuanpubix ypashennii), a II. Tupak B cBoeM ompe-
neernn (1) yeranosusn "dwusmaeckuit cmpica”" mHTErpasa or o-
pacIpeiesieHusi PABEHCTBOM

/ d(x) dr = lim Oc(z) dx = 1.

=0 J_

Jns onumcanus B3aUMOJEHCTBUSA € "TOYEUHBIM BO3MYIIECHU-
em"(r.e. ¢ §-dynxiwmeii, unora ropopsar, "umiysnbcom") B [6] npume-
Hsgercsd ciaenyoomast cxema. CHavajia paccMaTpUBaeTCs JIUIIL pas-
Ma3aHHas IJIOTHOCTR" | a 3aTeM, TOC/Ie MOy YeHns Pe3yIbTaTa, Hal0
nepeiiTu K npejeny (ecjau OH CyIecTBYeT), KOrjia uaMeTp 00JIacTH,
3aI0JIHEHHO "pa3Ma3aHHON IIOTHOCTBIO" | cTpeMuTCst K HyJsr0. Ta-
KOI ITOIXOJ, HPUBOIUT K PE3YJIbTATaM, KOTOPBIE yIAETCS IPOBEPUTD
Ha IIPpaKTUKE, U IIO3TOMY YaCTO HCIIOJIb3YETCdA B COOTBETCTBYIOIIUX
zamadax. Hajgo ckasaTb, 94TO M ¢ MaTEMATHYCCKOW TOYKH 3PCHHUA
9Ta cXeMa JIaeT OYeHb pa3yMHBIH pesysbrarT. JleficTBUTeIbHO, IyCTh
MaTeMaTHIeCKIe Mpeodpa3oBanust ¢ MJIIOTHOCTHIO J.(T) mpuBesn K
HHTErpaabHOMY BBIPAXKEHUIO

o)

lim dc(z) f(z) dz

e—0 oo
¢ HenpepbiBHOI dyukmeit f(x). [Ipumensisi nepByto TeOpemy O CpeJi-
ueM ( [10], crp. 459) 1 0603HAYUB COOTBETCTBYIOILYIO CPEIHIOI TOY-
Ky B uHTepBaje (—e/2,e/2) yepes &, noaydum:

o0 oo
im [ 6.(2) f(z)do = lim £(5) / 5.(2) dz = lim F(&.) = £(0).
e—0 N e—0 o e—0
(3)

DTu paccyKJIeHus MO3BOJISIIOT OIPEJEeJUTh JeiicTBue (HeBeIOMOil)
O-PYHKIIUN PaBEHCTBOM

/_ " f(@)8(x) dz = £(0). (4)

3/1ech MBI BUJIUM TJIABHOE, UTO OTJINIAET 0 (2) OT OOBIYHBIX (DYHKITHIA.
Henvra-dyukmus Jdupaka — 910 He PYHKIMS B OOBIYHOM CMBICIIE,
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a (yHKnuoHas (pacipejiesieHue), CTaBsIIuii B COOTBETCTBUE KaXK-
JIOM JIOKAJIbHO WHTErpUpyeMoil (DyHKIINH, HEIPEPLIBHON B OKPECT-
HOCTH HYJIs, ee 3HadeHHme B Hadaje koopiamuar: (0,¢) = ¢(0). B
COBPEMEHHO{1 JInTepaType UMEHHO TOT (DYHKIMOHAJ U Ha3bIBaeT-
cst O-pacnpedesenuem Jupara. Nnrerpasnbhas dopma (4) paBeHcrsa
(0,) = ¢(0) mo/KHA IIOHUMATHCSI B CMBIC/IE IENOYKH DABEHCTB
(3). (Cam Iupax B |6] TpakToBas pasencrsBo (4) Kak CBOHCTBO 0-
dbyukuun, Koropas onpeesena pasercrsamu (1)).

IIpuBeieHHbBIE BBIIIE PACCYZKJIEHUs! JAI0T OCHOBAHUE HOJIOKHUTD

(6, )= / 5(x) f(z) du=f(0) (5+f /(5yx y) dy=F(y).

AuddepeniiupoBanue pacripegejaeHnin

Pacnpe;peﬂeHHe f HaJ KjaccoMm npo6me dbyuxiwmit {¢} oupee-
nsiercst B Bugie (f, ¢ f +OO () dz. Kitacc npobubIx dyHKIunit
OOBITHO no,q61/1paeTCH (0] yCJIOBI/IIO samaan. Hambostee pacmpocTtpa-
HEHHBIMHI SIBJIAIOTCA Kaaccsl D = D(Rj) — MHOXKeCTBO GECKOHETHO
b depenimpyeMbx GyHKIWIA ¢ KoHedHbIM HOcuTeeM u S = S(R;)
— MHO>KeCTBO O6ecKoHedIHO nddepeHnpyeMbIx (hyHKIIH yObIBao-
[IUX BMECTE CO BCEMU IIPOU3BOAHBIMU NIPU || — 00 GbIcTpee 110601
crenerm |x|~!. CooTBeTcTByIOIMe KTacchl pacrpeaenennii 06o3Ha-
qatorcs D' u S (moppobrocTu eM. B yuebHuKe [3]).

Eciu perynsipuoe pacupegesnenne f € D'(Ry) 3anaercs qudde-
pennupyemoii dyuknuedi f = f(x), uHTErpUpOBaHUEM II0 YACTSIM,
TTOJTY I1M

/ T P ) ela) dr = fa)e(@)] %, - / " fa) @ () de =
- / " f(@) @ (@) de

Baech Beipaxkenue ciaesa npu ¢ € D(Ry) (wm ¢ € S(R1)) nmeer
CMBICJT JIjist JIF00O#i JIOKasIbHO MHTerpupyemoii dyukimn f, (1opox-
Jasoreil Mejienno pacryiiee pacupegesnenne u3 S’(Ry)). Dro pano
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OCHOBaHUE BBECTHU CJIEJIYIOIIEE Olpejie/icHre IPOU3BOSHOI OT pac-
mpeaesieHus .

Ounpepesienune. IIpouszsodroti om pacnpedeaenus f € D'(Ry)
(usu f € S'(R1)) nasweaemea dynkyuonan

fr=(0)==(f¢). (5)

[To muayKIME OIpeIe/IsIeTCsT TPON3BOIHA TOPSIKA 1M

([ @)= (=1D)"(f, ™).

Omnpenenenne (1) mo3BOJIsSIET HAXOAUTH TPOM3BOJHBIE PACIIPE/Ie-
JleHuii, 3amaBaeMblXx HeguddpepeHnupyeMbIMa PyHKIUAMA. Hampu-
Mep, nycrb f(x) nuddepeniupyera Be3je 3a UCKIOUEHNEM TOUKH
T(, TOE OHA IpeTepleBacT PasphbiB Iepioro poga. Obo3zHadmM yepes
[f]z, ckauok dyuxmuu f(z) B Touke xo: [flz,=f(z0+0) — f(20—0).
B sToM cinydae mpomsBomHad oT f B CMBICJIE PACIPEIETICHAN €CTh
dyHKIIMOHAT

f1 =@} flay 6(z—20), (6)
rae {f'} — (kimaccuueckast) npoussognast or f(t) B T€X TOUKax, rjie

ona nuddepenupyema. JleiicTBUTEIBHO, HHTETPUPYS [0 YACTIM,
TIOJIY 9UM:

(flvgp) = _(f? (P/) = _/_OO f(iL‘) 30,<.1‘) dx =

—00 0

S ( " +/:°> f(@) ¢/ (x) dz = (f(x0+0) — f(zo — 0)) p(x0)+

+ / {F'(@)} () de=(hb(a—zo)+{f' ()}, 9).

B cinyuae ecin dyHKINSA nMeeT KOHEYHOE UM CIETHOE MHOXKECTBO
TOYEK Pa3pbIBa MEPBOTO POJIA B TOYKAX &; U CKAYOK (DYHKIIUU B ITUX
TOYKaX paBeH h;, TO MPOU3BO/IHAS COOTBETCTBYIOIIECTO (PyHKITMOHATIA
OTIPEJIETISETCST COOTHOIIIEHUEM:

f'= {f’(x)}—l—Zhié(x—:ci), (7)
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rie {f'(z)} nupousBoguas dyukuuu f(z) B Toukax x # x;. B qacrHO-
ctu GyHKIMs XeBUcaiiia CBsI3aHa ¢ 0 — paclpeaeeHreM CJIe Ly FoIei
dbopmynoit ©'(t) = 6(t), rae npousBojHas IMOHUMAETCS B CMBICTIE
onpenenenns (5). Anagormano ©'(t —7) =4d6(t —7), Vr € R;.
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3HaueHUud ILJIOTHOCTU HOPpMaJIbHOI'O pacliipeaeJjieHn:A

pix) x [HES]

0, [ass F,30) 0,001723
0,359 3,32 0001512
0,rE2s 3,34| 0001508

X Eix) |x B} X pixp x
v ' ' i’ S(0,1023
: - = 2

Arar=)

1
1,66
1,67
1.68 o= | ossefoooian
1.69 oozey | 3seloo0131s
1.70] nmeas | saefoooizss
1,71 om0 | 3azioooiis
1,72| omesa | 344 oo0iors
o, 1,73 0246 | 34600000
0,1 1.74 00235 | saefoooooss
)0, 1,75 0,0224 0000573
o, 1.76 00213 0,0003 14
0,1E 1,77 00203 10,0007 56
; 23]o. 1.78 00194 0,0007 05
0,14 07351 0,69 |0 5744 1.24)0,1545 1,74 00154 0000557
0.15 |0,3945 |o.ro |o3123 | 12sfoiezs | te0 0,0175 0,000512
06 02959 071 |0E101 12600 1504 1.81 |0 0167 OL0005ES
0,17 |0.2932 |o7z |oaove | re7foarer | tez 00158 0,000529
0.18 |0,2025 073 03056 | 12801758 | 1.83)0 20 151 0, 000450
0,19 |0.2918 |o.7a 0303 | 1zefoarie | 1ea 06143 0,000457
020 |o=ei0 |ors |oz0ir | asefo iz | aes 00,0136 0000425
0.21 |02902 |ore |ozgee | wa3ifoass | tsee 00129 0,000354
022 |o=m04 |07y |0ooes | 13z|oEes | e 0o 0, O003EE
0.23 |ozoEs |0 |ozga3 | 133foaesr | ves 00116 0,000340
024 |osmee |ore |ooooo | oaadfoess | e glo01 10 | 0000215
0,25 |ozoer |o.se |oze9v | 13s|ooeoa | 1se 00104 0,000252
0.26 |0=887 o1 |ozaze | aaefoisan | g0 fiNE st 0,0001271
0,27 |ozmar |ogz |ozeso | vaifogser | 1ez ] [EREECE] 0,000251
o8 |o=m3e |oas |ooser | oaasfoasss | odas) | [EEaE 0000252
0,29 |oze2s |osa |ozeos | vasfooasie | 1ea 0,0084 0,000215
0,30 |07514 |0.8s |o27a0 | 14e|oa07 | 108 00079 00,0001 53
0,31 |00z |oae [0zse | vadfoare | ee 00075 0,000 54
0,790 o273z | 1az|oass | 197 4o o7 0,000 70
0208 | 1asfo1aas | ves |o.oer 0,0001 57
ozees | tadfoais | 109 8|0,0053 0,0001 45
oze61 | 1as|oEaa | 200 0 C0RD 0,000 54
02637 | 146|01374 | 2.01 00056 0,000109
oz613 | 1aifoazss | 2oz o053 | o4,10f 0oo00es
ozse9 | 1asfoaz34 | zaea o050 | 40150000073
[ 2565 1.4%]0 1315 204 0,0047 4,200 0000068
oz541 | 1.50fozos | zes o044 | 4.250 000004
02516 15101276 2,06 ] IR RS 4,30 0,000025
oza02 | 152fozs7 | zav o000 | 40350000031
0oaes | assfoses | ores slocosr | 440 0000008
02444 | 154f01z19 | 200 00035 | 4.4s|o0o000z0
ozaon | assfoazoo | oz oroes | 4seloooo0is
ozios | 1sefodiez | oz 00031 | 4.ss|ooo001s
157f011Es | 22| oooza | 4eof ooo000)
1.58[0,1145 | 2.3 oozy | 4.es| 000000
i50f0 1107 | 24 oooes | 4gef oooooos
160f0,1109 | z.5|00a96 oooz4 | 4075|0000
16ifoanee | oxae ooz | 4eofoooo00a
16zfo 07 | 2 00021 | 4,85 0,000005
1.63|0, 1057 3.26|0,0000 | 4.90) 0000000
1.64)0, 9040 azsfonis | s.weofoooooo

Tab.1
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Snauvenus dpynkmnuu Jlammaca

IR,
q)(x):\/%/o e T dy

Bx)

] X

0,368
0,408
0,1443
0,1480
01517
0,1554
0,1501
0,1628
0,1664
0,1700
01736
0,1772
0,1808
0,144
0,1879
01915
0,1850
0,1085
02012
0,2054

054
055
056
057
0E8
0,59
070

072

10,2028
02123
0.2157
0.2130
02224
02257
0.2201
0.2329
02357
0,2380
0.2472
0,2454
0.2486
02517
0.2549
0.2580
0.2611
0.2642
0.2673
0.2704
0,273
0.2764
0,2704
0.2823
0,2852
0.2881
0.2010
0.2339
0.2067
0.2995
0,3023
0,3051
0,307
0,3108
03133
0,3150
03186
03212
03233
0.3264
03229
03315
03240
0,3365
0,3320
03413
0,3428
0.3961
0.3425
03508
0,3531
0,3559
03577
0,2599
03621

0,2642] 1,65

047032
04792
04203
04002
04312
04247
04821
04226
04830
0.4224]
0.4338
04842
0,445
04250
0, 4254
04857

256

270

274
2768
278
280
282
2,34
286
238
290
232
294
2385
238
3,00
302
3,04
3,08
308
3,10
312
3,14
318
318
320
322
324
326
338

0,4851
0,4052
0,4956
0,4050
0,4961
00,4062
0,4865
0,4057
04082
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SHavyenuss ((QYHKIUU BEPOSATHOCTH PpaclpeaesieHus
IIyaccona

DL
PR) = gpe
| o1 02 0,3 04 05 08 0,7 0,3 03 1

k

(e} 0904537 0518731 0,740818  0,670320 0606531 | 0548512 0406535 0,449329 0406570 0,367579
1 0090424 0163740 0222245 0,268128 0,303265 1 0,320287 0347610 0,359453 0365913 0367379
2 0,004524 0016375 0,023337  0,053626 0075816 0008726 0121663 0143785 0164661 0,122040
k] 00004151 0001092 0003334 0,007150 0012636 | 0,019757 | 0028388 0,032342 0,048392 00513132
4 0,000004 0000055 0,000250 0,000715 0,001820  0,002984 0,004058 0,007662 0,041115 0,015328
5 0000002 0,000015 0,000057  0,000452 | 0,0002356 0000696 0,0041227  0,002004 00032056
| 0000001 | 0,000004 0000013 0000036 0000031 0,000164 0,000300 ) 0,000511
v 0,000004 | 0,000002 0000002 0,000019, 0,0000320 0000072
] 0.000001 | 0,000002 | 0000004 0,000002
S 0,000001

x| =0 3,0 4,0 5,0 &0 7.0 2,0 3,0 10,0 110

k

0 0135335 0049727 | 0,0183416 0,006738  0,002473 ) 0,000212 0000335 0,000123 0,000045 0,000017
1 0270671 0149361 0,073263 0,033690 0,014573 0006353 0002654 0,001111 0,000454 0,000154
2 0270671 0224042 0148525 0,084224 0,044612 0022241 0040725 0,004002 0002270 0001010
= 0.180447 | 0224042 0195367 | 0.140374 0,080235 0052128 0028626 0014984 0007567 | 0,003705
4 0,000224  0,162031 0,125367 | 0,175467 | 0,133853 0,001226 0057252 0,033737  0,012217 0,0104189
5 0,036089 0,100519 0,156283 | 0,175457 | 0160623 | 0127717 0,091604 0060727 0037833 0,022415
& 0,012030 0050409 0,104196 0146223 0160623 0149003 0122138 0,091000 0,063055 0,041095
B; 0.002427 | 0021604 0050540 0,104445 1 0, 1237677  0,140002 | 0120527 | 0117116 0,000070 0054577
te] 0.000858 00028102 0029770 00656272 0, 103258 0130377 0139587 0131756 0112599 0033794
Ea] 0,000494 | 0002704 0,013231 0,036266 0,068238 0101405 0124077 0131756 0,125410 0108526
10 0,000038 0000210 | 0005292 0018133 0,041203 ) 0,070283 0099262 0,118520 0125110 0119378
11 0,000007 0000221 0,001925 0,005242 ' 0022528 0045171 0072190 0,007020 ' 0,113736 0119378
12 0,000001 | 0000055 0000542 0002424 0011264 0026250 0042127 | 0072765 0004720 0,109420
13 00000431 0,000197  0,001321! 0005199 0014488 0029515 0,050375 0072008 | 0,092505
14 0,00000:32 0,000055 0,000472 0002228 0,007094 0046924 0,032384 0052077 0072753
15 0000001 | 0,000015 0,000157 | 0,000291 | 0,003311 0009026 0,012431 | 0,034718 0,053352
16 0000004 0,000042 0,000334 0,001445 1 0,004513 1 0,010930 0,0215699  0,036620
17 0000001 0,000014 0,000112 0,000506 0002124 0,005726 0,012784 0023734
12 0,000004 | 0,0000:39 0000232 0,000844 0,002203 | 0,007024  0,014504
13 0,000004 | 0,000012 | 0,000025  0,000227  0,004370 0,003732 0,008397
20 0000004 0,000020 0,000159  0,000617 | 0,001866 0,004518
21 0,000009 0000040 0000051 0000254 0,000258 0002419
22 0,000000 0000003 0000022 0,000108 ) 0,000404 0,001210
23 0.000000) 0000001 | 0,000002 | 0,000042 1 0,000475 0,000573
24 0,000000 ) 0,000000 0,000003 | 0,000048 | 0,000073 0,000265
25 0,000000 0,0000000 0,000001  0,000005 ¢ 0,000028 0,000417

Tab. 3
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3HaveHus IJIOTHOCTHU 1 (PYHKIINY IMOKA3aTEeJIbHOTO pac-
npejiesjieHnus

Tab. 4

1 2 3 4 5
L3 p(x] |F(x) |pix} |F(x} |pix) Fix) [pix} |Fi{x) |p{x) [F(x)
0.05 13097] DE0e7| 2selt] 1 ae2t| zoavan| 2o 5.8940] 22940
0,10 15375| -0537s| 22235 -1 2325| 3Em13| 1) 3,03z7| 20927
0.20 1 za06| -0 3408 1 B4Ea| 0 E2Ea| 17073 2
0,30 1097e] -0peve] 12190 02197 12048 1,157
0.10 oges7| 0a013| ogozs| oo09e4| 0075 07T
0,50 n7358| 02642| 05e24| 03308 05413 04104
0,50 og0z2a| 03976 04989] 05041] 03629 0,2439
0.70 0493z| o05068| D3674] 0B3zs| 02432 0,1510
0,50 nanss| osmez| 02722 072Fs| 00630 00916
0,90 03306 05e94| 020160 0,7984] 01093 00555
1.00 O2707| O7293| 07454 08508 0074 [EJEEE
1,10 o221 o774 00108 08894 004 00204
1.20 o814 ogtes| 008200 09980 00329 00124
1.30 027250 OF275] 004851 08515] 00607 08353 0,022 0,007 5
1,40 oz466| 07534l nazie| oaves| opdsn| opss0l 00148 00045
1.50 02231| 07769 0pgss| 0a004] 00953 09es| 00099 00028
1.60 ozoia| ozoei| opeis| ogies| ofbzar| 05753 00066 0,007
1.70 oas27| os173| opesr| ogE3E| opiEs| 08817 00045 00010
180 | 01553 0@347| 0pade| 02454 00435 08885 00030 0,0006
1,90 0,1496| opsod| opssr| 09553] opico| o8e00| 00020 0,0004
2,00 01353 0ge47| Dpsee| 05e34|l 00074 08EDS 00013 0,000
2,10 0zzs| ogers| opsool ogvool op0s5| 08045 00009 0,0001
2.20 o11o8| opesz| opzde| ogvsd| opo4ai| oses9| o000
2.30 o003| ogse7| npz01| osvos| opoc0| osovo| o004
2,40 ooe07| og0ed| Doies] ogsss| 00022 0govE| 00003
2.50 oo321| omrs| opias| ogees| opoiz| opoes| ooooz
250 opraz| ogesr| oot ogseool opoi2| ossss| 0 ooo0
2,70 ops72| ossza| npoac| oasio|l opocal ogeo
2,80 oos08| oggez| 0povra] ogeos| 00007 O goo3
2.0 opssn| osasd| opoet| nsogs| ooocs| o goos
3,00 ao4ss| ogsoz| oooso| ogeso|l opocsa| ogeos
3.0 aoas0] oges0] 00041 osessl 00003 ogeoe
3.20 ooana| oesz| opoaE| oooes] opooce| o oooe
3.30 oozes| 0se31| opoze] ogerEl opooz| 09958
3,40 00334 Osees| 0oz ossqel o000 09999
3.50 | oogoz| ogses| opooie| 029ed
.50 oozral oo7sF| ooois| o Soes
3,70 aoza7| ogres] ootz 0 aess
.80 opzzd| ogrre| opoiol ogeso)
3,90 oozoz| oores| opooos] o Seon
4,00 omaz| ageiF| 0ooo7| 0 Fed
4,10 ootes| 0ge3a 0poos] o @@
1.20 ooisn| oosso| oooo4] oo60E
4,30 0o3s| 0sesa] 0D004| 029
1,10 oo1za| opery| opoos| o ooy
450 no111| opeas| opooz| o9s0E
4,50 00101| 0gs9s| 0pooz| 0999
4,70 oooeq| opoog| opooz] o soos
4,80 ooosz| osaig] opooi] o Feo)
4,00 noore| 0sEE
5,00 00057 0sead
5.50 oman| ooess
6,00 00025| 09575
6.50 0,0015| 09968
T.00 [N EaTeE] IS REEER
7.50 00006[ 05994
.00 0,0003| 09997
9,00 ooon1| og5es
10,00 | 00300 10000
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