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VYyeOHoe nmocobue no anredpe MHOTOWIEHOB NMpeAHa3HAYEHO JIJIsl OpraHu3aluu
y4eOHOM JiedaTenbHOCTH OakajlaBpoB OYHOM M 3aoyHOM QopMm oOydeHus 1o
HamnpaBJIeHUAM NOAroToBKM «MaremaTtukay, «llemarornyeckoe oOpa3oBaHuE,
«IIpuknannas marematnka u uHpopmatuka», «MHpopMaTHka M BBIYUCIUTEIbHAS
TEXHWKa» B paMKax O0a30BBIX TUCIHMIUIMH, a TakXke KypcoB Mo BbiOopy. Llemb
HACTOSIEro M0ocoOUsI — CoJIeHCTBOBAThH 0oJiee TIyOOKOMY YCBOEHHUIO TEOPETUUECKOTO
MaTepualia, MPUOOPETEeHHIO HEOOXOAMMBIX TMPAKTHUYECKUX HABBIKOB  PpEIICHHUS
anreOpanyeckux  3agad. [locobue  MoxkeT  ObITh  MOJIE3HO  aclUpaHTaM,
NperoiaBaTeNIIM MaTeMaTUKd B YUPSKIACHHAX CpEeIHEro MpodecCHOoHaIbHOTO
o0pa3oBaHusl, yYUTEISIM IIKOJ, BEAYIINM padoTy B IPO(MUIBHBIX Kaccax.
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BBenenue

[lonsiTe MHOTOWIEHA, WJIM LENOH palUOHAIBHOM (QYHKIMH, OT
HEU3BECTHOTO X BO3HUKIO B CBA3M C 3ajadyeld peleHus anreOpandyeckux
YpaBHEHUN C OJIHUM HEU3BECTHBIM, M3YYCHHEM KOTOPOW 3aHUMAINCh YK€ B
riryookoit apesHoctu. Emé 3a 2000 net 10 H. 3. B IpeBHeM BaBwmiioHe ymenn
pemiath 3a7aydd, CBOJAIIMECS K KBaJpPaTHBIM YpPaBHEHHUSM, a MPH IMOMOIIU
TaOJIML pelIagyu HEKOTOPbIE 3a1aul, IPUBOASILINE J1aXKe K YPAaBHEHUSIM TPEThEil
CTENEHU. V3yueHue MoJMHOMHUAIIBHBIX YPABHEHUM M UX PELIEHUI COCTABIISIIO
€/1Ba JIM HE IVIaBHBIN OOBEKT «KJIACCUUECKON anredopbh».

C wu3ydyeHHMEM MHOTOYJICHOB CBSI3aH LENBbIM psiag NpeoOpa3oBaHUN B
MaTE€MaTUKe: BBEJEHUE B PACCMOTPEHHE HYJIS, OTPULIATENBHBIX, a 3aTEM H
KOMILJIEKCHBIX YUCEJN, @ TAKXKE MOSBJICHUE TEOPUU TPYIII U BbIIEIECHUE KIACCOB
CHEeIMATBbHBIX (YHKIUI B aHATTH3E.

K umnciy BaKHEWIIMX CBOMCTB MHOTOYJIEHOB OTHOCHUTCSI TO, YTO JHOOYIO
HENPEPBIBHYIO (YHKIMIO MOXHO C IMPOU3BOJBHO Majod OMIMOKON 3aMEHUTh
MHOroujgeHoM. OJtor (Qaxkt (teopema Beilepmrpacca), noKa3pIBaeMbli
CpEICTBAaMH MAaTE€MaTHYECKOTO aHajliu3a, JAeT BO3MOXHOCTb HPUOIMKEHHO
BBIp2XaTh MHOTOWICHAMHU JIIOOYIO CBSI3b MEXIY BEITUYHMHAMH, H3y4aeMyiO B
KaKOM-JIN0OO BOMNPOCE €CTECTBO3HAHMS W TEXHUKU. TaKkKe MHOTOWIEHBI
UCTIONB3YIOT B KypC€ YHCIEHHBIX METOJOB B BOIPOCE WHTEPIIOIUPOBAHHUS
byHKkuMid  (HampuMep,  MHTEPHOJSLMOHHBIM ~ MHorouneH  Jlarpanxka).
TexHuyeckass TPOCTOTa BBIYMCIEHUH, CBS3aHHBIX C MHOTOYICHAMHM, IIO
CpaBHEHHIO ¢ 0Oojiee CJIOXKHBIMU KJjaccaMu (yHKIHH, crmocobcTBOBaIA
pPa3BUTHUIO METOJIOB Pa3JOKEHUS B Psiibl U NOJUHOMUAIBLHOW MHTEPHOJISAIUHN B
MaTEeMaTUYECKOM aHaJIu3e.

MHOrowIeHbl TakK€ WIPAOT KIIIOYEBYIO pOJIb B alredpanyecKkou
r€OMETPUH, OOBEKTOM KOTOPOM SIBIISIIOTCS MHOKECTBA, OINpPEICNEHHbIE Kak
pemieHuss cucTteM  MHOTrowieHoB. (OcoOble  CcBOWCTBa  MpeoOpa3oBaHUs
K03 (UIIUEHTOB MPU YMHOXKEHUH MHOTOWIEHOB UCIOJIB3YIOTCS B TEOPUH Y3JI0B
U JIpyTUX pasjenax MaTeMaTHKd [ KOAMPOBAHHUS WM  BbIpaXKCHUs
MHOTOYJICHAMH  CBOMCTB  pa3IMYHBIX  00BEeKkTOB. M3yueHuwe  anreOpbl
MHOTOUYJICHOB WTpaeT (yHAaMEHTAIbHYIO pOJb B YCBOCHHH MHOTUX
MaTEeMaTHYECKUX JUCIUTUIHH.
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Pa3nen I. MHOrO4/1eHBI OT OJIHOM MEePeMEeHHOH

IIpakTuuyeckoe 3ansiTue Nel

Teopema o nesiennu ¢ ocTaTKoM. JlejieHe MHOTOYJIEHA HA
ABy4JieH X-a. Kopuu MHoro4/1ena.

Teopernueckuii MaTepuas

MHoOro4jeHbl Ha/J 00J1aCTHIO HEJIOCTHOCTH
[IpuBenémM HEKOTOpBIE MPUMEPHI MHOTOYJIEHOB, paccMaTpPUBAEMbIE B
IIKOJIBHOM Kypce aireopsbi:

3x2—2x+5 — MHOrouwleH BTOpPOH CTENEHH C  LEIbIMH
ko3P dunreHTamu,

x3 +§x +5 — MHOroujieH TpPETbe CTENEeHH C pPaIHMOHAIBHBIMU
koadurmenTamu,

0-x% ++/2x —7— MHOroWwIeH NepBOil CTENEHH ¢ ACHCTBHTEIHHBIMH
koadurmenTamu,

—147 — MHOTOYJICH HYJIEBOW CTENEHH,

0 — HyJIEBOI MHOTOYJIEH.

YTouHuM 00JacTh 3Ha4YCHH KOAP(UIHMEHTOB MHOTOYJIEHOB, KOTOPbIE
MBI OyzmeM paccMaTpuBaTh B JanbHEHIIeMm. JIJisi 3TOro HAaOMHUM 0Oa30BbIC
MOHSTHUS KyPChI BBICIIEH anreOphl.

Omnpenenenue 1. Koasuom nazvieaemcs nenycmoe mmoxcecmeo K ¢
ONpeOenéHHbIMU HA HeM OUHADHBLIMU ONEPaAYUSIMU CLONCEHUS. U YMHONCEHU,
KOmopbie Y0081emeopsatom cledyrouum yCa08UIM:

1)  cloXeHue acCOIMaTUBHO M KOMMYTAaTUBHO:

(a+b)+c=a+(b+rc)
a+b=b+a
IUTs JIFOOBIX a, b, ¢ € K;

2) cymiectByeT 3neMeHT 0 € K, Ha3bIBa€MbIN H)1éM, TaKOH, 4TO a +
0 = a ana moboro a € K;

3) I BCSIKOTO 2jieMeHTa a € K cylectByeTr »ieMeHT —a € K,
HA3BIBACMBIN NPOMUBONONONCHBIM TS a, Takou uto a + (—a) = 0;

4)  yMHOXEHHE acCOIIMaTUBHO:



(a-b)-c=a-(b-c)
U1 1100BIX a, b, ¢ € K

5) YMHOXCHHUC I[I/ICTpI/I6YTI/IBHO OTHOCUTCIIBHO CIOXXCHMS:

(a+b)-c=a-c+b-c
c-(a+b)=c-a+c-b
Ut JII0OBIX a, b, ¢ € K.

Kombo K Ha3bIBa€TCS KOMMYMAmuGHviM, €CIHM yMHOXXEHHE B HEM
KOMMYTaTUBHO: a-b = b-a nnsa nmobsix a,b € K.

Konbiio K Ha3bIBaeTCS KObYOM C eOuHuyell, €CiIu CyIIECTBYET dJIEMEHT
1 € K, Ha3piBaeMbIil edunuyeti, Takoiuroa-1=1-a = a.
DnemeHThl a, b € K Ha3wiBaroTcs deaumenimu nyas, ecnu a # 0, b # 0,

HO a*b = 0. Ecnm ke B KOJbIle HET TaKUX 3JEMEHTOB, TO OHO Ha3bIBACTCS
KObYoM be3 Oenumeneti H)Jisl.

Onpenenenue 2. Ilonem nasvieaemcsi xommymamusnoe koavyo P c
eouHuyell, OMIUYHOU Om HYId, 6 KOMOPOM GBCAKUU HEHYAeB0U INeMeHm

obpamum, mo ecmv Ons mobozo 0 # a € P cywecmeyem snemenm a”! € P,
makoti umo a-a "t =1,

Onpenesnenue 3. Oonacmoro uenocmHocmu Ha3vleaemcsi

KOMMYMamueHoe KOIbYo ¢ eOuHUuyell, OMIUyHoUu om Hyis, 0e3 oenumenetl Hys.
[Ipumepamu o0nacTeil 1ETOCTHOCTU SIBIISIOTCS KOJBIO IEIbIX Yucen Z,

guciaoBeie Mot Q, R, C. BooOme, Bcskoe mojie SBISIETCS 00JIaCThIO
[EJIOCTHOCTH.

KonTpnpumepst:

1) KOJIBIIO YETHBIX IIEJIBIX YMCEN HE ABIAETCI 00JIACThIO [IEJIOCTHOCTH,
MOCKOJIbKY HE COJICPKUT €IUHULIBI;

2)  KOJIBLIO KBaJPATHBIX MAaTPHUIl HE SBJISICTCS 00JIACTBIO IICIIOCTHOCTH,
MOCKOJIbKY OHO HE KOMMYTaTHUBHO);

3)

HYJICBOC KOJIBIIO — CAMHCTBCHHOC KOJIbBIIO, B KOTOPOM HYJIb PAaBCH
CAHNHUIIC.

Onpenenenue 4. Muozounenom mnao ooaacmvto uenocmuocmu K
Ha3zvleaemcs HopMaibHoe BblpadiceHue Uod

apx™ + a1 x" 1+ t+ax+a, (1)
(cmanoapmuas 3anuce MHO20Y1eHA),



e0e Qy, An_q, -, 01, Qy Ae1AIOMCA nemenmamu u3 K u Hazviearomces
KoI(ppuyuenmamu muozounena, Oykea X 0003HaAUAEmM NEPEMEHHYIO C
obnacmwio onpedenenus K.

Kaxnoe cnaraemoe B cyme (1) HasbiBaeTcs uienom muozounena. Orcrona
MIPOUCXOASAT HA3BaHUS «OJHOWICH», «IBYWICH», «TpéxuwieH». Crmaraemoe a,
HA3bIBACTCS C80O0OHBIM UJIEHOM.

Jliis 0003HaYEeHUsST MHOTOUYJICHOB HCIONB3YIOTCSI cUMBOJBI f(x), g(x) u
T.1. MHOXECTBO BCEX MHOTOWICHOB HajJ o00JacThio 1enocTHOocTH K
ob6o3Hauaetcst K/x].

Ecmm Bce koadduimenTs MHOTOUYJICHA pPaBHBI HYIIO, €0 HA3bIBAIOT
HY1e6bIM.

Ecnu B cranmaptHO# 3amucu MHOrowieHa koddduuuent a, # 0, To oH
Ha3bIBACTCSl CMapuum Kodgguyuenmom, COOTBETCTBYIONIUNA OJHOWICH A,X"
HA3BIBACTCS CIMAPUUM UTIeHOM MHO2OUIEHA.

MHorowieH Ha3bIBaeTCS npugedéHuviM (HOPpMUPOBAHHBIM), €CIIU €To
cTapimii Ko puireHT pasex 1.

JloroBopuMcCsl CYUTaTh, YTO MHOTOWICH HE W3MEHUTCS, €CIU K HEeMY
IpUnMcaTh J000€ KOJIMYECTBO HEJOCTAIONIMX OJHOYJICHOB C HYJIEBBIMU
kodddurenTamu, MO0 MCKIIOYUTH W3 3alUCH TaKU€ OJHOUICHBL. Takum
00pa3oM, B 3allUCH MHOTOWIEHa dn X"+ a,_x" 1+ --+a;x+a, mo
YMOJYaHHIO cuuTaeM, yto 0 = apyq = dpqp = =

Onpenesenue S. /[sa mnozounena f1(x) u f,(x) nHazviearomcs pasuvimu,
ecnu ona mobozo K kosppuyuenm muocounena fi(x) npu x* pasen
xoappuyuenmy muozounena npu fo(x) npu x* (mo ecmv pagmwi
coomsemcmaylowiue Kodppuyuenmot).

PaBeHcTBO MHOTOWIEHOB OyaeM 3amuceiBath. f; (x) = f5(x).

OnpenenuM croogicenie MHO20UNEHOS.

(@ x™ + ap_1x" 1+ +ax+ay)+ (byx™+by_1x™" 1+ -+ bx+by) =
= (ay + by)x™ + (ap_q + bp_)x™ 1 + -+ (a; + by)x + (ay+by)
Takum 00pazom, umobdwsl CrodHCUMb 084 MHO2OUNIEHA, HYHCHO CIONCUMb UX

coomeemcmayouue Ko3ppuyuenmol.

B 3anucu cymMmBbl IByX MHOTOWICHOB ClIaraéMble aixi u bl-xi, i=0,1,..

1, HA3BIBAIOTCS NOOOGHbIMY, 3 HAXOXKJICHHE MX CyMMBI a; + b; = (a; + b;) * x*

Ha3bIBACTCA npusedenuem nooodorvlx. CienoBareibHO, CI0KEHHE MHOTOYICHOB

CBOJMTCS K IPUBEACHHIO TT0I00HBIX.



Ol‘[pe,Z[eJII/IM VYMHOJICEHUE MHO2OYIEHOS.
(Apx™+ a1 x™ T+t a;x +ag) (bpx™+ by x™ 1+ -+ byx + by)
Ay by x™ ™ + (b1 + A1 b)) x™ L + oo + (ay;by + aghy)x + agb,
Takum 00pa3oM, umoObl NEpevlii MHO2OUNEH YMHOXCUMb HA 6MOPOL,
HYJICHO KaXCOLILL YNCH Nep6020 MHO20ULEHA YMHONCUMb HA KAXCObIL UleH
8MOPO20 MHO20YNEHA, 3aNUCAMb CYMMY NOTYYEHHbIX OOHOUNCHOE U NPUBecmu
noooouvle.

Onpenenenne 6. Yucrio N Hasvieaemcsi CHENEHbI0 MHO20UICHA
fxX)=ax™+a,_x" 1+ +ax+a,.

Crenens MHOTO4IeHa 0003HavaroT deg f(x)=n=cr. f(x).

bynem momarath, 4To N — IEJI0€ HEOTPUIATEIHLHOE YHUCIIO, TOT/IA TIOA
MHO2OUTICHOM HY1e6ou cmeneHu OyIeM IOHMMAaTh IEPEMEHHYI0 00JacTu
IEJIOCTHOCTU K, OTIINYHYIO OT HYJIS.

0 (nynesoti mnoeounen) — €MIUHCTBCHHBI MHOTOYJICH, CTEIIEHb KOTOPOTO
HE omnpezereHa.

Teopema 1. Eciu cymma 0syx memynesvix muozounernos f(x) u g(x)
ABICMCSL HEHYIeBbIM MHO2OYUJICHOM, MO

cem. (F(X)+g(x)) <max{cm.f(x); cm.g(x)}.

Ipumep 1. ITycts f(X)=5x*-3x3+x-2 u g(x)=3x>-x+4.
Cm.t=4, cm.g=2, max{cm.f; cm.Q}=cm.f=4.
f(x)+9g(x)=5x*-3x3+3x?+2, cnenosarensro, cm.(f+g)=4,
T0 ectb cm. (T+g)=cm.f= max{cm.f; cm.g}.

Ipumep 2. f(X)=3x3-x2+X-2 u g(X)= -3x3+5x2-6x+4.
Cm.f=3, cm.g=3, max{cm.f; cm.g}=3.
f(X)+g(x)=4x2-5x+2, cnenosarensHo, cm. (f+g)=2,

TO ecTh cm. (T+g)=2<maxycm.f; cm.g}.

Teopema 2. Eciu f(X) u g(X) — nenynesvie mnocounemnvi, mo
cm. (f-g)=cm.f+cm.q.



Ipumep 3. BozpméMm muorowiens f(X) u g(X) u3 npumepa 2. Buaum, uro
cm.f=3, cm.g=3, cm.f+cm.g=3+3=6. OcymectBum ymuHoxenue f(X) Ha g(X),
HOJTyYUM MHOTOYIEH CTETICHH 6.

Teopema 3. Mnuoowcecmeo K[X] 6cex mmocounenos mnao obracmoro
yenocmuocmu K omuocumensno cnosjicenuss u yMHONCEHUST MHO2OUAEHO8 CAMO
AAeMes 001ACMbIO YEIOCMHOCTIU.

Hoxasamenvcmeo.  TIOCKONBKY ~ MPH  CIOKEHHH  MHOTOYJIEHOB
CKJIIQJIBIBAIOTCA UX COOTBETCTBYIOIIME KO3()(MHUIIMEHTHI, TO aCCOLMATHBHOCTD M
KOMMYTAaTUBHOCTh CJIO)KEHHsST MHOTOWIEHOB BBITEKAIOT M3 aHAJOTMYHBIX
CBOICTB CJIOKEHHUS 3JeMEHTOB o0jacTH 1enoctHocTy K. Hynem u enuHunei B
K/x] 6ynyT, cooTBEeTCTBEHHO, HyJIeBOi MHOTrOowIeH 0 u 1 EK.

JIoKa)keM acCOIMaTUBHOCTh YMHOXEHHSI MHOTOWICHOB. [1ycTh

f=ax"+a,_1x" 1+ +ax+a,,
g =Dbx"+b,_1x" 1+ -+ bx+ by,
h=cpx™+ cpox™ 1+ + cyx + ¢

Jokaxewm, uro (f-g)-h=1-(g-h).

O603HaYNM

f-9=p=ppx" +Pp_1x"" + -+ prx + py,

(f-9) h=p-h=u=upx" +up_x" 1+ -+ uyx + u,

g h=q=qux"+ qu1x"" + -+ q1x + qo,

f-@h=fq=v=vx"+v,_x" 1+ +vx+ v,

Hokaxem, 4to u =v. [l 3TOro BBUUCIUM KOIPPUIUEHTHI ITHUX
MHOTOWICHOB ¢ HOMepoM t,t =0, 1, ...:

U = z PrCx = Z (Z aibj)Ck = Z aibjck

r+k=t r+k=t i+j=r i+j+k=t
Uy = z aiqs = z a;( Z bjCk) = Z aibjck
i+s=t i+s=t j+k=s i+j+k=t

PesynbraTel OIMHAKOBBI, 4YTO M JOKa3bIBAET TOXKIECTBO accolua-
TUBHOCTH. AHAJOTUYHO JIOKa3bIBaeTCcs JAUCTPUOYTHUBHOCTH  YMHOXKEHUS
OTHOCHUTEJIBHO CIIOKEHHSI MHOTOYJICHOB.

OueBHIHO, YMHOKEHNE MHOTOWIEHOB KOMMYTaTHUBHO.

Takum oOpazom, K/x] sBisIeTCS KOMMYTATUBHBIM KOJIBIIOM C CIMHHUIICH,
OTJINYHOM OT HYJIA.



JIoKa)keM, YTO 3TO KOJBIO HE MMeEET JenauTenici Hyis. IIpeamonaoxum
HIpOTHBHOE: IycTh MHOTOWIeHsl [ (x), g(x) €EK[Xx] SABIAOTCA IENUTEISIMU
ayasa, 1.e. f(x)#0, gx)#0, vo f(x)-g(x)=0. Tak Kak JaHHBIC
MHOTOWIEHBI HMEIOT OIPEICICHHBIE CTEIEHH, TO HX IPOU3BEICHUE €CTh
MHOTOWIEH HEKOTOPO#l cTemeHw, B TO BpeMs kKak 0 eCcTh MHOrowiIeH Oe3
crenenu. [Ipunumm K npoTuBopednto. TeopeMa J0Ka3zaHa MOIHOCTHIO.

Onpenenenue 7. Konvyo K[x] nazvieaemcs Ko1byom MHO20YIEHO8 HAO
oonacmoro uenocmuocmu K. Ecnu K=P — none, mo P[x] Ha3vieaemcs
KOJIbUYOM MHO20471€H08 Hao nonem P.

Hanpuwmep,

Z[X] — x0bII0 MHOTOYJICHOB Ha/l KOJIBIIOM IIEJIBIX YUCel Z,

Q[X], R[X], C/x] — KoaBIIa MHOTOYJICHOB COOTBETCTBEHHO HaJI rmoyisiMu Q,
Ru C.

3ameuaHue. MHO0kecTBO KIx] Ha3bIBACTCSI npocmoim
mpancyenoenmuvim  pacuiupernuem oonacmu yenocmuocmu K. Cioso
«TPAHCIEHICHTHBII» O03HA4YaeT BHIXOJSIIMM 3a TPEACIbl, TO €CTh OYKBa X €CTh
3JIEMEHT JPYTou Mpupobl, yem uucio. «IIpocToe» o3Hayaer, 4To pacHmMpeHue
MOJIy4€HO BBeJIeHHEM OJHOM OykBbl. Korma OykB aBe win 0oJiee UCIOJIb3yeTCs
TEPMUH KpamHoe pacuiupeHrue (CM. pazien 2).

CsoiicTBa ACJIUMOCTH MHOI'O4YJICHOB HaJa JAaHHBIM IMOJIEM
[Mycts f(X)EP[X] u g(X)EP[X], To ecth f(X) m g(X) — MHOrOUICHBI W3
xouiblia P[], roe P — uucnoBoe moste.
Onpenenenne 1. Muozounen f(x) denumca na g(X), eciu cywecmeyem
mrozouner 4(X) ¢ kosguyuenmamu uz nons P, yoosremsopsirowuii pasencmay
f)=g(x)-a(x),
To ectb f(X):g(x) <=>f(x)=g(x)-q(x), q(x)eP[x].

IMpumep 1. f(x)=x3-1, g(X)=x2+x+1.
[Mockonbky X3-1=(x24+x+1)(x-1), To (x3-1) : (X°+x+1).

PaCCMOTpI/IM CBOIICI A 0CIUMOCHU MHO20YJICHOGE.

1. Besaxuu mnozounen 1(X) oenumes na camozo cebs.

JIeCTBUTENBHO, IS JTIOOOr0 MHOTOYJICHA

f(x)=f(x)-1 => q(x)=1 => f(x) : f(X).
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2. Beaxuii mnozounen f(x) oenumes na mmnozounen nynesoii cmenenu C£0.
[Tycts f(X)= anX"+an X" 1+... +aix+ao.

a a
Ouesmro, f(x):c-(—°+ﬁx+...+?”x ) =c-q(x).
)

 C
a3

To ects f(X)=c-q(x) => f(x):c.

3. Eciu muozounen f(X) oenumcs na mnocounen h(xX) u mnocounen g(X)
denumca na muo2o4ner N(X), mo muozounen f(x) + d(x) deaumcs na h(x).

Iycts f(X) = h(x) =>f(x)=h(x)-qu(X).

Mycts g(x) : h(x)=>g(x)=h(x)-qa(x).

Torma f(xX)+g(x)=h(x)-q1(x)+h(x)-g2(X)=
=h(x)(A1(x)+02(x)) =h(x)-q(x) =>(f(x)+g(x)) : h(x).

IL@J'II/IMOCTB Pa3HOCTHU AOKa3bIBACTCA aHAJIOTUYHO.

4. Ecnu (x) 2 h(x), mo (f(x)-g(x)) : h(x).

Iyets f(X) : h(x) => f(X)=h(x)-qs(X).

YMHOKUM 00€ YacTh BeIpaXeHHs Ha §(X), MOTyIrM
f0)-9(x)=(n(x)-0:(x))-g(x).

Taxk xak f(x)-g(x)=h(x)-(@1(x)-g(x)),

to f(x)-g(x\)=h(x)-q(x) => (f(x)-g(x)) : h(x).

5. Ecmu f(X):g(x) wu g(X):h(x), mo f(X):h(X) (ceoticmeo
MPAHZUMUBHOCIU).

Mycts f(x) : g(x) => f(x)=g(x)-q1(x).

Mycts g(x) : h(x)=>g(x)=h(x)-q2(x).

Torza f(x)=(h(x)-02(x))-q1(x) => f(x)=h(x)(G2(x)-q1(x)) =>

J6)=h(x)-q(x) => f(x) : h(x).

6. Eciu f(x):g(x) u g(X):f(x), mo mmnocounenwr f(x) u g(x) mocym
OMAUUAMbCS TUULL YUCT08bIM MHOXMcumensm, m.e. T(X)=c-g(X).

ycts f(X) 2 g(x) => F(X)=g(x)-q1(X).

Mycts g(x) : f(x) => g)=f(x)-q2(x) (2).

Toraa f(x)=(f(x)-02(x)) -a1(X)=>F(x)=F(x) -(@2(%)-02(x)) (2).

11



Ecmn f(x)#0, To u3 (2) => q2(%)-q1(X)=1, T.e. paBeHCTBO (2) MOXKHO
cokpatuth Ha f(X) => 2(X) 1 q1(X) — MHOrOWIECHBI HYJIEBOI CTEIICHH.

ITycte q1(X)=c, Torma f(x)=c-g(x). Ecau f(X)=0, To u3 (1) cneayer g(x)=0,
no3romy paBeHcTBO f(X)=C-g(X) BImoTHsCTCS TipH JTF0O00M C#0 13 mmosts P.

I[eJ'IGHI/Ie MHOT'OWIEHA Ha MHOTOWIEH MOKHO BBIIOJIHUTD «CHOJLOUKOMY.

Ipumep 2.
f(x)= 3x°+2x*-3x3+7x%-5x-4,
g(x)= x3-2x%+3x-7.

3XE+2x*-3x3+Tx2-5x-4 |x3-2x2+3x-7
T 3x5-6x44+9x3-21x2 Bx2+8x+4
8x*-12x3+28x%-5x
T 8x4-16x3+24x2-56X
_ AX3+4Ax*+51x-4
4x3-8x%+12x-28
12x%+39x+24

Urak, f(X)=g(x)(3x?+8x+4)+(12x?+39x+24),
rae 3x?+8x+4=q(X) — nenonnoe uacmmoe,
12x24+39x+24=r(X) — ocmamox.

TeopeMa 0 1eJIeHHH € OCTATKOM

bynem paccmaTpuBarh KOJBIIO MHOTOYJIEHOB OT MEPEMEHHOM X Hajk
nosiem P.

[Tycts f(X)EP[X] n g(X)EP[X].

Onpenenenne 1. Pazderumsv muozounen f(x) na g(x) ¢ ocmamxom
o3nauaem Haumu 06a mHozounena 0(x) u r(X), maxux, umo 6vINOIHAIOMCA
YCo8UsL:

L fiy)=g(x)q(x)+r(x),

2. cm.r(x)<cm.g(x) mmm r(x)=0.

Teopema (o geaenuu ¢ ocrarkom). Ecau f(X) u g(X) — muocounenvt nao
nonem P, npuuem g(X)#0, mo ece20a MoxiCHO, NPUMOM eOUHCINEEHHBIM 00PA30M,
pazoeaums 1(X) na g(X) ¢ ocmamrom.

Jloka3areibCTBO.

[Tycts f(X)=anX"+an.1 X" ... +a;x+ap, rae an0;
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g(X)= bex3+bs.1x51+... +bix+by, rae bs#0.

Bo3MosxHBI fBa ci1ydas:

1. n<s, rorma f(x)=g(x)-0+f(x). B aTrom ciydae Teopema BepHa.
qx)  r(x)

2. N>S. PaccMOTPHUM CIIEIYIOIIHNI aJITOPUTM.

[Tonenum «CTOIOUKOMY:

anx”+an-1x”'1+ ... taixX+ag XS+ b5-1x3'1+ ... Thix+bg

anX"+(an/bs) - bs 1 X"+ +(an/bs) - box™® (@b x™

f(0) = f(x)- g(x)%x“

S

[Tycts x02¢duImenT npu crapuiem uneHe MHorounena fi(x) ects &, ,
T.e. cT. f1(X)=n;. Eciim N;1<S, To mMcKoMas mapa MHOTOWICHOB TaK)Ke HaiJieHa,
MOJTy4aeM
an n-s - _ an n-s. _
FO)=90)x"+fi(x) => q(x)=-—"x"7r(x) = f,(x).
bS bS
Ecim sxe Nni>S, To mporecc aeneHus mnpojoipkaem, aenmM fi(x) Ha g(X),

a
nonyunm  T,(x) = f,(x) —ﬁx““sg(x) .

S

O6o3nauum &, crapmmii kosduuuent muorodena f(X), a ero crenens

yepes Ny. Ecin N>S, mponece aeseHus NpoaonKaeM Tallbliie.

Tak kak crtemeHu yOBIBAlOT N>N;>Ny>..., TO 4Yepe3 KOHEYHOE YHUCIIO
1IaroB MbI JIOMJIEM 0 MHOTOYJICHA, CTENIEHb KOTOPOTO MEHbLIE S, MOCJE 4Yero
nporiecc JeieHus 3akaHdyuBaercsa. (OO0o3HauMM Takoi MHOrowieH fi(X);
n, = cm.f,, 10 ecTh Nk<S.

B urore nonyunm

F(x) = gOOLnx™s 4 Sy g T s g ()
= — + ==X X ]+ :
9Ly b b k

S S S

a
X" et M () =, (X).
b b b (x) = f, (x)

CymectBoBaHre MHOTOUIeHOB ((X) 1 r(X) m0Ka3aHo.

a _ n n
Taxum o6pasom, J(X) = X"° +—=x"

JlokasxkeM Tenepb, uTo mapa MHorowieHoB ((X) u r(X) eIMHCTBEHHA.
JlommycTum cymiecTBOBaHUE APYroy Mapsbl:

f)=9(x)-a(x)+r(x) u f(x)=g(x)-q(x)+ra(x).
W3 stux paBeHcTB cieayet, uto g(X)-q(X)+r(X)=g(x)-qi(X)+ri(x).
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N g(X)[q(X)-q1(X)]= ri(x)-r(x), a 3T0 paBEeHCTBO BO3MOYKHO TOJIHKO B
ToM ciydae, korga ri(X)-r(x)=0. ITomyuaem, uro ri(X)=r(x), cieaoBareibHO,
q(x)=01(x). Teopema noka3aHa.

Muorowien ((X) HaspiBaeTcs uacmubim oT gencHus f(X) ma g(x), a
MHOTOUWICH I'(X) — ocmamxom OT NeJICHU.

IIpumep 1. BBITIOTHUTS Jeje€HNE ¢ OCTATKOM, €CIIU
f(x)=2x*-3x3+4x2-5x+6,
g(X)=x2-3x+1.
Pemenue:
f(x)=g(x)(2x?+3x+11)+25x-5,
rae g(X)=2x2+3x+11, r(x)= 25x-5.

I[e.]'leHI/Ie MHOI'0OYJICHA HA IBY4YJICH X-a. KOpHH MHOI'OYJICHA

[IycTh maH mpou3BoNbHBIE MHOTOWwIeH f(X)=anX"+an X"+, +aix+ap ¢
ko3 dunreHTaMu 13 007JaCTH LEIOCTHOCTH K M JaH MPOU3BOJBHBIN AJIEMEHT
aeK (a#0).

Teopema 1 (Teopema be3y). Ocmamox om denenuss muocounena f(x) na
osyusnen X-a pasen f(a).

Joka3aTeibcTBO. Paznennm muorowien f(X) ma x-a ¢ ocrarkom. Ilo
TEOpeMe O JCICHHH C OCTAaTKOM 3TO MOJXXHO BBIMIOJHUTh €IUHCTBEHHBIM
oopazom. Ilonyunm f(X)=(x-a)-q(X)+r(x); cm..r(x)<1 wmwmm r(x)=0 => r(x)=r.
[Tomosxum B 3TOM paBeHCTBe X=a, Toraa f(a)=(a-a)-q(a)+r =>f(a)=r. Teopema
JI0Ka3aHa.

PaccMoTpuM  anroput™m, MO3BOJSIOIIUN BBIUUCIUTh KO3(DPUIIMEHTHI
YaCTHOTO M OCTaTOK MpH JIEJICHUHU MPOU3BOJIBHOIO MHOIOUYJIEHA Ha JBYYJICH
BUJA X-a.

BrlnonHss nociieoBaTeNbHO JEIEHHUE, MOTYyYaeM:

anX"+an X" Fagx+ag=(x-a)( bnaX"14bn x4 .. +byx+bg)+r.

[IpupaBHuBaeM, NMpeaBAPUTENBHO PACKPBIB CKOOKH, KOA(P(UIIMEHTHI MPU
OJIMHAKOBBIX CTETIEHSAX X:

X" an=bn1

X1 an1=bn2-abn1

x1: a;=-ab;+hg

x°: ag=-abo+r.

Bripazum k03 puimeHTsl 4acTHOTO:
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bn1=an

bn2=an1+abn.;

bo=a;+ab;.

Ocrarok r=ap+ab.

[TonyueHHble (OPMyIbl HasbIBAIOTCS opmyramu I oprepa, KOTOpHIE
YI[O6H0 34l ChIBATh B BUAC CXEMbl FODH@DCZ:

dn | dn-1 dj do

a bn-Jl bno=aby.1+an1 bo=a;+ab; | r

Mpumep 1. Bwinoanums Oenenue no cxeme [opuepa MHoO2OUNEHA
f(X)=2x°-5x3-8X na 0eyunen x+3.
Pemennue:

2/0 |-5 |0 -8 |0
-3 (2(-6 13 (-39 |99 -297

Otser: f(X)=(x+3)(2x*-6x3+13x?-39x+99)-297.

Onpenenenne 1. Dnemenm Xo Hazvieaemcss koprHem muozounena f(Xx),
ecnu f(Xo)=0.

Teopema 2. Dnemenm Xo siensiemcs kopwem muocounena f(X) moeoa u
monvko moeoa, xkozoa f(x) oerumces na (X-Xo) 6e3 ocmamxa.

Jloka3zaTesibCTBO.

1. Ilycte f(X) menures Ha X-Xo => r=0, a mo teopeme bezy r=f(xy) =>
f(X0)=0 => X stByIIETCS KOPHEM MHOTOYJICHA.

2. Tlyctb Xo — xopenb MHorouwieHa f(x). Dro 3naumt, uto f(X0)=0, a mo
teopeme besy f(Xo)=r — ocrarok ot nenenus f(X) Ha X-Xo. CnemoBarensHo, =0
=> f(X) nenurcs Ha X-Xo. TeopeMa j0ka3aHa.

Teopema 3 (0 HaubGoJIbIIIEM BO3MOKHOM YHCJIe KOPHEH MHOTOYJIEeHA B
00J1aCTH HEJOCTHOCTH). JI1000U MHO20UNIEH NOJONCUMENbHOLU CMENneHu ¢
Kosghpuyuenmamu uz odbnacmu yerocmuocmu K umeem 6 obracmu
yenocmuocmu K ne 6oee N kopretl, 20e N — cmeneHvb 5mMo20 MHO2OYIEHA.
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Pemenune 3agau
3anaua 1. Beinoinums OeneHue ¢ 0CIMamkoMm:
f(x) =4x5—2x3+x?>+x+2 na g(x) = 2x3—x?>—x+1

Penienue:
[Momenum cHayasa MHOTOWIEHBI «CTOJTOUKOM)):

_4x5 —2x3  +x?  +x 42 |2x3 —x? —x +1
4x> —2x* —2x3 +2x? 2x%  +x 1
_l__
2
_2x* —x%  +x 42
2x*  —x3 —x? +x
_x3 +2
o1, 1.1
2 72X T3
1, 1.3
2% 2% T3

Henenne f(X) ma g(X) ymobno mpoBoauth no cxeme M.B. Axoexuna,
MPEICTABIIAIONICH CO00 KOMMaKkTHYIO (TabiuuHyi0) GopMy 3amucu JCJICHHUS,
HE COZEPIKAIIYIO0 CTENIEHU MEPEMEHHBIX, & TOJIHKO KOI(DPUIIUCHTHI.

Koaddurmentsr f(x) 3anuchiBalOTCsS B MEPBYIO CTPOKY TaOJMIBI IO
yObiBanuto creneHen. Koaddumments! g(x) 3amuchiBalOTCS B MEPBbIi CTONOEII,
IIPU ATOM y BceX Koa(p(PHUIIMEHTOB, KpOMe cTapliiero, MeHsiercs 3Hak. HemomHoe

qacTHOEe q(X) 3amMChIBACTCS B HIDKHEH (PE3yJIbTHPYIOLICH) CTPOKE, IPU ITOM
koddoumentsl  q(x) orgensooTcs OT kodddummentoB ocratka 7(X)
BEPTUKAIBHOM 4YepTOW. B mepBOM CTpPOKE HYKHO OTCUMTATh CIIpaBa HAJIEBO
CTOJBKO KOIPPUIMEHTOB, CKOJIbKO MX B g(x) mumHyCc 1, W mpoBecTH
BEepPTUKAJIbHYIO 4epTy. Tabmuiia roroBa AJis BHIYUCICHHM.

Jenum crapiimii koaddunueHt f(x) Ha crapmuii koapduruent g(x) u
pe3yJIbTaT 3aMKiChiBa€M B HWXKHIOIO CTPOKY BO BTOPOil cronber: 4: 2 = 2. 3ateM
HOJTyYEHHOE YUCIIO 2 YMHOKaeM Ha K03 duimeHTs! g(X) v pe3ynbTaThl MUAIEM
BO BTOPYIO CTPOKY, HaUMHAas ¢ TpeThero cTojouna. CyMMHUpPYeM UYJIEHbI TPETHETO
CTOJIOIA, ATy CyMMY JaenuM Ha yrioBoi kodddunment 2: (0+2):2=1 —
3aIlMChIBAEM B PE3YJIbTUPYIOIIYIO CTPOKY.

[ToBTOpsiem nencTBUs:

1-1=1; 1-1=1; 1-(-1)=-1;
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1
(-2+2+1):2=7

11_1 11_1 1( = 1
2 022 722 2
2 4 0 -2 1 1 2
1 2 2 -2
1 1 1 -1
4 1 1 1
i g 4 5
2 1 - - - d
2 2 2 2

B pesynbTupymomieit cTpoke cieBa OT YePThl HOSIBISIOTCS KOIPHUIIMEHTHI
HETIOTHOTO 4acTHOro q(x), a crpaBa — Kod(UIMeHTHI ocTaTtKa 1 (x). 3aMeTHM,
410 KOAI(PPUIUMEHTHI 7 (X) MOJYy4aroTCs MPOCTHIM CYMMHUPOBAHUEM 3JIEMEHTOB
CTOJIOIIOB CHpaBa OT YEPThI:

N =

1 2+1+1— 1 1+1—1 2 1.3
2 2’ 2 2’ 2 2

OTBeT 3anuchIiBaeM cjieBa HallpaBO CICAYIOIIUM 06pa30M:

1
q(x)= 2XZ+X+E

1 1 3
r(X)= =X*+=x+-.

2 2 2

3anaua 2. Havumu 3nauenue MHO20UNeHA

f(x)=x*+5x3—6x2+8x—3 npu x =2
Pemenue:
3HaueHUEe MHOTOYJIEHa MOKHO HAalTH HEMOCPEICTBEHHOMN MOICTAHOBKOM:
f(2)=2+45-23-6-2248-2—-3=16+40—-24+16 -3 =45
B TO ke Bpems, MOKHO BOCHOJB30BaTbCs Teopemon besy, coriacHo
KOTOpOii ocTatok 7 = f(a).
Harinem ocrartok r mo cxeme I opHepa:

Urak, f(2) = 45.
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Bagaua 3. Mnocounen f(x) me codepoxcum ujieHo8 UEMHOU CHMeneHu.
Ocmamox om Oenenus f(x) na x — 3 pasen 3. Havimu ocmamox om OeneHus
f(x) na x* — 9.

Pewenue:

ITo Teopeme o aenenun ¢ octatkoM f(x) = (x2 —9) - g(x) + r(x)

Tak Kak cTemeHb AeauTens X2 —9 paBHa 2, TO CTENEHb OCTaTKa HE
npesbimaet 1, r(x) = Ax + B.

Tax xak npu nenenun f(x) Ha x — 3 B octaTke 3, To Mo Teopeme besy
f(3)=3.

Tak xak f(x) He COOEPKUT WIEHOB UYETHOM CTENEeHH, TO
f(=3)=-f(3)=-3.

[Tpunamum X moouepéaHo 3HaUeHUs 3 1 -3:

3=3A+8B 2B=0 B=0
{os= 3448 > (3a4B=3 = la-1
[Monygaem 7r(x) = x — ocTaTok oT aenenus [ (x) Ha x? — 9.

Bamaua 4. BuiscHumb, sA6IAEMCA AU YUCIO 2 KOPHeM MHO20UIeHA
f(x) = x5 —5x*+3x3 + 22x% — 44x + 24. Ecnu senaemcs, onpedenums
KPAMHOCMb 9M020 KOPHS.
Pemennue:
HamoMuuM, 4To 4uCiO X SIBISETCS KOpHEM MHOrowieHa f(x) Torma u
TOJIBKO TOT/1a, Koraa f (x) menuTcs Ha X — X, Oe3 ocratka. [To cxeme ["opHepa:
1 | 5 | 3 | 22 | -4 | 24
2 | 1| 3| 3] 16 12| 0|
f(2) =0 = 2 — xopeHbp MHOTOUJICHA.
f(x) =(x—2)(x*—3x3—3x% + 16x — 12).
BrrsacauM, nemurcs i f(x) Ha (x — 2)2. Jlas 5TOro mojenuM MHOTOYJIEH
gx) =x*—3x3—-3x?>+16Hax — 2.
1 | 8| 3| 16 | 12
2 | 1 | 1| 5| 6 | 0 |
gx) = (x—2)(x®—x*—-5x+6)
f(x) =(x—2)?(x3—x%—-5x+6)
BoiacauM, gemures s f(x) wBa (x —2)3. JlenmMm  MHOrouneH
x3—x?>—5x+6nHax—2.
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3uaunr, f(x) = (x — 2)3(x%? + x — 3).

IIpoBepsiem nainee:
S O - B
2 |1 ] 3 | 3
Ouesugno, f(x) me nemurca mHa (x — 2)*. Cnemoarensho, umcio 2

SBJISIETCS. KOPHEM KpaTHOCTH 3 MHOTOuIeHa f(X).
OOBIYHO MPOBEPKY KOPHS Ha KPATHOCTD BBHITIOJIHSIOT B OJIHOM TabJuIIe:

1 |-5| 3 22 | -44 | 24
2,1 |-3|-3 |16 |-12| O
21 |-1| -5 6 0
21 1| -3 0
21 1| 3 3

KpatHOCTBh KOpPHS paBHA YHCITYy OJYYEHHBIX HYJEBBIX OCTATKOB.

321]13‘{1/[ I CAMOCTOATEC/IBbHOI'O PCIICHUA

1. Kakoe wu3 Ciacayronmmx MHOXCCTB ABJEICTCA KOJIBLIOM, 00J1aCTBIO
HCJIOCTHOCTH, ITIOJICM OTHOCHUTCIIbHO CJIOKCHHA U YMHOXKCHUA!

_ Z,

_ Q'

- 2Z ={2n|n € Z},

- K={a+bV2, abeS} S=12 Q,

- K={a+bi, a,beT}, T=2Z Q, R?

2. IlpuBenuTe mpuMeEpHI:

- JBYYIEHA TPETHEN CTEIICHH,

- KBaJIpaTHOTO TPEX4JIeHa,

- NPUBEIEHHOTO KBAJPAaTHOTO TPEXUJICHA,
- MHOroujieHa crerneHu 0,

- MHOTOYJICHA MOJIOKHUTEIbHON CTENEeHH,
- MHOTOWIEeHa 0€3 CTETEeHH.

3. 3anuimuTe B CTaHAAPTHOM BHJE JBAa MHOIOWJIEHAa COOTBETCTBEHHO
CTEreHen 3 u 4, CII0KUTE U IEPEMHOKBTE HX.
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4. JIns MHOTOYJICHOB
fX)=x24+1—-Dx+2i), gkx)=ix>+x+1-3i
HaWJIUTE X CYMMY, IPOU3BEICHUE, KBAAPAThI U KyObl MHOTOUYJICHOB.

5. JHokaxute, uto npomsBenerue (x — (a + bi)) - (x — (x — bi))
SBJISIETCS MHOTOYICHOM C JIEHCTBUTEILHBIME KO3 (pUIHEHTAMH.

6. [Tomp3ysick cxemoii ['opHEpa, BHIIOTHUTH IETICHUE C OCTATKOM:
1)  2x°+7x*—8x2+3x—5Hax+2

2) x*—8x3+24x? —50x+90 Hax — 2

3 x*+2ix3—-(1+)x?>*—3x+7 Hax+i

4) x*—2ix3—-(1—-x*—-3x+7 Hax—i

7. Haiinute xoapdumuent k muorouwnena f(x) = 3x* — kx? + 6, ecim

f(=2)=6.

8. Haiigure ocratok ot aenenns 64x* + 32x3 — 8x2% — 72x + 8 wa 2x —

9. IIpu kakoM 3HadeHuu a MHorouneH x* + ax3 + 3x? — 4x — 4
IeanTcss Ha X — 27

10. Ocratkm oT neneHuss MHorowieHa f(x) Ha x—2 W x—3
COOTBETCTBEHHO paBHbI 2 U 3. HaliTu 0CcTaTOK OT JI€JIEHUSI 3TOr0O MHOTOWJICHA Ha
x? —5x + 6.

11. Haiitu ocraTok ot genenus MHorouwieHa f(x) Ha x> + 2x2 + x, ecan
guciio —1 ABJseTCs NBYKpaTHBIM KOpHEM MHOTouwieHa f (x), CBOOOTHBIN YiieH
KOTOpPOI'O PAaBEH 3.

12. Haiitum ocTtaTok OT geneHus MHorouneHa f(x) Ha x3 + x2, ecim
MOCJIEIHNE JIBA YJIeHa 3TOro MHOrouwileHa 3x u 1, a octaTok ot AeneHus f(x) Ha
x + 1 paBen 7.

13. Octatkm ot geneHuss MHorowieHa f(x) Ha x+1 mw x+ 2
COOTBETCTBEHHO PaBHBI 5 M 6. HaiiTh 0ocTaTOK OT AENEHHS 3TOTO0 MHOTOUYJICHA
Ha x% + 3x + 2.
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14. MHuorouneH f(x), CBOOOTHBIN YICH KOTOPOTro paBeH 1, HE COMEPKHUT
HU OJIHOTO YJieHa HeyéTHOM cTenenu. Haiitu octaTok ot menenus f(x) Ha x3 —
4x, ecii ocTaToK OT AeneHus f(x) Ha X + 2 paBeH 3.

15. V mHOrounena f (x) xko3@uiueHT npu x paBeH 2, npu 3toM f (x) HE

COJIEP>KUT HU OJHOTO ujieHa 4€THOM creneHu. Haiitu octatok ot genenus f(x)
Ha x> + x2, ecmu ocTaTok oT fenenus f(x) Ha x + 1 pasen 3.
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IpakTuyeckoe 3aHsTHe Ne2

Pa3yio:xxeHue MHOTO4YJI€HA 10 CTENEHAM JIBy4YJieHa X-a.
Teopernueckuii MmaTepuaJl

Pa3jio:xeHnne MHOro4JjieHa 10O cTelneHsIM ABYYJIeHA X-a
I[TycTs 1aH IpoM3BOJILHEIA MHOTOWIeH f(X)=anX"+an X" 1+... +a;x+ap.

Onpenenenne 1. Ilpouseoonoii muozounena f(X) wnasvieaemcs
MmHoz20unen, obosnayaemvitl yepes f'(X) u pasuvuii f'(X)=n-ax"1+... +ay.

Kak BHIHO, 3TO ompejeicHUe MPOU3BOIHON COBIAAAET C MPOU3BOIHOM
MHOIOYJIEHa M3 Kypca MaTeMaTH4YeCKOro aHajiu3a. 3aMeTHM, 4YTO I
MHOT'OYJICHOB COXPAHSIOTCS U3BECTHBIC MpaBmiia JuddepeHInpOBaHuS.

AHAIOTHYHO  ONpEACIACTCS  BTOpas  NPOHM3BOAHAS  MHOrOYIECHA

f"x)=(f'(x))" u T.x1.
Onpenenenue 2. Paznoocenue suoa
f(x) = f(a)+ flﬁa) (x—a) + f;(!a) (X—a)? 4ot “n(!a) (x—a)" (1)

Haszvleaemcs pasiloNceHuem MHO20U1eHa f(X) no cmeneniam 03ylmena X-a.

HamomauMm, 4Yro B MaTeMaTM4YECKOM AaHalM3€ TAaKOE pa3JiOKEHHE
Ha3bIBaeTcs gopmynou Tetinopa.

Koaddurmentst paznoxxenus (1) MOXKHO BBIYUCIUTH ABYMSI CIIOCOOAMMU:

1) HaxoauTh npou3BoaHbIe f(X) ¥ MOACTAaBIATH 3HAYCHHMS &,

2) BOCIOJIB30BaThCs cxeMol ['opHepa.

BtopeiMm cmocobom kak Oosee yaoOHbBIM OyAeM TMOJb30BaThCsA Ha
npakTuke. 3ameruMm, uyto f(a) sBisercs ocratrkom ot nenenms f(X) Ha X-a.
BbigenuM ero B pasiioskeHHH MHOTOYJICHA:

f(x)=f(a)+(x-a)-q(x).
f'(x) .
Torna —y BILIETCA OCTATKOM OT JeNeHuA g(X) Ha X-a 1 ero MOXXHO HANTH IO
cxeme ['opHepa. [Ipogosxkas 3TOT mporiecc, NOJIydruM, YTO Bce KOAI(PPUIIMEHTHI
paznoxenus: (1), kpome TmOCIEAHEro, SBISIOTCA OCTaTKaMU OT JICJICHUS

OUYEPETHOTO HEMOJIHOTO YaCTHOTO Ha X-a, a MOoCHeaHUA KO OUITMESHT SBISCTCA
ITOCJICTHUM HEIIOJHBIM YaCTHBIM.
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Penienue 3agau
3apaua 1. Pasznoowcums MHO2OUIEH NO cmeneHaMm O08yuieHa U Haumu

SHAYEHUA e2co I’lpOZ/lS’GOaHle.'.
f(x)=3x3-2x2+5x-1; a=2.

Pemenue:
3 -2 5 -1
2 3 4 13 25=A
2 3 10 33=B

2 3 16=C

2 3=D

Paznoxenue muorowieHa f(X)=3x3-2x24+5x-1 no creneHam ABydIeHa X-2
UMEeT BUJI:

(0 = 1 () +

(x—a)+...+ (@) (x—a)",

1 n!

rae f(a)=A,
f'a) g

]_| - ’
fﬂ(a) _c

2
fﬂl(a) _ D

3

Taxum o6paszom, f(X)=25+33(x-2)+16(x-2)>+3(x-2)3.
3HaueHus mpou3BoaHbIX f(X) mpu a=2 onpeaenstorcs Tax:
f(2)=A => f(2)=25 — 3HaucHKEe MHOTOWICHA,

f'(2
# = B=> {'(2)=33 — 3HaucHME NIEPBOI MPOU3BOIHOM,

f"(2

(2) = C =16=> {"(2)=2!-16=32 — 3HaueHME BTOPO NPOM3BOIHOIA,
f !!!(2)

3 =D =3 => {"/(2)=313=18 — 3HaueHue TpeTbEH IPOM3BOLHOIL.
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?Da,[[aqa 2 Buiyuciumo SHAYEeHUA MHO20Y/IeHA
f(x)=x*+5x3+9x2+7 npu x=3,01 u x = 2,98.

Pemenne:

Beruncnenne f(3,01) u f(2,98) HemocpeacTBEHHOH —IMOACTAHOBKOIA
3aTPYHUTEIBHO.

bmxkaitimim nenbim yucnom K 3,01 u 2,98 saensercs 3. [loaTomy cHavana
PasIoKUM f(x)no crenensam (x — 3), a 3aTemM [TOJICTABUM
x=3,01 u x=298.

1 5 9 0 7
3 1 8 33 99 /I 304
3 1 11 66 /I 297
3 1 14 //108
3 1 /17
3 1

f(x) =304+ 297(x —3) +108(x — 3)2 + 17(x — 3)3 + (x — 3)*.
f(3,01) =304 +297-0,01 +108-0,012 +17-0,013 + 0,01* =
304 + 2,97 + 0,0108 + 0,000017 + 0,00000001 = 306,98081701.

Ananoruuno f(2,98) = 304 + 297(-0,02) + 108(—0,02)? +
17(—0,02)3 + (—0,02)* = --- = 298,10306416.

3apava 3. Pasznoocums na npocmetiuiue Opoou payuoHaIbHyo 0poods
x?+2x—3
(x + 3)*
Pemenue:
Pasnosxkum uncaurens @ (x) = x3 + 2x — 3 no crenensm x — 3:

1 0 2 -3
-3 1 -3 11 -36=¢(-3)
-3 1 -6 29= @' (—3)
-3 1 _92—(P (=3)
2!
_ _0""'(=3)
3 1= 3!
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o(x)= (x+3)>— 9(x+3)2+29(x+3) — 36
[Tocne cokparmieHus 1podeit moaydnm:
x3+2x -3 1 9 29 36

(x+3)*  x+3 (x+3)2+ (x+3)3 (x+3)*

3agaua 4. Pasznoocums no cmeneusam X muozouner f(x + 3), eciu
f(x) = x5 —5x*—4x3+2

Pewenue:

Paznoxum f(x) mo crenensim x — 3 mo opmyne Teitnopa:

Brruuciienus o cxeme ['opHepa:

1 -5 -4 0 0 2
—268
1 -2 -10 -30 -90
= f(3)
—243
1 1 -7 -51
= f'3)
—36
1 4 5 _f'3)
2!
26
1 7 B f,”(3)
3!
f@3)
1 10=/——=
4!
1= 96
5!

f(x) = (x—3)>+10(x — 3)* + 26(x — 3)3 — 36(x — 3)% —

243(x — 3) — 268.

IToicTaBMM BMECTO X BhIpaskeHHe X + 3!
flx+3)= x>+ 10x* + 26x3 — 36x% — 243 — 268

33}]3‘11’1 I CAMOCTOATC/ILHOTO PCIICHUSA
1. Tlomwe3ysick cxemoii I'opHepa, pas3noxuTh MHOTOWIEH f(x) 10

CTCIICHAM JABYYICHA X — X

1) fx)=x*+2x3-3x2—-2x+3, xo=—1

2)  f(x)=x*—7x3+12x%* —24x + 24, x, = 2

3 fO=E-D*"+2(x—-1)23-3(x—-1)2-7, xo=2
4)  f)=@x+3)*=5x+3)3+7(x+3)+1, x,=0
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5  fx)=x*+2ix3— (1 +i)x?—x+3i, xo = —i
6) fx)=x*—2ix3—(1—-x?—x—3i, xy =1

2. Jlnsg naHHOTO MHOTrOWIeHa f(X) C TOMOIIBIO Pa3loXEeHUs €ro o
CTeNeHsaM (X — ¢) mpH noaxoasieM ¢ Haiaute f(d):
1) f(x) =27x°> —307x* + 1463x3 — 3570x2 + 4388x — 2231,

d =099
2) f(x) = 45x> — 648x* + 3726x3 — 10715x2 + 15448x — 8973,
d =299

3. Tlomp3ysice cxemoit [opHepa, ompemaenuTb KpaTHOCTh KOPHSA X
mMHorouseHa f(x):

1) f(x)=x>+6x*+11x3+2x%2 - 12x -8, x5 = —2

2)  f(x)=x>+7x*+16x3+8x% — 16x — 16, x, = —2

4. Tlonp3ysice cxemoit [opHepa, pa3ioXuTb MHOrowieH f(x) 1o
CTCTICHSAM X — @ W HAWTH 3HAYCHHMS MHOTOWICHA W BCEX €ro MPOW3BOIHBIX B
TOYKE X = Q.

1) f(x) =3x*+8x3—2x2+6x—5, a=-3,

2) f(x) =x*+3x3—4x>+6x—75, a=-2,

) f)=@x+2)*+5x+2)>*—4(x+2)*-3(x+2)+3, a=-3
4) f)=x=-2)*+4(x—-2)*+6(x—2)>+10(x—2)+ 20, a=1.

5. Tlome3ysach cxemoit ['opHepa, naHHyi ApoOb MPENCTaBUTh B BUJE
CYMMBI ITPOCTEUIINX APOOEii:
(x+2)*=2(x+2)3+4(x+2)?-2(x+2)+7

1)

(x+3)°
2 (x+4)*-2(x+4)3-3(x+4)2+2(x+4)-5
(x+2)°
(x+5)*—(x+5)%+8
3) (x+7)°
x*+3x3-11x%2-16x+24
4) (x+4)°
5x2—14x-23
5)

(x—=1)3(x—3)2(x—4)
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6. YIIPOCTHTB BBIPaKEHUS:
2x° +11x* 4+ 5x3 —2x2 —11x -5
x34+4x2+4x + 3

iy

x° +x*+10x%2 —6x+9
x® — x5+ 3x*+3x3 +4x2+2x + 21

2)

x> —6x3+5x2—-9x+9

3
) 2x6 + 4x5 — 9x* — 6x3 + 14x2 4+ 10x — 15
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IIpakTuyeckoe 3ansaTue Ne3

Aaroputm EBkiuaa. JIuneinnoe npeacrasienune HOJL
MHOT04JICHOB.

Teopernueckuii MmaTepuaJl

Hau6oapmmuii o01ui e iuTeJ b MHOTOYJICHOB.

Aaroputm EBriinaa
[Tycth nansl ABa mHorowrieHa f(X) u g(x) max momem P.
Onpenenenne 1. Mwuocounen h(X) naszvisaemcs odwum Oerumenem
muozounenos f(x) u g(x), eciu f(x) oenumes na h(x) u g(x) oenumes na h(x).

Onpenenenne 2. Muocounen U(X) nasvieaemcs naubonvwum oouguUM
oeaumenem (HOM) muozounenos f(x) u g(x) (omauunvix om nyns), ecau d(x) —
ux oowui Oderumenv u d(X) denumcs na mobou obwuil Oerumenb OAHHBIX
MHO20UYLEHO8.

Oo6o3unaunm HO/[(T(x), g(x))=d(x).

3ameuanme. Eciu d(X) — oOmmit nenurens f(X) u g(X), To ams moboro C#£0
(c=const) f(x)menutcs Ha c-d(X) u g(X) nemutcs Ha ¢-d(X). Dto 3HauuT, uto HO/J
OMPEACISACTCS He OJJHO3HAYHO, & C TOYHOCTHIO 10 KOHCTAHTHI.

Jlemma 1. FEcmu  wmmuocounen f(x) oemmess na Q(X), mo
HO/(1(x),9(x))=9(x).

Joka3aTeiabcTBO. [lo ycrmoBuio ((X) sBAsSeTCS OOLIMM JCIIUTEIIEM
mHorowieHoB f(X) u g(x). Ilycts h(X) — nr000#t Apyroi Ux OOUIUI ACTUTED, TO
ectb f(X) nemutcst Ha h(X) u g(x). [Toyuaem, uto g(X) menutcs Ha 000K 00N
JCINUTEIb 9TUX MHOTOWICHOB, ClieoBateabHOo, ((X) sBIsAeTCS HAMOOJBIIUM
OOIIINM JEITUTEIEM.

Jlemma 2. Eciu mnocounen (X) ne oenumcs na mmocounen Q(X) (6es
ocmamka) u  r(X) — ocmamox om  makoco  OeleHus, Mo
HOJ®(x), 9(x))=HOZ(9(x), r(x)).

Joka3zareabcTBo. Pasgenum muorouwren f(X) ma g(X) ¢ ocrarkom. Ilo
TEOpEME O JIEJICHUU C OCTATKOM Tojy4yuM paBeHCTBO f(X)=g(x)-q(x)+r(x) =>
r(x)=f(x)-g(x)-q(x). Bozsmem h(x) — nro0oii oOmuii neaurens MEOrowieHa f(X) u
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g(x), rorga f(x) memurcs wa h(X) u g(X) aemurcs wa h(x). S3maumt, u g(x)-q(Xx)
nenutes Ha h(X). U3 paBenctsa r(X)=f(x)-g(x)-q(x) caenyer, uto r(X) menurcs Ha
h(x). Torma h(x) — oomuii neautens g(X) u r(x).

3ametuM, uTo 10 Jemme 2 y mHOorowieHoB f(X) u g(X) u y MHOTOWICHOB
g(x) m r(x) Oymyr omam u Te ke obmme aemutenn. Cpenm HuX ecth HO/[
mHorowieHoB f(X) u g(X), KOTOpbIit TeTUTCS Ha BCE OCTAIBHBIC OOIIHE JICITHTEIIH
3THX MHOTOYICHOB, & 3HAYUT, OH HE M3MECHUT CBOCH POJIU M JJI1 MHOTOYJICHOB

g(x) u r(x), .e. HOA(¥(x), 9(x))=HOL(Q(X), r(x)).

Haxoxnenne HOJ wmuorouwnenoB f(xX) wm  g(X) ocymectBisercs
OMNpECICHHOW  MOCIEOBATEILHOCTRIO  JCHCTBUII, KOTOpas  Ha3bIBacTCs
ancopummom Esxiuda. OH COCTOUT B CIICIYIOIIEM:

1. PaznemmwM f(X) Ha g(X) ¢ octatkom: f(X)=g(x)-qu(X)+ri(X);

2. Paznenum g(X) Ha ri(X), moyuamnm paBeHCTBO J(X)=r1(X) q2(X)+r2(X);

3. Paznenum ri(X) Ha ry(X), momyuum paBeHCTBO I1(X)=r2(X)-qa(X)+r3(X) u
TakK Jajee JCUM MPEAbIIYIIUN OCTaTOK Ha CIICTYIONIUH.

W3 TeopeMbl 0 JCIEHHH C OCTATKOM CJICIYEeT, YTO CTECICHH MHOTOYJICHOB

yobiBator: cm.g(X)>cm.ri(X)>cm.ro(X)>.... Tak Kak CcTeneHb MHOTOYJICHA
SBJISICTCS IIEJBIM HEOTPHIATEIbHBIM dncioM (N>0), To Yepe3 KOHEYHOE YHCIIO
raroB OO moayduMm HyjeBoi octatok (r(x)=0), mubo B ocTaTke OKaKeTCs
MHOTOYJIEH HyJI€H CTCIEHH, M, B CBOIO OYEpEeb, CIACIYIOIIUNA OCTATOK OyaeT
paBeH HYJIIO.

[Tpu monydeHUH HYJIEBOrO OCTaTKa MPOIECC MEICHUS MPEKpaIacTcs.
[Tycts 910 Oynet Ha mare F1(X)=r(X) gk+1(X), T.e. rr-1(x)=0.

Teopema 1. [locreonuii omauunvii om wuyas ocmamok (f(X)) 6
anecopumme Esxnuoa sensemcs 0onum uz HOJ oannvix mnozounenos f(x) u g(x).

Hoka3zareabcTBo. I[lo nmemme 2 HO/R(X), 9(xX)=HO/J(9(X),
ri(x))=HO/(r1(x), r(x))=...=HO/(r¢1(X), rx)). TIlo  nmemme 1
r«(X) — mocieaHui He paBHBIN HYIIIO OCTATOK.

Jluneiinoe npeacrasijienne HOJl MHorowieHos
Teopema 1. Eciu HO/A(T(X), g(X))=d(X), mo nao nonem P cywecmeyrom
maxue mrocounenvt U(X) u V(X), umo cnpasediugo pasencmeo:
d(x)=u(x) f(x)+v(x)g(x).
DTO pPaBEHCTBO HA3bIBACTCS JUHEHUHbIM npedcmasnenuem HO/N
muozounenos f(x) u g(x).
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Joka3zareabcTBo. [Ipumenum k muorowienam f(X) m g(X) amroputm
Eekmupa. CornacHo anroputmy HO/[(T(X),9(X))=d(X)=r«(X)=rk-2(X)-r-1(x)-qx(X).
U3 paBenctBa I-3(X)=rk-2(X) Qr-1(X)+r1(X) caemyeT F1(X)=rr-3(X)-re-2(X) “gi-1(X).
[ToacTaBiiss 3TO BRIPAKCHHE B TPEABIAYIIEE PABEHCTBO, MOTYUHM:

d(X)=r2(X) */Ta(X)-T2(X) Qe-2(X)]* A(X) ¥ T.7.

BrIpakast oCTaTKy U MOACTABIASA X B IPEABIAYIINE PABEHCTBA, ITOJIyUUM,

gro d(X)=u(x)f(X)+Vv(x)-g(x). Teopema noka3zaHa.

HO/1 HeCKOJIBbKHX MHOT0YJIEHOB
HOJl #eckompkux wMuorowieHoB fi(X), fu(X), f3(X) mokHO HaiiTH
CIEIYIOLIAM IPUEMOM:
1)  Berauciuth HOJl muorowrenos fi(X) u f2(X). ITycts h(x)=/(f, 12);
2)  Beruuciautb HOJI maorowrenoB h(x) u f3(x). ITycts g(x)=Z(h, f3).

Jokaxewm, uro g(x) ectb HOJI muorounenos fi(x), f2(X), f3(X).
1) g =A(h, f3) => h(x) : g(x) 1 fs(x) : 9(x);
h(x)=Z(f1, f2) => f1(X) : h(X) u f2(x) : h(x).

Umeem (fi(X):h(x) m h(x):g(x)) => fi(X):g(X) — mo cBoO¥CTBY
TPAH3UTHUBHOCTH OTHOIICHHUS JACITUMOCTH B KOJIbIIE MHOTOYJICHOB.

NmeeMm (f2(x) 2 h(x) 1 h(x) : g(x)) => f2(X) : g(x).

Bce tpu muorounena fi(X), f2(X), f3(X) menstes Ha g(X) => muHorowien g(x)
€CTb OOIIHI AETUTEb STHX TPEX MHOTOUJICHOB.

2) IMokaxkem, uyto Q(X) — HaAMOOJBIIMK OONIMI JENUTENb BCEX TPEX
MHOT'O4JICHOB.

[Tycts d(X) — kakoii-To obuwmit nenureny MaorowieHoB fi(x), f2(x), f3(x).
Tpebyercs nokasarth, uto g(x) : d(X).

Nmeem h(x)=A(f1, f2) m (fu(x): d(X) m f2(x): d(X)). CnenoaremsHo, d(X)
ectb nenutenb MHorowieHoB fi(X) u fa(x), a h(X) — ux HamGompmIMit OOIIMI
nemurens, 3HaunT, Nh(X):d(X). Wmeem g(x)=Ah, f3) => h(x):d(x). ITo
nokazanaomy f3(X):d(x) => d(X) ects o6mmii menurens MHOrowieHoB h(X) u
f3(x), a MHOrOWIEeH Q(X) SBISETCS WX HAWUOOJBIIMM OOIIUM JEIIUTEIIEM =>

g(x) : d(x).
U3 1)-2) cnenyer, uro HO(f1(x), f2(X), f3(X))=g(x).
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Pemienue 3axaq
Bamaua 1. Haumu HO/(¥(X), 9(X)) u evipazums e2o aunetino uepes
OaHHbIe MHOCOUICHbL:
f(x)=x3-2,  g(x)=x2+2x-3.
Pewmenue:
Jns wHaxoxaeHuss HOJ] wucnonszyeM anroputM EBkiuma, a neneHue
muorouieHoB f(X) u g(x) mpoBeaém mo cxeme SIKOBKHHA.

1) 1(x):9(x)
111 ,0]60]-2

1|27 | -8

Taxum oopaszom, f(X)=g(x)(x-2)+(7x-8),
TO ecTh (1(X)=X-2, ri(X)=7x-8.
Bripazum r1(x)=7x-8=f(x)-g(x)(x-2).

2) 9(x):ra(x)
VYBeanunMm MHOrowieH ((X) B 49 pa3, 4ToOBI HM30CKATH IMOSBICHUS
JpoOeil.

7 | 49 | 98 | -147

8 56

176

7|22 | 29

[Monyuwmu 49g(X)=(7x+22)r1(x)+29,
rae 7X+22=0qz(x), 29=r,(X).
Bripazum r(x)=499(x)-r1(x)(7x+22).

3) ri(x):ra(x)

Tak kak I(X)=29, a Ha YKUCIO MOXHO Pa3Je/IUTh JIFOOOW MHOTOWICH 0e3
ocraTka, To r3(x)=0.

Beisoa: HO/[(T(x), g(x))=29.

3anwuiiem nTuHeHHy0 kKomOuHaruo HO/J:
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29=49¢g(x)-r1(X)(7x+22);
29=499(x)-(f(x)-g(x)(x-2))(7x+22);
29=49g/(x)+(x-2) (7x+22)g(x)-(7x+22)f(X);

29=f(X)(-7x-22)+g(X)(49+7x*+22x-14x-44);

29=F(x)(-7x-22)+g(X)(7x?+8x+5);
u(x)=-7x-22
V(X)=7x?+8x+5
Wrax, HOZ(f(x); 9(x))=f(x)u(x)+g(x)v(x),
rae U(X)= -7x-22, V(X)=7x>+8x+5.

3apaua 2. Haumu HO/] mpéx muozounenos
f(x)=2x*-x2-1,
g(X)=x3+2x%-x-2,
h(x)=x3-x2-x+1.
Pemenue:

1) Haiinem /{(f, 9):

r(x)=9x2-9=9(x2-1) 12 2 (21 21 2 1
ri(X)=x?-1.
1 8 | 4] -8
2
2 1419 ]0]-9
r2(x)=0. 1/1(2])-1]-2
J(E, 9)=x2-1; d(x)= x3-1. 0 0]1
1 0] 2
112100
2) Haiinewm /[(d, h):
r1(x)=0 1)1 ]-1]1]1
Jl(d, h)=d(x)= x3-1. 0 o1
1 0 -1
1/-110,0

Uraxk, /[(f,g,h)=x-1.
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3agauu 17151 CAMOCTOSITE/ILHOTO PellieHust

1. Haiitu HO/J (f (x), g(x)), eciu

1)  f(x) = x®+8x>+22x* + 43x3 + 70x? + 57x + 39
g(x) = x*+ 7x3 + 14x?% + 21x + 33

2)  f(x)=6x>+x*+12x3 —42x? + 30x + 25
glx) =2x* —x3 +4x2 —17x + 20

2. ITonw3ysick anropurMoM EBKinza, JUis TaHHBIX MHOTOWIECHOB f(Xx) H
g(x) momobpatb MHOTOWICHBI U(Xx) 1 V(X), TAKHE, YTO

u(x) - f(x) +v(x) - g(x) = d(x),

riae d(x) — Haubonpiuit o0l nenutens f(x) u g(x).

1) fx)=x>+3x*+x3+x2+3x+1,
gx)=x*+2x3+x+2

2)  f(x)=x*—x3—4x?+4x+1,
glx)=x?*—-x-1

3)  f(x)=x>—5x*—2x3+12x%—2x+ 12,
gx) =x3—-5x2—-3x+17

4)  f(x)=x°>—12x3—14x% + x + 16,
g(x) =x3—2x%—10x + 10
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IIpakTueckoe 3ansaTue Ned

B3anmuo npoctbie MHOrowieHbl. HOK MHOro4/ieHoB.
Teopernueckuii MmaTepuaJl

B3aumMHo IPOCTbIC MHOTOYJICHbI
Onpenenenne 1. Mnocounenvr f(X) u g(X) wuaszwisaromcs e3aummno
npocmoimu, eciu ux HOJ[ ecmb mno2ounen nynesoi cmenenu (mo ecms 4ucio).

Ipumep 1. ITycms f(X)=x243x+2 u g(x)=x-1.
1) 1(x)= g(x)(x+4)+86,

r1(x)=6 1
2) g(X)} 6 => r(X)=0. 1
HOJI(f, g)=r1(X)=6 => MHOTO4ICHBI
f(X) u g(X) B3aMMHO MPOCTEIE.

3ameuanue. Tak kak HQO/] ompenensiercss ¢ TOYHOCTBIO J0 CONSt#(,
MOXHO CUHMTaTh, 4T0 H(O/] B3aUMHO MPOCTHIX MHOTOYJICHOB paBeH 1.

Teopema 1. Eciu mnocounenvr f(x) u g(X) e63aummo npocmvle, mo
cywecmaytom muozounenvt U(X) u V(X), yoosremeopsiiowue pasencmsy:

f(x)-u(x)+g(x)-v(x)=1.

Jloka3aTejbcTBO. Tak kak MHOTOWICHBI f(X) 1 g(X) MO yCIOBHIO TEOPEMBI
B3auMHo mpocteie, To HOJ(f(X),g(x))=c#0. Ha ocHOBaHuM TEOpEeMbI O
nuHeriHoM mpenactaBiennd HOJl cymectByroT MHOrowieHsl Ui(X) u Vi(X),
yIOBJICTBOPSIOIINE PABEHCTRY:

c=f(x)-ur(x)+g(x)-vi(x).

Pa3nenm o6e yactu 3TOro paBeHcTra Ha C£0:
1 1
1= 10 (=-u(x)+9(x) - (=-vy(x)).
C
u( v(x)

[Momygaem, uro f(x)-u(x)+g(x)v(x)=1. Teopema nokazaHa.

Teopema 2 (o0patHas). Eciu cywecmeyiom muozounenvr U(X) u V(X),
yoosnemeopsirowue pasercmsy T(X)-u(X)+g(x)v(x)=1, mo muocounenvr f(x) u
g(X) ezaummno npocmeie.
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TokazareabcTBo. HOJ(f(x),g(x))=d(x), Torma f(x):d(x) u g(x): d(x).
Homyaaem (f(x)-u(x)) : d(x) u (g(x)v(x)) : d(x), Torma (f(x)- u(x)+g(x)v(x)) : d(x).
Ho mo ycnosmio Teopemsl f(x)-U(X)+g(x)v(x)=1, crenosaremsro 1:d(X) n d(x)
€CTh MHOTOYICH HyJieBoH ctenenu. [lo onpenenenuio MmuorowieHsl f(X) u g(x)
B3aMMHO pocThie. Teopema gokaszaHa.

CaencrBue. Yacmuvie om Oenenusi muocounenos f(x) u g(X) ma ux
HaubobwULL 00WULL Oelumenb eCib MHO20YLeHbl 83AUMHO NPOCHbe.
Joka3zateabcTBo. [lo Teopeme o nuHeitHom npencrasiennn HOJl aByx
mHorowieHoB f(X) u g(X) umeem:
J()u(x)+g(x)v(x)=d(x).

Pasnennm 06e gacTu sToro pasenctsa Ha d(X)=HOJ(f(x),g(X)), moayqum:
f(x) g9(x)
90, u(x) + a0, -v(x) =1.

fl(X) 91(X)
CnenoatenbHo, f1(X)-U(X)+ gi(X)-v(x)=1, orcrona f1(X) u gi(X) — B3auMHO
IPOCTHIC MHOTOYJICHBI.

Teopema 3. Eciu npouszeedenue muocounernos 1(x)-g(x) oenumes na h(x) u

npu smom muozounenst f(x) u h(x) ezaumno npocmuie, mo g(x) : h(X).

Joka3aTeiabcTBO. Muorowrensl f(X) u h(X) mo ycioBuio B3auMHO
POCThIe, TOTOMY UMeeT MecTto paBeHcTBO f(X)-U(X)+g(x)v(X)=1. YmHOKas
00e ero yactu Ha §(X), moaydaem

f0)-9(x) - u(x)+h(x)-g(x) v(x)=g(x).
2 h(x) 2 h(x)
Kaxmoe ciaraemoe nenurtcs Ha h(X) => Bcs cymma genutcs Ha h(X) =>

npaBas gacTh genutes Ha h(X), To ects g(X) : h(x). Teopema nokazaHa.

Teopema 4. Eciu mnocounen f(X) ezaummo npocm ¢ kaswcovim u3
muozounernos §(x) u h(x), mo on ezaumno npocm u ¢ ux npouszsedenuem.

Teopema 5. Eciu f(X) derumces na xascowiti uz mrnocounenos g(x) u h(x) u

npu smom muozounenvt §(X) u h(X) ezaummo npocmwei, mo f(X) derumcs na
npoussedenue g(x)-h(x).
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HaumeHbIliee 00111ee KPaTHOE IBYX MHOT'0YJI€HOB
[Tycth pansl MuorowieHsl f(X) u g(X) Hax moaem P.
Onpenenenne 1. Mnoecounen K(X) Hazvieaemcs oowgum Kpamuvim

muozounenos f(x) u g(x), ecru K(x) = f(x) u K(x) : g(x).

Onpenenenue 2. Haumenvuwium ooumum kpamuovim (HOK) mnozounenos
f(x) u g(x) Hazvisaemcs makoe ux obuee kpamuoe, Ha KOMoOpoe OeIumcs iodoe
obujee Kpamuoe IMuUx MHO2OUJICHOB.

3ameuanmne. Hanmenbiee obree kpaTHoe 1Byx MHOrowieHoB f(X) u g(X)
o6o3navaercs HOK(f(X), 9(x)) mwmu HOK(f, g) umu K(f,g).

Teopema 1. HOK mnozcounenos f(X) u g(X) sviuucasemes no gpopmyne:

C(1.g= 100000
A(f,9)

Takum o6pazom, HOK nByX MHOTOYJIEHOB €CTh YacTHOE OT JEJCHUS
MPOM3BEICHUS 3TUX MHOTOWICHOB Ha ux HO/I.

Hoxka3zareabcTBo. Ilycte HOJ] wmuorowrenoB /[(f,0)=d(x), Ttorma
f(x)=d(x)-01(x) u g(x)=d(x)-g2(x). [ToxcraBum B popmyny (*) Bmecto f(X) ero
3HAYCHUE, MOIYUUM:
d(x)-6,(x) - 9(x)

K(f.9) = 4%

= (%) -9(x)

Cnenosarensho, K(f,9) : g(x).
B paBencTBo (*) mojactaBum BMecTo g(X) €ro 3HaueHHE, TOTYIUM:

K(f,9)= f(X).Z(():())‘qZ(X) = f(X)-9,(x)

Cnenoarensno, K(f,g) : f(X).

Utak, muorounen K(f,g)=Kk(x) siBisercss oOmmM KpaTHBIM MHOTOYJICHOB
f(x) u g(x).

[MTokaxkem, uto K(X) ecTh HamMeHbIee oOIiee KpaTHOe MHOTOWICHOB f(X)
u g(x). Ilycte Kk'(x) — moboe oOmiee kpatHoe MmHorowieHoB f(X) u g(X).
Tpebyetcs mokasatk, uto K'(X): k(X). Tak kak k'(X) — odmiee kparuoe f(X) u g(X),
to K'(x): f(X) u k'(x): g(x). Ilycts K'(X)=f(x)-q(x) u k'(x)=g(x)-h(x). Bynem nmerts,
gro f(x)-q(xX)=g(x)-h(x). Jdenum o6e yactu mocieaHero paBeHcTBa Ha d(X) u
TIOJTy4aeM:

f(x) _9(x)
WQ(X) = —d (x) h(x).
H_/ H_J
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d1(x) J2(X)

Mmuorounens! f(X) u g(X) nensires na ceort HOJI d(X), B 4acTHOM moJry4um
B3aMMHO MPOCThic MHOTOWIEHBI (1(X) U (2(X). Muorounen ((X) Oyaer AeIuThCs
Ha  O2(X):  g(X)=02(%x)p(X). TlomcraBmsst 3HayeHwe ((X) B PaBEHCTBO
k'(x)=f(x)-q(x), OyteM umeTh:

00 = 109-6,00- p0) = 109- 57 pog == 03 90
=> k'(x)=k(x)p(x) => k'(x):K(X).
Wrak, moboe obmiee kpatHoe MHorowicHoB f(X) um ¢(X) memures Ha K(X).
CnenosarenbHo, K(X) ectb HOK muorounenos f(X) u g(x). Teopema nokasaHa.

- p(x) =k(x)- p(x)

N3 teopemsr 1 cnenyet, uto HOK aByx muorowrenoB f(X) u g(X) MmoxxHo
BBIYUCIUTH 110 Gopmyde (*), rae A(X) ectb HOJ(f(X),g(X)).

Pemenune 3axau
3anaua 1. Haumu HOK mnocounenos
f(x)=x3-x2-2x+2  g(X)=2x2-5x+3.

Pemrenwue:

1) Haiimem HOZI(f(x),9(X)):

a) f(x):g(x). [Momyuaem, uro ri(x)=x-1;

0) 9(x):r1(x). IMomyuaem, uro ri(x)=0.

Wrax, HOJI(f(x),g(x))=x-1.

2) f(x)-g(X)=2x>-7x*+4x3+11x%-16x+6.
f(x)-9(x)
K(x) = —~/ 9\%/

3) K(x) )

ITo cxeme I'opnepa

|2
1\2

-7\4\11
5 -1\10

-16 | 6
6|0

Otser:  K(f(x),g(x))=2x*-5x3-x2+10x-6.

3apava 2. Haumu HOK mpéx mHocounenos:
f(x)=x*—3x3+3x?—-3x+2
gx) = x3 —2x% — x+2
h(x) =x3+2x2+x+2
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Pemenue:
Cnauana HaitneM HOK aByX MHOro4j1€HOB

my = [F (), g(0)] = %(f)(’c)

rae D; (x) = HOK(f (%), g(x)).

Lf(x):g(x)
1 1 3 3 3 2
2 2 1 2
1 -2 1 2
-2
1 1 2 6 4
1
Z.g(x):zr(x)
1 1 2 -1 2
3 3 -2
2 3 -2
1 1 0 0

1
D;(x) = E’r(x) =x2—-3x+2

3.m,(x) =%1g(x)=f(x)-%= (x*=3x34+3x2-3x+2)(x+1)

=x>—2x*—x+2

3arem Haiinem HOK Tpéx MHOTrOUNIEHOB

1(x) " h
m(x) = [f(x),g(x), h(x)] = [m,(x),h(x)] = m (];CZ)(X) (x)
rae Dy (x) = (my (x), h(x)).
4. my(x): h(x)

L 1 -2 0 0 1 2
) ) 1 )
-1 8 4 8
2 -14 -7 14

. a7 | 12 0 a2
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1
h(): (= 5T ()

1 1 2 1 2
0 0 -1
-1 0 -2
1 2 0 0
1
Dz(x)z—ﬁrl(x)=x2+1
my (x) - h(x) h(x) c
m(x) = =m, (x) - =(x°=2x*—x+2)-(x+2
(1) = s = m () = € ) (c+2)
=x%—4x*—x2+4
OrtBer:

m(x) = [f(x),g(x), h(x)] = x® — 4x* — x? + 4.

33&3‘1“ I CAMOCTOATEC/IBHOTO PCIICHUSA
1. Haiitu HO/l 1 HOK nap MHOro4ieHOB:
1) f)=x*+x3+2x>+x+1,
gx) =x3—2x*+x—2 €Q[x]

2)  f(x)=x*—10x?+1,
g(x) = x* — 4V2x® + 6x% + 4V2x + 1 € R[x]

3 fx)=x>+Q-Dx*+x3—ix?2-1,
gx)=x*—ix3—(1-ix?—x+1 € C[x]
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IpakTuyeckoe 3ansiTue NeS

HenpuBoanmbie KpaTHbie MHOKUTEU. KpaTHbIE KOPHU
MHOI'04JI€HA.

Teopernueckuii MmaTepuaJl

HenpuBoaumbie HAJ MOJeM MHOTOUYJIEHBI

Onpenenenne 1. Muozcounen f(X) nonosrcumenvroti cmenenu nasvieaemcs
npugooumvim Hao noaem P, eciu e2o moocno npedcmaeumsv 6 Guoe
npouU3BeOeHuUsi 08X OpyeUxX MHO20UNEHO8 NOJONCUMENbHOU CMEeNneHy HA0 NnoJlem
P.

Onpenenenne 2. Mnocounen Q(X) nonoscumenvHou  cmenenu
HA3b18AeMCsl HENPUBOOUMBIM HAO noaem P, eciu eco Henvzsa npedocmasums 8
sude Npou3sedeHust 08yxX Opy2ux MHO20UIEHO8 NOJONCUMENbHOU CmeneHu HAo
9MUM NOJIEM.

[IpuBoAMIMBIE MHOTOWICHBI HA3BIBAIOT COCMABHbIMU, HETIPUBOIUMBIC
MHOTOWIECHBI HA3bIBAIOT npocmulmMu HaJ mojeM P.

Ipumep 1. f(X)=x2-4=(x-2)(x+2).
Buaum, uro maorowren f(X) mpuBoaum mag nomsmu Q, R, C.

Hpumep 2. f(X)=x2-2=(x-/2 )(x++/2).
Mpuorouien f(X) mpuoaum Hajg mosimu R, C.

Hpumep 3. f(X)=x2-2=x?-(+/2 i)>=(X-~/2 i) (x+/2 i)
Muorounen f(X) mpuBoum Haz mosiem C.

Teopema 1. Muocounenvt nepeoii cmenenu HenpugooUMbvl HAO THOOLIM
nouem.

Joxa3arebcTBo. [IpOU3BOJIBHBII MHOTOYIEH NEPBOM CTEIEHU HUMEET
Bua f(x)=aix+ap. Ilpeamosiokum, 4YTO OH MNPHUBOJMM, TOTJA €r0 MOXHO
NPEICTaBUTh B BUJIC:

cm.=2
F)=hH()
cm.=1
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[Moyunnu HEPaBEHCTBO CTEICHEH, CIIeIOBATEIbHO,
f(X) — HePUBOAUMBIH MHOT'OYJICH.

Teopema 2. Eciu mmuocounen f(X) nempusooum mnao norem P, mo u
mnoeounern Cf(X) (npu nrodbom c#0) maxoce nenpusooum nao nonem P.
Jloka3aTensCTBO OUYEBHIHO U3 OTIPEICTICHUSI.

Teopema 3. Eciu mnozounen f(X) nenpusooum nao nonem P u muocounen
g(X) — npoussonvhwill MHo2OUCH HAO norem P, mozoa nubo §(X) derumces na
f(x), w60 1(x) u g(X) — 63aummo npocmeie MHO2OUICHDL.

Hoxka3zareabcTBo. O6o3naunm HO/[(T(X),g(x))=d(X).

Ecim d(X) — MHOrouwieH HyJeBOWM cTeneHH (YUCII0), TO €ro MOXKHO
CUMTaTh paBHBIM 1, 1 MHOTOWICHHI f(X) 1 §(X) B3aMHO TIPOCTHIC.

Ecmu ke d(X) — 370 MHOTOWIEH HEHyJeBOW cTerneHu, pasaenum f(X) Ha
d(x). ITomyunm f(x)=d(x)-q(x), Ho Tak kak f(X) HenmpuBOAKM, TO MHOTOUWIEH (|(X)
B OTOM Cllyyae MMEET HyJIeByIO cTerneHb. 3Hauut, f(X)=d(x)-q => f(X) nemutcs
Ha d(X) => f(x) neaurcs Ha d(x)-q, a => f(X) nenutcs Ha g(X). Teopema nokasaHa.

CaencrBue. Eciu mnoeounen f(x) nenpusooum u g(x) ne oenumes na f(x),
mo muocounenwt f(X) u g(X) 6zaummno npocmeule.

Teopema 4. Eciu mnocounen f(X) mnenpusooum u npouseedenue
nHexomopwix muo2ounenos f1(x)f(X)-... fn(X) oerumes na 1(x), mo xoms 6w 0oun
u3z mroeounernog oeaumcs na f(x).

Pa3iio:xenne MHOro4JieHA B NMPOU3BECACHNEC HOPMUPOBAHHBIX

HENMPUBOAUMbIX MHOKUTEJICH

JlokaxeM BCIIOMOTaTelIbHYIO

aemmy: ecau P(X) u q(X) — HenpusoOumbie HOPMUPOBAHHBIE MHOLOYIEHD
u p(x) oerumes na q(x), mo p(X)=q(x).

Noxka3aTeibeTBo. [To ycmouro p(X) aemutest Ha g(X) => p(X)=q(x)-¢(X).
Ho tak kak MHorouwieH P(X) HEIPUBOIUM, TO MHOTOWICH ¢(X) HMEET HYJICBYIO
crereHb => P(X)=q(X) @, a Tak kak MHOTOWIeHHI P(X) 1 ((X) HOPMHPOBAHHBIC, TO
p=1 => p(x)=q(x). Jlemma noka3ana.

Teopema 1 (ocHOBHasi TeopeMa TeOpHM JAeJMMOCTH MHOIO4YJIEHOB).
Beaxuiit mrozounen 6vlute Hynesol cmeneHu MONCHO eOUHCMBEHHBIM 00pa30M
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npeocmasums 6 6ude npoussedenus snemenma noiasi P u HopmuposamHwvix
HenpusoouMvlx Hao nojiem P muozounenos, mo ecmo
fOx)=a-ps(x)-p2(x)-... fu(x)  (1).
Joka3areabcTBo. JlokakeM TeopeMy METOAOM  MaTEMaTHYECKOU
WHIYKIIHH 110 CTETICHH MHOTOYJICHA.
[Tycth crenens MmHorowieHa f(X) paBua equaune (n=1) =>

a
f(X)=ax+a, =a(x+ go) => Teopema CIpaBe/InBa.

[Tycth TeopeMa BepHa JII MHOTOYICHAa CTENEHW MeEHbIne, yeM N. Ha
OCHOBE JTOTO TMPEIIMOJOKEHHS JIOKaKEM, YTO TeopeMa BEpHA U IS
MHOT'OYJICHOB CTEIICHH N

f(x)=anx"+an.1 X"+ ... +a;x+ag

Bo3MoxHBI 1Ba ciydasi:

1) ecniu mHorouwineH f(X) HENMpUBOAMM, TO TOCTYIAEM CIICAYIOIIMM
oOpazom:

ad
f(x)=a,(x"+ ;—1)(” DAt (% X+ %) => TeopemMa J0Ka3aHa.

n n n
2) ecmu f(x) mpuBomum, 1O f(X)=f1(X)f2(X), mpu >TOM Kaxkmplidi u3
COMHOYKHUTEJICH OJHDKEH UMETh CTCIIeHb MEHbIIIE N, 3HAYUT, ISl KOKIO0T0 U3 HUX
MBI UCTIOJIB3YEM HAIIIe MPEIIOJIOKEHHE, T.C.
f(x)=f1(x)f2(X)
f1(x)=a-p1(x)-...- ps(x)
fo(X)=b-Ps+1(X)-... Px(X)
F1(%) F2()=C-pa(X)-... P(X),
c=a-b=>paznoxxeHue 10Ka3aHo.

JIokaxkeM eIMHCTBEHHOCTh pa3ioxenus (1).

[Mpenmonoxkum, uro mua  f(X) cymecrByer apyroe aHajJOrHYHOE
paznoxenue: f(X)=d-qu(x)-...-qi(X). IlpupaBHuBas o00a 3TH pa3IOKEHU,
noJyJyaeM

CP2(X) ... Pu(X)=d-qu(X) ... qu(x) (*).

JleBas ywactp paBeHctBa (*) menmrtcs Ha Pi(X), clemoBaTeNbHO, AODKHA
JCTUThCSI M TpaBas 4acTh, a MO MNPEIBIAYIIEH TeopemMe XOTS Obl OIUH W3
COMHOXKHUTENICH B mpaBod uwactu ngenurcs Ha Pi(X). He Hapymas mopsiaka
HyMepaiuu, OyieM cuuTath, 9to Ha P1(X) menurcs (i(X). [To ycnoBuro TeopeMsl
q1(X) m pi(X) — HOpMHUpOBaHHBIC HEMPUBOAMMBIC MHOTOWICHBI, 3HAYHUT, IO
JIOKA3aHHOW JIEMME OHHU PaBHBI, MOATOMY B paBEHCTBE (*) MOXKHO COKPaTHUTh
0o0e ygactu Ha Pi(X). OcTaBHIMIICS MHOTOWIEH MPU 3TOM BHOBbH OyIET MMETh
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CTEICHb MEHBIIYIO N, MOITOMY MOXHO COCIIAThCsS Ha HaIlle MPEANOJIOKCHHUE.
[Monyurm, 4uto P2(X)=02(X). DTOT mporecc MPOJOIKHM 10 TE€X IMOp, MOKa HE
nosyunm, 9ro C=d. Teopema qoKa3aHa.

Onpenenenne 1. Paznosicenue muocounena f(x), 6 komopom ob6wedunenwvi
00UHAKOBblE HOPMUPOBAHHbIE HENPUBOOUMbLE  MHONCUMENU, HA3bIBAEHICS]
KaHoOHuuecKum pasnoxycenuem muozounena f(x) u umeem 6uo:

f(x)=a-p(x)- P32 (%) -...- B (X).

HerI/IBOI[HM])Ie KPAaTHbIC MHOKUTEC/JIN MHOTOYJICHA
Onpenenenne 1. Henpusooumwiii mnocounen pP(Xx) nao nonem P
HA3bIBAEMC sl HENPUBOOUMbBIM KPAMHLIM MHOMcumenem 0asa muozounena f(x),
ecau muozounen f(X) oenumes nayeno na p(x) u f(x) ne denumes na p™+(x).

Yuciio M Ha3bIBAETCSA KPAMHOCHbIO MHOMCUMEIAL.
Ecnu m=1, To MHOXKUTEIIb Ha3bIBACTCS NPOCHIbIM.

Ipumep 1.
f(X)=x3+x4-8x3-8x2+16x+16=(x-2)?(Xx+2)?(x+1).
P1(X)=(X-2) — ABYKpaTHBI MHOKUTEJIb.
P2(X)=(X+2) — IByKpaTHBII MHOXHUTEIb.
P3(X)=(Xx+1) — mpocTOii MHOKHUTEIIb.

Teopema 1. Eciu munocounen P(X) — Henpueooumbvlii KpamHblil
mHoxcumens 0t mHoeounena T(X) kpamuocmu m>1, mo ons muocounena f'(X)
mHozounen P(X) 6ydem HenpueoOUMbIM KPAMHBIM MHONCUMENeM KPAMmHOCMU
m-1.

Teopema 2. Mnuocounen f(X) umeem mnenpusooumvie Kpamuvle
MHOMCUmMenu moeda u moavko moeoa, kozoa HOJ(X),f'(X) umeem
HONOACUMENLHYIO CIENeHb.

Jloka3arejibCTBO.

1. IMycts muorounen f(X) mMeeT HEMPUBOAMMBIA KPATHBIH MHOKHTEIb
p(X) kpatHoct M>1. ITo npeapiayiielr Teopeme P(X) OymeT HEMPHUBOIUMBIM
KpPaTHBIM MHOYKHTEJIEM KpaTHOCTH M-1 s mpousBoaHON MHOrowieHa f'(x), to
ectb f(X)=p™(x)-q(X) u f(X)=p™*(x)-qi(X). Orcroma ciemyer, YTO MHOrOUIEH
pP™Y(X) ects obmmii menmrens muorouneHos f(xX) m f'(X). Torma, ecom d(X) —
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KaKoW-1100 HamOoJbIMi 00w AenuTens MHorowieHoB f(X) u f'(X), To d(x)
nenutes Ha P™1(X).Tak kak M-1>0, To crenens Muorouwnena d(X) 1omkHa OBITH
TIOJIOXKHTEIIbHA.

2. Ilycte HOZ(f(X),f'(X)) ecTh MHOrOWICH IOJOXUTEIHHONH CTEICHH,
o6o3naunMm ero d(X). Torma f(X)=d(x)-2(X) u f'(X)=d(x)-qs(x). Pazmoxxum d(X) Ha
HEMPUBOIUMbIE MHOKUTENU. [1ycTh P(X) — OMMH U3 3THX MHOKUTEIIEH, TO €CTh
d(X)=p(x)-q4(x). ITomcTaBuM MOJy4YEHHOE PABEHCTBO B BhIpakeHue s f(X) u
f'(x), momyurm f(X)=p(x)-qa(X)-02(X) u F'(X)=p(x)-q4(X)-q3(X), cnemoatensro P(X)
SIBIIICTCS HEIMPHBOIUMBIM KpaTHbIM MHOkuTeneMm s f(X) u f'(x). Takum
o0pa3om, MHOTOUIEH f(X) MMeeT HenmpuBOIMMBIE KpaTHBIC MHOXHTEIH. TeopeMa
JI0Ka3aHa.

Cxema BbljIeJIEHUSI KPATHBIX MHOKHMTEJIel

PaccMOTpUM  airopuT™, IMO3BOJSIONIMIA  OTHICKATh  HEMPHBOIMMEIC
KpaTHbIC MHOKUTEU MHOTOWIeHA f(X).

Beenem 0003HaueHus:

X1 — NpOU3BEICHHE BCEX MPOCTBHIX HEMPUBOJAUMBIX MHOXHTEICH B
KaHOHHYECKOM paziokeHuH f(X);

X, — MpOU3BEACHHE BCEX IBYKPATHBIX HEMPHBOAMMBIX MHOMKHUTEICH,
B3STHIX 10 OJTHOMY,

X3 — TpOM3BEAECHHE BCEX TPEXKPATHBIX HEMPHBOAMMBIX MHOKHUTEICH,
B3SATBIX 110 OJTHOMY U T.II.

Ecnmu muorouwnen f(X) He mmeer MHOXHTeNel KpaTHOCTH K, To Oymaem
CYMTAaTh, uTO Xk=1.

Ipumep 1. f(X)=(x-1)(x-2)(x2+1)*(x+1)?(x+5)*
X1=(x-1)(x-2);

Xo=(x*+1)(x+1);

X3:1;

X4=(X+5).

f(x)=X, - X2-X3- X2

[Tycts man muorowieH f(X). Byaem cuutaTth, 9TO KPATHOCTH MHOMKUTEIS
muorowtena f(xX)=4, torma f(X)=c-X,-X7-XJ X, . BbyjenmuM KpaTHbIC
MHOXHUTETH MHOTOUIeHa f(X).

1 wae:
Hatiném
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100 dy(x) = HOA(f (), f' () = @y - X, - X3 - X3
dy' (x); dy(x) = HOJL (dy (), dy'(x)) = a5 - X5 - X
d;'(x); d3(x) = HOA(dy(x),d;' (x)) = a3 - X,
dy' (x); dy(x) = HOA (ds(x), d5' () = a,

IlepBhlii mar mpopoikaemM A0 Tex mop, noka B kadectBe HOJ[ He

ITOJIYYMM YHCIIO.

2 wae:.
Haininém oTHOIIEHUS
f(x)
e;(x) =5—=<=Db; X" X, X3 X
1( ) dl(x) 1 1 2 3 4
d,(x)
e, (x) =m= by - Xp - X3 X,
dy(x)
e3(x) =m= bs - X3 X,
d(x)
e, (x) = m = by X,
3 wae:.
Hatiném oTHOMIEHUS
e, (x)
=c, X
e, (x) v
e, (x)
=c, X
e3(x) 2 72
e3(x)
=c3 X
eq(x) 503
es(x)
41 =Cy " X,

Vka3aHHbIN AJIr'OPUTM  IIO3BOJEICT BBIACIHNTL KPATHBIC MHOXHTCIINU
MHOI'O4JICHA C TOYHOCTBIO JO MHOXHUTECIISA HYHCBOP’I CTCIICHU.

KpaTtHble KOpHH MHOTO4YJICHOB
Onpenenenne 1. Yucio Xo Hazvieaemcss Kopuem muozounena T(X)

kpamnocmu M, eciu f(X) derumea na (X-Xo)™ u ne denumes na (X-Xo)™**.
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Teopema 1. Yucno Xo seisemcs kpamuvim Kophwem muocounena f(X)
moz2oa u moyvko mozoa, ko2oa f(Xo)=f'(xp)=0.

Jloka3areJibCTBO.

1. ITyctes Xo — xopeHb MmHOTOWIeHA f(X) kpaTHOCTH M>1. Torma aABywieH
(X-Xo) sABIISETCS HEMPUBOAMMBIM MHOKHTENIEM Juisi MHorowieHa f(X) kpatHoCTH
m. Jlns mpou3BoaHON MHOTOWIEHA f'(X) ABywIeH (X-Xo) OyIeT MMETh KPaTHOCTh
m-1>0, Toraa MOXHO 3aMMUCaTh.

fO)=(x-x0)™q(x),

S(9)=(x-%0)™" qu(X)

[ToxcTapiisiss BMECTO X 3HaYCHHE Xo, TIOTYIHM

f(X0)=(Xo-X0)™0l(X0)=0,

f'(X0)=(Xo-X0)™**G1(X0)=0.

2. Tlyctb f(Xo)=f'(X0)=0. Hokaxem, 4TO0 Xo OYyIeT KpaTHBIM KOPHEM.
JIeCTBUTENBHO, €Cl ObI Xo SIBIISUICS MPOCTHIM KopHem MHorowiena f(X), To
MHOXHTEb (X-Xo) HE BXOIWJI ObI B pasiioykeHHe Mpou3BoAHOM f'(Xo), a 3HAUMT
f'(Xo)#0. 3HauuT, KPAaTHOCTH X9 KAK MUHUMYM paBHa JByM. Teopema Joka3aHa.

Teopema 2. Yucno Xo sa6naemcs kopHem Kpamuocmu M OJisi MHO2OYLEHA
f(x) mo2oa u monvko moeoa, ko2coa
f(xo)=f"(X0)=f"(Xo)=...=fMD(x0)=0, a fM(xo)#0.  (*)
Jloka3arejibCTBO.
1. Paznoxxum wmuorowien f(X) mo dopmyne Telisopa mo cTemeHsM
pasHocTH (X-Xp), T.€.
£1(%,) F D (x )

f"(xo)

f(x)=f(x,)+ 1 (X=Xy)+ 2!\(>i0)2+...+ " (X=Xo)™ " +
r(x)
fm fn n—-m m
+[ (:(0)+...+ (IXO) (X=%)" "X = X,)
wm! n! /)
~
a(x)
[Tycts Xo — KOpeHb MHOTOWIeHa KpaTHocTH M, torma r(X)=0, oTkyma
f(Xo)=F"(X0)=f"(Xo)=...=FfMD(x0)=0. Ycnosue (*) BbmonuseTcs, MOCKOIbKY ((X)

He aenuTcs Ha (X-Xo), Bce ciaraembie B ((X), KpoMe MmepBoro, aeysaTcs Ha (X-Xo),
a 3HAYUT MepPBOE CIaraeMoe OTANYHO OT Hyns => fM(Xo)£0.

2. Ilyctp BeimonasieTcs ycnoBue (*). [lokakem, 9TO 4ncio Xo — KOpEHb
kpatHoctr M mHorowieHa f(x). ITo pasnoxenuto f(x), r(x)=0, a q(x) He gemuTCs
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Ha (X-Xg), Torma momydaeM f(X)=(X-Xo)™q(X), ciemoBareabHO, Xo — KOpPEHb
KpatHocTH M. Teopema JoKa3aHa.

Pemenue 3agau
3anaua 1. Hao xaxum uz nozneti Q, R unu C npusooumst mnozcounenvi
a) f(x) =x%—4x —2
6) f(x) =x3—x?2—x+1
B) f(x) =3x%—2x+ 4
r) f(x)=3x—67?

Ha mpakTrke yn00HO OJIb30BaThCS CIIEIYIONTUMU CBOHCTBAMH:

1) Eciu f(x) npuBoguM Haja mojieM P TO OH MPUBOAMM HaJ JHOOBIM
pacmpernem dToro monsA. [loatomy mpu wucciaemoBanuu  f(x) Ha
MIPUBOJMMOCTh HAYHWHAIOT C BO3MOXKHO 00JIee «y3KOTro» IIOJIs, HaJl KOTOPBIM
f (x) ompenernes.

2) Ecnu f(x) venpuBoaum Haja nojieM P, To OH HEMPUBOAUM HaJl JIIOOBIM
€ro MOJIOJIEM.

a)x?—4x—2=0
X, =2+V2€ER
f)=(x-2- \/7)(96 -2+ \/E) npuBoaAuM HaJ R u C.

6)x3—x2—x+1=0
x*>x—-1)-(x-1)=0
x—-1Dx%?2-1)=0
(x—1%*x+1)=0
f(x) npuBoaum Haz Q,R,C.

B) f(x) =3x?>—2x+4 mnmenpusomuMm Hag Q, R, HO  sABIseTcs
IPUBOAUMBIM Haja mojieM C, TMOCKOJBKY HMEET [Ba MHHMBIX KOMIUIEKCHO-
COTPSKEHHBIX KOPHSL.

r) f(x) = 3x — 6 venpuBoaum Hax Q, R, C.
Bagaua 2. HUmeem au mmozounen f(X)=x3-4x?+5x-2  kpammuvie
MHOXMCUmMenu?

Pemenne:
Yro0bl BOCTIOIB30BaTLCS TeopeMoii 2, Haaém HO/(T(X),f'(X)).
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1) (x):/(x)
(X))

r(x)=-2x+2=-2(x-1)

ri(x)=x-1.

2).f'(x):11(X)
r,(x)=0.

f(x)=3x%-8x+5.

3 -36 | 45 | -18

8 24 | -15

5 32 | 20
4 | 2
3[8[5
3/5[0

HOJ[((X),f'(X))=x-1 — He sBisieTcS MHOTOYICHOM HYJICBOW CTCIICHH,

cienoparenbHo, f(X) u f'(X) He B3aumMHO mpocthie MHOrowieHbl, U f(X) nmMeer

KpaTHBIC MHOXUTCIIN.

332[2[‘18 3. Buioeaumo KpamHvle MHOaMCUmMeIU MHO2OUIeHA

Penienue:
1 wae:

f(X)=x>-3x*+4x3-4x2+3x-1.

f/(X)=5x*-12x3+12x2-8x+3. Haiiném HOJI(f(x); f'(X)):

5 25 -75 100 -100 75 o5
12 60 60 20 1
-12 36 26 i -
8
-3
5 -3 4 24 36 1
r(X)=4x3-24x2+36x-16=4(x3-6x>+9x-4).
ri(X)=x3-6x>+9x-4.
f(x):ri(X)
1 5 -12 12 3 3
0 30 -45 20
™ 108 -162 72
4
S 18 75 7150 75

r(X)=75x%-150x+75=75(x?-2x+1).
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ra(X)=x2-2x+1.
ri(X):ra(x)

1 1 -6 9 -4
2 2 -1
-1 -8 4
1 -4 0 0
r3(x)=0.

HOIJ=x2-2x+1=dy(x).
di(x) =2x—-2=2(x—-1)
HOA(d; (x),d1(x)) = x — 1 = d,(x)
r1(x)=0.

dy(x) =1
HOJ(d,(x),d3(x)) = 1 = d3(x)

Hrak,
d,(x)=x%-2x+1; d,(x)=x-1; d3(x)=1.

2 wae:
Haxonum oTHOmIEHUS:

61=£1(£)=x3—x2+x—1,

Cdy(x) x*-2x+1
ez_dz(x)_ x—1
_dy(x) x—1

ST 1

3 wae:
BeIuncisieM OTHOIIIEHUA

eq xX*—x*+x-1_ |
X1:_= =X +1,
e, x—1

e x—1
X2=—2— =

es x—1
X_e3_x—1_ 1
R T T




IMonyunmu f(X)=(x>+1)(x-1)* — pasno’keHHe MCXOTHOTO MHOTOYJIEHA B
IPOM3BEICHUE HEMTPUBOIUMBIX KPATHBIX MHOKUTEIICH.

3ameuanue. BBUMCIUTE Takoe Pa3ioKEHUE MOXKHO APYTUM CIIOCOOOM,
OIPEICITUB KOPHU 3TOI'0 MHOTOYJICHA M UX KPATHOCTD:

1) Hag moseM KOMIDICKCHBIX Ymceda MHorowieH f(X) mmeer poBHO NATH
KOpHEH: X1=I; Xo=-1; X3=X4=Xs=1, T.e. 1 — KOpEHb KPATHOCTH TPH;

2) Haj MoJIeM JCHCTBUTEIBHBIX M PAIlMOHAIBHBIX 4Kcel MHOrowieH f(X)
UMEET eJIMHCTBEHHBIN KOPEHb X=1 KPaTHOCTH TPH.

3anaua 4. Onpedenums Kpamuocmos KOPHsL Xo MHO2OYNEHA:
f(X)=x>-5x*+7x3-2x2+4x-8,  Xo=2

Pemennue:

ITo cxeme ['opHepa nmeem:

1 -5 7 -2 4 -8

211 -3 1 0 4 O
211 -1 -1 -2 0

JlanpHeliee fAeleHWE HE JacT B OCTaTke HOJb. TakuMm oOpaszom,
f(X)=(x-2)3(x?+X+1), TO €CTb Xo=2 — KOPEHb KPATHOCTH 3.

Bagaua 5. Onpederumvs a u b max, umobwl MmHO2OUNEH
f(x) = x5+ ax? + bx + 1 umen uucno -2 koprem Kpamuocmu He Hudxce 2.

Pewenue:

Yucio -2 6ynetr KOpHEM KPAaTHOCTH HE HUXKE 2, eciu 3HadeHus f (x) u ero
npoussoguoii f'(x) = 5x* + 2ax + b pasue1 0 mpu x = —2.

[MpupaBuuBast f(—2) u f'(—2) K HyJIIO, IOTyYHUM CUCTEMY YPaBHCHHIA:

{ 4a —2b =31

—4a+b= —-80"
oTCIOa A = %,b = 49,
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33,[[3‘1]/1 I CAMOCTOATEC/IbHOTO PCIICHUSA
1. IlpuBenuTe mpuUMephbl U KOHTPIIPUMEPHI HEMPUBOJUMBIX HaJ AaHHBIM
M10JIEM MHOT'OUJIEHOB.

2. OTI[CJ_H/ITB KpaTHBIC MHOKUTCIIN MHOT'OYJICHA
1) x®—6x*—4x3+9x2+12x +4

2)  x°—10x*—20x% —15x — 4

3) x®+2x5+x*+4x2+8x+4

4) x> —2x*—2x3+4x%>+x-2

3. OTI[eJ_H/ITB KpaTHBIe MHOXHUTCIIN MHOT'OYJICHOB U HaﬁTH nux KOpHI/I
x5 — 5x* — 5x3 + 25x2 + 40x + 16
2x8 +6x° +6x* +x3—-3x2—-3x—-1
x5 — 6ix* — 14x3 + 16ix? + 9x — 2i
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CemecTpoBble 3a1aHus 1o pasjaeny I

1. Boinoanums oenenue ¢ ocmamrom f(X) na g(x):
a) f(X)=2x*-3x3+4x2-5x+6, g(X)=x>-3x+1;
6) f(x)=3x3-22x2+30x+27, g(x)=x>-8x+15;
8) f(X)=3x>+2x*-3x3+7x2-5x-4, g(X)=x3-2x%+3x-7.

2. Ilpu kaxom ycrosuu X3+pX+Q Oerumcs nayeno na X°+mx-17?

3. lonw3ysce cxemoti 'opuepa, naiimu 3nauenue mroeounena f(x) 6 mouxe

a.
a) f(X)=x>-7x*+17x3-19x>+16x-12, a=2;
6) f(X)=4x3+x?, a=-1-i;
6) f(x)=x3-3x+2, a=-2.
4. Haumu HO/(T(X),9(X)) u evipasume eco aunetino uepes f(x) u g(x),
ecau:

a) f(X)=x+3xH3+x2+3x+1, g(X)=x*+2x3+x+2;
6) f(X)=x*+x3+2x2+x+1, g(X)=x3-2x2+x-2;

8) f(X)=x*+2x2-3, g(x)=x3-x>+2x-2.

5. lonvsysce aneopummom Esxnuoa, nooobpame muocounenvt U(X) u V(X)
max, umoowi f1(X)u(x)+f(X)v(x)=1:
a) f1(X)=3x3-2x2+x+2, fo(X)=x2-x+1;

6) f1(X)=x*-x3-4x?+4x+1, fo(X)=x>-x-1.

6. Havimu HOK 08yx mHo20UIEeHO8:
a) f(X)=2x3+x-3, g(x)= x>+x-2;
6) f(X)=x*+6x3+17x2+24x+12, g(x)=x3-2x>-13x-10.
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1. Pasznoxcums mnozcounen no cmenensim Oeywzeﬂa X-Xo-
a) f(X)=x>+1, x+2;
6) f(X)=2x>-5x3-8X, X+3;

8) f(X)=x4-3ix3+(1-1)x2+2x+(1+i), X-i.

8. Haiimu 3nauenus muocounena f(X) u eco npouzsoonwix npu X=Xo:
a) f(X)=x°-4x3+6x2-8x+10, Xo=2;

6) f(X)=x*-3ix3-4x°+5ix-1, Xo=1+2i.

9. Yemy pasen noxazamenb KpamHocmu KopHsi Xo mroz2ounena f(x)?
a) f(X)=x>-5x*+7x3-2x2+4x-8, Xo=2;

6) F(X)=x>+7x*+16x3+8x%-16X-16, Xo=-2.

10. Onpederumsv a u b max, umobor mpéxunen ax*+bx3+1 oenunca na

(x-1)2.

11. Bwioenumsv kpamuvle MHOMCUMENU MHOCOYICHA
a) f(X)=x°-6x*-4x3+9x*+12x+4;
6) f(x)=x°>-10x3-20x?-15x-4;
8) f(X)=x5-15x*+8x3+51x%-72x+27;

2) f(X)=x"-3x8+5x>-7x*+7x3-5x>+3x-1.
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Paznen Il. MHOroO4IeHBI 0T HECKOJbKHUX MEPEeMEHHbIX

IpakTuyeckoe 3aHsaTHe Ne6

CreneHb MHOTO4YJI€HA OT HECKOJbKHUX IMePeMeHHBbIX.
Jlekcukorpadguveckoe ynopsiioueHue YWieHOB MHOTO4YJIEHA.

Teopernueckuii MaTepua

KpaTtHoe TpaHcueHaeHTHOe pacmupenne K/xi, x2, ..., Xn] o0JacTu

nesaocTHocTu K

PaccmoTpum  mpocToe  TpaHCHEHACHTHOE  pacliupeHue  o0JacTh
nenioctHoctr K/X1]. IlocTponm mpoctoe TpaHCIeHAeHTHOE pacimuperne K/X1] ¢
TIOMOIIIBIO OYKBBI X7, IOJYYMM paciupenue K/Xi,X2], KOTopoe 1Mo OTHOIICHHUO K
K Oyner xpammuvim mpancyenoenmuvim pacuiupenuem. VIcronb3ys Takou
ITOPUTM N pa3, Mbl TOIYYHUM KpamHoe MPAHCYEeHOeHMHOoe paculupetue
K[X1,X2,...Xn] obmactu nmemoctaocTr K.

B nanpuedimem mojn oOnacTeio 1enoctHoctd K OyneM paccMaTpuBaTh
obnacTh uenbix yucen Z. Torma mo00il AIeMEHT KPaTHOTO TPAHCIICHACHTHOTO
paciMpeHus IpeACcTaBsieT co00i cymMMy ), a xf 1x§ 2. x,’f”, rne aekK, a kq, k;,
..., ky — LleTIBIE HEOTpUILIATENbHBIE YUCHA, X, X3, ..., X, — TPAHCIEHACHTHBIC
DIIEMEHTHI.

JIt000i1 37EMEHT KpaTHOrO TPAHCIEHACHTHOTO PACIIMPEHUS Ha30BEM
MHO20YTIEHOM OmM HEeCKONbKUX hnepeMeHHvXx W Oynem o0003HayaTh €ro
f(x1, ..., xn).

UTtoObl CIOXHUTH JIBA MHOTOYJIEHA OT HECKOJbKHX MEPEMEHHBIX,
JIOCTaTOYHO BBITIOJIHUTH TMPHUBEICHUS TMOAOOHBIX WIEHOB JTHUX MHOTOYJICHOB,
UMEIOIUX paBHBIC TOKa3aTeNd TpH X, X3, ..., Xp. UTOOBI yMHOXWTH
MHOTOWICHBI OT HECKOJBKHX IEPEMEHHBIX HAJ0 YMHOXHUTh KaXKIbI YICH
OJIHOTO W3 HUX Ha KaXJIbId YJEH JPYroro, a 3aTeM BBIMIOJHUTH NPUBEACHHE
MOT0OHBIX YJICHOB.

Mp1 onpefiennuiii Onepanyy CIOKEHUS 1 YMHOKEHUSI Ha MHOKecTBe K/ X1,
X2, ..., Xn]. MOXHO J0Ka3aTh, 4TO IMOJydeHHas ajireOpa sBIACTCSA 00JIACTHIO
IIEJIOCTHOCTH.

JIJIs MHOTOWJICHOB OT HECKOJIBKUX TIEPEMEHHBIX MOXHO TIOCTPOHUTH
TEOPUIO JCIUMOCTH, OOOOIIAIOIIYI0 TEOPHUI0 JIETUMOCTH MHOTOWICHOB OT
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OJIHOM mnepeMeHHON. To eCcThb MOXKHO BECTH MOHSTHUE JIETUMOTO0, IEIUTEN,
yacTHOro, ocratka ot nenenus, HOJl, HOK MHorouneHoB, a TakXe NOHATHA
HEMPUBOJAUMOTO U MPUBOAMMOTO MHOTOUJICHA.

Teopema. Jloboti  mHO20OuNEeH — OmM  HECKONbKUX  NEePeMeHHbIX
PpacKaaovieaemcsi 68 NpouzeeoeHue HenpusooOUMbIX MHONMCUMENEU, KOmopoe
onpeoensiemcsi 0OHO3HAYHO C MOYHOCMbBIO 00 MHOJICUMES HYIe80L CIMEeNneHu.

CTeneHb MHOI04JI€HA OT HECKOJILKHX NMEPEMECHHDBIX
HYCTB JaH HpOH3BOHBHBIﬁ MHOI'OYJICH OT HCCKOJIbKHX IICPCMCHHBIX
f(x1, .., xp). Ecim B ero 3ammcu HET NOJOOHBIX YIECHOB, TAaKylO 3aIlMCh
HA3bIBAKOT HOpMClJZbHOL?.
ke kn

k1
Omnpenenenne 1. Cmenenvio oonounema ax; x,”..x," Hasvieaemcs
cymma ky +ky + -+ k.

OnpezleJIeHne 2. Cmenenvto MHO20UIeHA OM HECKONbKUX néepemeHHblx
HA3bl8AeMcs HAUOOIbLULASL U3 CMeneHell €20 0OHOUICHO8 8 HOpMa]ZbHOZZ 3anucu.

CTeneHb MHOTOWICHA OT HECKOJIBKHMX MEPEMEHHBIX 0003HAYAIOT:
cm.f numn degf.
HyneBoMy MHOTOYJICHY HE PUITUCHIBACTCS KaKasi-THOO CTEIICHb.

Mpumep 1. f=3x1x2x3% - X120+ x2x3 -5
I[To onpenenenuro cm.f=5.

Onpenenenue 3. Mwuocounen Haszvieaemcsi 0OHOPOOHBIM CHIENEHU M
(wru ghopmoir), eciu 6ce eco nemynesvie ciazaemvie uUMeiOm 00HY U MY Hce
cmeneHs M.

IIpumep 2.

f=x12+tx1x2, — hopma cT.2;

g=x1+2x2- 5x3— dopma cT.1.

Jlunetinas ¢opma (cr.1) BcTpeyaeTcss B JIMHEHHOM IMPOTrPAMMHPOBAHKH,
keaopamuynas popma (CT. 2) — B TEOMETPHUHN.

Teopema 1. Cmenenv cymmuvl 08yX MHO20UNEHO8 He NPEBOCXOOUM
Haubonvwell uz cmeneHeli cnaeaemvix. CmeneHb NpouszBeoeHus 08yx
MHO20UYNEHO8 PABHA CYMMe CmeneHell COMHONCUmeIell.
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Ipumep 3.

f=x:20- 3x26:-5, g=-x:20+3x3x1 - 4x1X-X,+6.
Cm. =4, cm. g=4.

f+g=-4x- x+1

Cm. (f+g)=2<4.

Ipumep 4.

f=x12x2 - x2, J=x1%- X1Xx2.
Cm. f=3, em. g=3.
f-g=x12x2 - X132 - X1°X22+x1x2?

Cm. (f-g)=3+3=6.

CJoBapHoe ynopsiioueHue 4ieHOB MHOT04JIeHA
PaCCMOTpI/IM ABa IIPOU3BOJBHBIX CJIAraCMbIX MHOI'OWICHA OT HCCKOJbKHUX

IICPCMCHHBIX

— a1 K2 kn
U=ax,"x,* .. x,",

V:bxilxé2 xrl[‘

Omnpenenenue 1. Cracaemoe U cuumaemcs evtuie cnacaemozo V, eciu
8LINOIHAECMCSA OOHO U3 YCIOBUILL:

aubo ky > 1,

aubo ki = ly, no k, > 1,,

aubo ky =1y, ky, =1,, Ho k3 > I3,

auoo k, > 1,.

Ecnu cnmaraemoe U Boiie cinaraemoro V, 3ToT ¢akt o6o3nayaror U-V.
OTHOIIICHHUE «BBITIE» SIBISICTCS OTHOIIEHUEM CTPOTOTO JMHEHHOTO TIOpsIKa Ha

MHOXCCTBC CJIaracMbIX MHOI'OYJICHOB.

Mpumep 1. Iycts U= 5x;x,x2 ; V=2x;x3x% .
ITo onpenenenuto V Boime U.

Byznem 3amuceiBaTh MHOTOWICH OT HECKOJIBKMX IMEPEMEHHBIX, HAUYMHAS C
€ro BBICIIETO YICHA, YIOPSJAOYHMBAS €ro cjaraeMble IO OTHOIICHHUIO <« - ).
[TomyuenHnas TaKHM oOpa3oMm 3aMKCh Ha3bIBACTCS CJIOBAPHOL
(nexcuxoepagpuueckoti).

Mpumep 2. f = xp*+tx1xox3+3x1X2-2x0x3 =
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= X1XoX3+3X1X2 +X2%-2X0X3

Teopema 1. Buicuwuil unen npouzgeoenus MHO20UIEHO8 OM HECKOAbKUX
nepemMeHHbIX PageH NPOoU3BEOeHUI0 GbICUIUX YTIeH08 COMHONCUMEEU.

3agauu JJ1s1 CAMOCTOSITEJILHOIO PelIeHus
1. YHOpAmOYNTE MHOTOUIEHBI JEKCHKOTPAGUUECKH M YKaXKHTE HX
CTApILNE YICHBI:
1) 273x.x3 — 4x3x,
2)  xyX3 + XpX3 — XXy — XF
3) XXzt X XpX3 — X XpX5 — XXy

2. llpuBenute mpumep TPEXWIEHA, Y KOTOPOTO BBICIINN YJICH SBIIACTCS
IIEPBBIM, & CTAPIINHI WIEH — IIOCIEIHUM.

3. [IpuBeauTe mpuMepsl MHOTOUJICHOB OT TPEX MEPEMEHHBIX, Y KOTOPHIX
KaXKIbIN 4JIEH UMEET OJIHY U TY K€ CTEIEHb, 3alUIINTE UX JIEKCUKOIpa(pUUECKH.

4. Beimumure Bce OAHOYJICHEI OT TpeX ICPCMCHHBIX I-IGTBépTOI\(JI CTCIICHU C

kodhdummenTom 1 W coCTaBbTe W3 HUX JIGKCUKOTpapUUECKyr0 3amuch
MHOTOYJICHA.
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IpakTuyeckoe 3ansiTue Ne7

CumMMeTpUYecKue MHOTOYJIEHbI
Teopernueckuii MmaTepuaJl

CI’IMMeTpI/I‘IeCKI/Ie MHOI'OYJICHBI

[TycTh gaH TMPOW3BOJBHBIM MHOTOWICH f OT HECKONBKMX TEpEeMEHHBIX.
[TomensieM B HEM WHACKC | HA MHICKC |. MBI TIOJyYUM JIpyroi MHOTOWIeH. Ecin
B pE3yJIbTaTE€ TAKOM MOJCTAHOBKA MHOTOYJICH HE€ W3MEHUTCS, €r0 Ha3bIBAIOT
CUMMETPUUYECKUM.

Onpenenenne 1. Mnocounen f om neckonvkux nepemennwvix Hazvléaemcs
CUMMEMPUYECKUM MHO20UIEHOM, eClu Oasi 000U NOOCMAHO8KU TESN
(MHOIHCECMBO ecex HOOCMAHOBOK) 8bINONHAENCSA DABEHCMBO:

f(xl, ...,xn):f(xf(l), ...,.xT(n)).

Ipumep 1.

f=x1+tx2=xp+x1 => f — cuMMeTpUYeCKUIT MHOTOYJICH.

f=x1+2x2 # 2x1+x,=>f — HEe cHUMMeTpHYECKHIT MHOTOYJICH.

f=x;2+...txp2tx1+...tx, mepexomuT B cebs mpu JrOO0H TMOACTaHOBKE
9JIEMEHTOB, CJICJIOBATEIIBHO, MHOTOUYICH CHMMETPHUYCH.

MoxHO [0Ka3aTh, 4YTO CHUMMETPUYECKHME MHOTOWIEHB O00pa3yioT
MOJKOJIBIIO KOJIbIIa MHOTOWJICHOB OT HECKOJIbKUX MEPEMEHHBIX.

Onpenenenune 2. InemenmapHvimu CUMMEMPUYECKUMU
MHO20UTIEHAMU OM X1, X2, ..., Xn HA3bIBAIOM MHO2OYJIEHbL

o1=x1+txo+...+x

O=X1X2+X1X3+ ... TXn-1Xn

O3 =X1X2X3FX1X2X4 +Xn-2Xn-1Xn

ON=X1X2...Xn

3amMeTuM, YTO €CIM  NPOU3BOJUTH  CIOXKEHHUE U  yYMHOXKEHHUE
DJIEMEHTAPHBIX CUMMETPUYECKUX MHOTOWIEHOB, B PE3yJbTAaTe MOJYyUYUM
CUMMETPUUYECKUN MHOTOWIEH. Ha cienyromeM mnpuMepe MOKAKEM, 4YTO €ro
MOKHO 3alMucarb B BHUJE MHOTOWIEHA OT JJIEMEHTAPHBIX CUMMETPUYECKUX
MHOTOWIECHOB.
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Ipumep 2. Bwpasums muozcounen f(xi,%3,%3) = x3 + x5 + x5 +
5x1X,%5 € Q[xq1, X, X3] uepes onemenmapmvie cuMmMeMmpuyeckie MHO2OUJICHBI.
Pewenue:

Broicmmii uneH x5, eMy cOOTBETCTByeT cucTeMa Tokaszateneil 3 0 0
(x3x2x3). Takoii xe BplcIIMii uneH umeeT MHorouneH 87 %65 %62 = &3 =
(1 + x,+ x3)3 = 23 + x5 + x5 +3x2x, + 3x,x5 + 3x2x3 + 3x,x% +
3x2x3 + 3x,x35 + 6x,x,%3.

Haiiném passocts [ — 87 = —3x2x, - 3x,x% - 3x2x3 — 3x;x2 —
3x2x3 — 3X,X35 — X1XpX3 .

BhicIuii uneH 1oJIy4eHHOro MHorouneHa —3xZx,, eMy COOTBETCTBYET
cuctrema mnokazarened 2 1 0. Takol e BBICIIMI 4YJI€H Y MHOIOYJICHA
—36271637969 = —368,6, = —3(x; + x5 + x3) * (X%, + x3X3 + xpx3) =
—3x2x, + x¥x3 + x1%5 + x2x3 + x.x% + x,%2) + 3x,%x,%5.

BrluteM u3 MHOrousIeHa f — 87 MHorouneH —368;8,:

f— 83 +368,6, =8x;x,x3 =865

CnenoBaTesbHO,

f(xy,x3,%3) = 83 — 38,6, + 883 — ickOMOe BhIpaKeHHE.

OcHoBHasI TEoOpeMa 0 CHMMECTPHUYICCKHUX MHOTI'OYJICHAX

Jlemma 1. Ecau axiC 1x§ 2 xkm (1) — ebicumii wien cummempuueckozo
mHoeounena f om N nepemennvix, mo k12> x22>... K.

Joka3ateabcTBo. [lo ycmoBuro f — cuMMeTpuyeckuii MHOTOYJICH,
M03TOMY, MEPECTABIISASI MHAEKCHI B BhICIINN 4iieH (1), Mbl OTy4uM 00s3aTENBHO
ciaraemoe, cojaepkamieecs B f. IlepectaBuM BHavaie TEpBBIH W BTOPOM
nHjaekchl. [lomyunm:

owcglezxé<3 X (2).

U3 stoit popmyiel cinenyer, uto (1) Beime (2).

[lepectaBuM Tenepb B BbiciieM uieHe (1) BTOpOl W TpeTHl WMHIEKCHI,
IOy YUM:

axf1x§2x§3 ...x,’f” (3).

N3 sroit 3anucu crnenyer, yto (1) Beime (3). Torma Mbl momyyumu:
K1=Ko2k3.  [IpoBons  nmajee  aHAMOTMYHBIE  BBIYMCIICHUSA, IPUXOIMM K
IOCJICAOBATCIbHOCTH K1=K22... K.
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Jlemma 2. Buicuue unenvt muocounena f u ¢ = a5fl_k25§2_k3 ...5,’:"
cognaoarom.

Joka3zarenbcTBo. Haném BeICIIMM 4YjieH MHOTOWwieHa ¢. Tak kKak @
ABJISIETCS TPOU3BOJIBHBIM CUMMETPUYECKUM MHOTOWICHOM, TO €r0 BBICIIHAN
YJIEH HaXOJUTCS KaK IPOU3BENECHUE BBICIINX YJICHOB COMHOKUTEIIEH.

. k,—k ki—k
Beicumif unen ;1 2 =x;t °

o ky—ks _ k,—k
Bricmmii unen 4, = (xqx5)%27"3
Bercumit wien 5" = kn

picimii wieH §," = (X1Xy ... Xp ).
[TepeMHOXUB, ITOTYIHM:
Bricimii unen

ey —k - ki k k
(p = axll Z(X'lxz)kz k3 . (xlxz ".xn)kn — axllxzz ".xnn — (1).

Onpenenenne 1. Muocounen f cuumaemcs evimwe mnocounena Q, eciu
svicuuil uier f evlue svicueeo unena g.

Omnpenenenue 2. [locredosamenbHocmb MHO20UNEHO8 (1 > (@2 >
Hazvleaemcsi yovlearouieil UenoYKolu MHO20U1€HO8.

Jlemma 3. Vbwiarowas yenouxka cummempuueckux MHO20YNEHO8 He
Modicem bbimb OeCKOHEeuHOU.
Joka3aTeabcTBO. PaccMOTpUM yOBIBAIOIIYIO LEMOYKY CUMMETPHUYECKUX

MHOTOWIEHOB (1 > (@2 > .... PACCMOTpHUM BBICUIMH YJIEH MEPBOrO MHOTOYJIEHA

: _ ki k k
o1 Ur=a;x; "x,% x,™.

PaccmoTprm Tenepp BBICHIMI YIEH CIEAYHOLIErO
mHorowtena @i Ui= a;x; 1xy 2 ... X, . Tak Kak @1 BbIIIe @j, cieioBaTensHo, U
BhItie Uj. BeISICHUM, CKOJIBKO MOXKET OBITh TaKUX ;. OUEBHIHO, UX MOXKET OBITH
CTOJIKO, CKOJIbBKO MOXET ObIThb YOBbIBaOIIMX BbICIIMX wWieHoB Ui
Ki = My, .., kKn = My (*¥). Kaxgomy Beiciiemy wieHy Ui coOTBETCTBYeT
yrnopsaoueHubii Habop Ui(My,...,M,), KOTOPBI MOXHO Ha3bIBaTh BEKTOPOM.
Takux KOHEYHBIX BEKTOPOB, JJII KOTOPBIX BBIMOJHICTCS yciaoBHe (*), OymeT
KOHEYHOE YHCIIO, TAK KaK KOOPJIMHATHI ATUX BEKTOPOB — HATypaJIbHbBIC YUCIIA, U
B CaMOM IIPOCTEHIIIEM CiIydyae OHM OTPAaHUYMBAIOTCS HYJISIMHU. Y ObIBarOIIast
LEMoYKa ynces 00s3aTeNbHO O0y1eT KOHEUHOM.
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OcHoBHasi TeopeMa O CHMMETPUYECKHX MHOrOWIeHaX. Bcaxui
CUMMEMPUYECKULL MHO20UNEH MONCHO Npe0CmAasUums 8 8Uoe MHO2OYIeHA Om
9JIeMEHMAPHBIX CUMMEMPUUECKUX MHO20UIEHO8.

Joka3areabcTBo. PaccMOTprM  NpPOW3BONBHBIA  CUMMETPUYECKUUI
mHorowieH f. BpImomHUM  claeayronyro IOCIeI0BaTEIbHOCTh  JICHCTBHI
(asiropuT™):

k

. k k
-BBIYMCIIMM BBICIINI uieH MHorouneHa fi a x; 'x,” ... x,"

n
-1 HCTO ITOCTPOHMM MHOT'OYWICH (p C TAKHM JKC BBICIHMM YJICHOM (CFO

CYIIIECTBOBAHME J0KA3aHO B JEMME 2)

-pbruriciiuM f1=f - .

Tak Kak BBICIINE WICHBI IPH BRIYUTAHHK MPponaayT (aemma 2), To f Bermie
f1.

C muorounenom f; mpomensiBaeM Te ke dTambl. Torga Mbl HOJIYYHM
muorouieH f, Takoi, uro f; Beime f,. K f, mpuMeHseM TOT ke alroputM, TO €CTh
IOJyYUM YOBIBAIOIIYIO I[EIIOYKY MHOTOWICHOB, a IO JIEMME 3 3TOT IIPOIECC
00513aTEIbHO KOHEYEH, MMO3TOMY Ha HEKoTopoMm mmiare momyuum: f, - ¢.=0.
3HAYMT, MBI MOXKEM HANTH IIPEACTaBICHHE 11 MHOrOwIcHa f:

f:f1+¢:¢+g01+f2=... =ptoit... o

Pemenue 3aaau
PaccmoTpum MeHee TpynOEMKUK aarOpuTM, ITO3BOJISIIOIIMKA BBIPA3UTH
JTAHHBIA MHOTOYJICH Y€pPE3 3JIEMEHTAPHBIE CHMMETPUYECKUE MHOTOWICHBI.

Bamaua 1. f(xy,x,,%3) = x5 + x5 + x3 + 5x7x,%3 .

Pemienue:

NmeeM OQHOPOIHBIN CUMMETPUYECKHM MHOTOYJICH, TaK KakKk KaxKI0e
ciaraemoe umeet nokaszaresnsb 3. CocTaBUM TaONHILY:

Buvicuue unenwt Cucmema Kombunayus ocnosHwix
nokasamesneu CUMMEMPULECKUX
B8bICULUX UIeHO8 MHO20YUNEHO8
Ix:3 3 0 0 513-0 520-0 530 1513
2
Ax12x2 2 1 0 512_1 &1_0 530 A&_éz
BX1X2X3 1 1 1
511-1 521-1 531 B5\31

Taxum o6paszom, f(xi, x2,x3)= 62 +A5% +Bs
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Haiinem 3nauenne A u B, ucnonbs3ys Tabiuily, y4uThIBas, 4TO
51 =X1+ X2+ X3,
52 = X1X2 + X1X3 + X2X3,

& = X1X2X3,
U IpujaBasd X1, X2, X3 IPOU3BOJIBHBIC 3HAUYCHU .

X1 X2 X3 51 52 53 f

Ha OCHOBC 3TOI7'I Ta6JII/ILILI HOJIyLII/IM CI/ICTeMy ypaBHeHHﬁ:
{2=23+2A+0-B _){ 2=8+2A
8=33+3-34+1-B 8=274+94+B

PemmnB nannyto cucremy, nonyyaem A = —3,B = 8.
[ToxcraBuMm >TH 3HaueHus B f(x, xz, x3):

flxs, x2,x3) = A% - 3015 +86%.

3ameuanue 1. Cucrema mokasaTelIed Ki,Kp, k3 KaKIOI'O BEICIIECTO YiIEHa
JNIOJDKHA  YIOBJICTBOPSATH YCIOBUIO K1=K2=2K3, B TO JK€ BpeEMs CyMMa
K1trytr3=cm.f(x1,x2,...,Xn).

3ameuanmne 2. Eciv cCUMMETPUYECKUI MHOTOYJIEH HEOJHOPOIHBIN, TO
€ro MNpPEACTaBJSIIOT KaK CyMMY OJHOPOAHBIX MHOIOWIEHOB, a 3aTeéM IO
OTACIBHOCTH BBIPAXKAKOT YEPE3 OCHOBHBIE CHUMMETPUYECKUE MHOIOWICHBI
KQXJIbId OJHOPOIHBI MHOTOYJIEH.

3agaua 2. Boluuciums cymmy K8aopamos KOpHel YPAGHeHUsl, He HAX0Os.
ux: x*+2x—3=0.

Pemenwue:

ITyctsb X1, X2, X3 — KOpHHM JaHHOTO ypaBHEeHUs. Ham Hano HaiiTH 3HauYeHUE
f(x1, X2, Xx3)=x12+x22+X32.

[TpenBapuTeIIbHO f(c1,x2,x3) 3aIuIIeM gyepes pocCTeHIme
CUMMETPHUYCCKUE MHOTOWICHBL: f(X1, X2,Xx3) = x12 + x2% + x3°

1612
A&

Ixy?

=N
= O
o o

AX1X2
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f(x1, x2,x3) = o2 + Ao,

HaﬁHCM 3HAYCHHC A, HCIIOJIBb3YA Ta6JII/IHy

X1 X2 X3 o1 1) 03 f
1 1 0 2 1 0 2

2=22+4+1-4A
A=-2
f(x1, x2,Xx3) = 012-25.
OcHoBbIBasich Ha Teopeme Buera, Oynem UMeTh:
5, = —a = 0, rae a — xo3pduIMenT pyu x2 B ypaBHeHHH x3 + 2x-3 = 0,
6, = b =2,rne b—koddpdunreHT npu x B 3TOM ypaBHEHUHU.
Torna 3Hauenue f(xi, x2,x3) = 02— 22 = -4,

OTBeT: cymMmMa KBaJIpaToB KOpHEH ypaBHEHUs paBHa —4.

3amaua 3. [ycTs a4, @y, @3 — KOpHU ypaBHeHus 2x° + 2x% +x — 1 = 0.
OT KOpHEH [JaHHOTO YpaBHEHHUS BBIUMCIIUTh 3HAYCHUS CHMMETPUYCCKOTO
MHOTOYJICHA

£, x2,x3) = (xf +x3) (%1 — %)% + (x5 + x3) (X, — x3)?
+ (xf +x5) (g — x3)?

Pemenue:

Muorownen  f(x1,X,,X3) OIHOPOAHBIA  YETBEPTOW  CTEMEHH W
NpeJCTaBICH B BHJAE CYMMBI TpPEX claraeMbix. BBICHIMI WieH MEepBOro
CJ1araeMoro X, BEICIIMIA 4eH BTOPOTO CIaraeMoro X, , BBICIIHI YJIEH TPEThEro
cnaraemoro x;. Tak Kak BBICIIMI 4YJIEH IEPBOTO CIAraéMOTO PaBEH BBICLIEMY
YJIieHY TPETbEro, TO BBICHIMN wWieH MHorouwieHa f(X;,X,,X3) PaBeH CymMMe
BBICILIMX YJIEHOB [IEPBOTO M TPETHETO CIIAraeMBIX, T.€. 2X1.

Haitném Bce HaOOphl HEOTpPHUIATENBHBIX MEJIbIX uucen kq,k,, ks,
YIOBIETBOPSIONINX YCIOBUAM. ki + ko, + ks =4,k =k, > k3, ky < 4. Otn
HaOOpBI BMECTE C HAOOPOM IMOKA3aTENIeH BHICIIETO WICHA BIUIIIEM B TaOIHUILY

4 0 0 ot
3 1 0 of o,
2 2 0 0%
2 1 1 01 03
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CrpaBa yka3aHbl MHOTOWICHBI, BBICIIHE YJICHBI KOTOPBIX 01110212 0313
UMeIoT Tmokasarenmu |, = ky — k,, |, = k, — ks, I3 = k;. Torma wmHOrowieH
f(xq,x,,x3) MOKHO TMpPEICTABUTHL UYEPE3 DIEMEHTAPHBIE CHMMETPHUECKHUE
MHOTOYWICHBI B BHJIC:

f(oq,0,,03) = 20¢ + Ac?o, + BaZ+Coy 03
Hns onpenenenus A,B,C Oynem npugaBaTh Xq,Xp,X3 pa3iIdyHbIC
3HAYCHHUS W BBIYUCITHM
oy =X+ x5 +x3
Oy = X1 X3 + X1 X3 + X3X3
03 = X1 XpX3

PGBYJ'IBTaTI)I 3alIMIICM B Ta6JII/ILIy:

Xy | Xy | X3 | 00 | 0o | O3 | f VPaGHeHUs.
1 1 0 2 1 0 2 2:2*+A-22-1+B-12+0=2
1 -1 0 0 -1 0 10 (-1)?-B =10
1 1 1 3 3 1 0 |2:-3*+A4-32:34B:32+(C-3:1=0
Pemas cucremy
4A+B =2 - 32, A = -10,
B =10 <3 B =10,
27A+9B + 3C = —162 C=6

f(0q,0,,03) = 204 — 1000, + 1005 +60, 03

o ¢popmynam Buera numeem:
a

1
O'1=0(1+ a2+a3 =__=_1
Qo
a, 1
O'2=0(1a2+0(1a3+a2a3= = =
Ao
a; 1
o =a1a2a - - ==
3 3 a2
rae gy, Ay, Ay, A3 - KO3 PUITUECHTBI UCXOIHOTO YpaBHEHHUS

2x3 4+ 2x*+x—-1=0.

3azlatm I CAMOCTOATC/IBHOIO PCIICHUA
1. Beruuciauts cymMmmy KyOOB KOpHEH ypaBHEHHUI:
x*+3x+3=0
3x34+3x2+6x—1=0
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2. Haiitu cymmy 4eTBEPTHIX CTEIeHEN KOpHEH ypaBHECHMIA:
—2x*=2x3+4x-3=0
2x3-2x%+4x+6=0
x*+x+1=0

3. Haiitu cymMy mATBIX cTeNeHeW KOpHEeH MHOTOUIeHa
x6 4+ 2x° — 5x* — 17x3 — 20x% — 12x — 2

4. CocraBbT€ KBaJpaTHOE YypPaBHEHHUE, KOPHSIMH KOTOPOTO SIBIISIFOTCS
KBaJpathl (KyObl) KOpHEH JAaHHOTO MHOTOYJIEHA!
1) x> —3x+5
2) x3+2x—1

5. CocraBbTe CHUMMETPUYECKHN MHOTOWIEH OT TpEX NEPEMEHHBIX
HAaUMCHBIIICH CTEICHH, COJEPIKAIlMi JaHHOE cllaraeMoe, M IPEJICTaBbTe €ro
JICKCHKOTpahUISCKOM 3aIHChIO:

3.,.2

1) 3x1Xx5%3

2)  x;x3
3) X1X2X3
4) x5

6. Pacronoxute B mopske yObIBaHHS TIO BBICOTE BCE JJIEMECHTAPHBIC
CUMMETPUYECKUE MHOTOWICHBI OT YETBHIPEX NMEPEMEHHBIX.

7. BbIpasuTe depe3 dIIEMEHTapHBIE CHMMETPHYECKHE MHOTOYJICHBI
CTCIICHHEBIC CYMMI)I
1) xf+x%+x2
2)  xP+x+x3
1 2 3
3)  xif+xy+x3
4) x4 x5+ x3

8. HaiiguTe 3HaueHNE TaHHOTO CHUMMETPUYECKOT0 MHOTOWJICHA OT KOPHEH
MHOTOWIeHA h(x):
1) x1x5 + %3 + x,%5 + x3x, + x3x5 + x3x
1X2 1X3 2X3 1X2 1X3 2X3
h(x) =3x3—6x*+3x+6
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2) (Bxy—xy—x3)  (3xy; —x; —x3) " (3x3 — x1 — X3)
h(x) = x3 +2x?>+3x+3

9. BbIpasuTh MHOTOUIEHBI YEPe3 OCHOBHBIE CHMMETPHYECKUE
MHOTOYJICHBI:
1) 2x3 + 2x3 + 2x3 — 3xy2x,x3 + (%1 +x,+x3)
2) xZxy + x;%2 + xZx3 + x,X2 + x5%3 + x,%3
3) xi + x5 + x5 — 2x¥x2 — 2x2x% — 2x3x2
4) (xf +x3)(xf +x)(xF + x3)
5) (x1—x2)%(x1—x3)% (X, —x3)?
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IpakTuyeckoe 3ansiTue Ne8

Pe3yJbTaHT IBYyX MHOTOYIEHOB U €ro NIpMMeHeHne
Teopernueckuii MmaTepuaJl

Pe3y.HI>TaHT ABYX MHOTOYJICHOB H €I0 IPUMECHCHUEC
IlycTh maHbl ABa MHOTOWIEHA OT OJHOW NEPEMEHHOM:
f(x) = apx™+ ap_x™ 1+ -+ a;x + a,
gx) = bux™+ by x™ 1+ -+ bix+ b,

Onpenenenne 1. Pesynsmanmom 08yx muoeounenos f u g nazvieaemcs
onpedenumenv nopsoka N+Mm, cocmasnenHvlii credyIouuUm 00pa3om:

R(f.9) =

a, Qan_1 Qp_» a, a 0 O 0

0 a, auq1 .. a, a4 a, 0 .. 0

0 0 an a; a, a1 Qo 0
0 0 a, Qau_1 On-2 Qap-3 a,
bm bm—l bm—l bl bO 0 0 0
0 b, bm-1 b, by b, 0 0
0 0 m b; b, by by 0

0 00 .. by, bpq4 by bysz .. by

3ameuanue. Pe3ynomam MOMCHO 8bIYUCIUMb MAKXHCE NO opmyie

R(f,9) = bm * f(B1) * f(Bz) * ... f(Bp), (1)

rae b, — crapmmii koadpdunment g(x), n = cm.f(x), By, ..., By, — xopuu g(x).

3ametuMm B dopmyite (1), uro ecam xoTs Obl 0jiHO U3 uncen By, By, ..., B,
SIBIISIETCS] OJHOBpeMeHHo kopHeM f (x), To R(f,g) = O.

[ToaTOMy cripaBeIMBa ClIeIyrOIIas

Teopema 1. Muocounenwr f u g umerom obwuii kopenv mozoa u MmoabKo
moeoa, ko2oa ux pe3yiomam paset (.

Pemenue 3agau
3amaua 1. Boruuciume pe3ynvbmanm MHO204LCHOS:
f(x)=3x2—4x+1
gx) =2x*>+x— 1.
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Penienue:

3 —4 10| 3 410 o _,
03 —4 1|_1Jo 3 -4 1|_1|5 7%

RED=12 1 -1 o721 =1 0“3%_%‘
02 1 -1 lo 5 -3 0

= -9+ 15-24 = -8.

Bbruucinum pe3yapTaHT UHBIM CIIOCOOOM:

B,=<B,=—-12x>+x—-1=0
2

R(f, g) = 22*f(%)*f(—1)=4*(%—2+1>*(3+4+1)

4 ( 1) 8 8
= x| — — | % —_ —
4

D= 1+4%x2=9
_—1+3 1 -1-3

Ty T T Ty

3apaua 2. Hmerom au MHo2ouieHbl
fx)=x*—-x+1, gkx)=x*-1
00wUll KOpeHs?

Pemenue:
1 -1 10 (1 =1 1 0
01 -1 1| o 1 -1 1
RED=11 0 -1 o=t 0o =1 o=
01 0 -1 lo 2 -1 o
1 -1 1
=11 0 -1l=2+2-1=3 %0
0 2 -1

BeIiBoa: y JaHHBIX MHOTOWICHOB HeT o0mux KopHel. [lo Teopeme besy y
HUX HET W OOIMX JEIUTENICH, CIIeI0BAaTeIbHO, 3TH MHOTOWICHBI B3aWMHO
MIPOCTHIE.

3apaua 3. [Ipu xakux 3nauenusix A nOIUHOMbL
fx)=x3—-Ax?+2x—1; g(x) = x>+ 2
umerom obujue Kopuu?
Pemienue:
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1 =2 2 -1 0] (1 =2 4 -1 0
01 -1 1 -1 01—,1/1—1/11_61’11_10
10 2 0 of=fo2 0 1 ofl=[ o i o
01 0 4 0 o1 0 2 of [ 0% 470
00 1 0 2! loo 1 0 2

A0 1

= |1 0 Al= —224+14 214+ 2= 21*=-22%2+1=
A A2+1 22
— (22 -1)2.

(12 —1)2 = 0.
A= +1.

Mpui=1 f(x) = x> — x> +x—-1=(x—1Dx*+1); g(x) = x* + 1.
OO1mMM KOpHEM SBJISIETCS UuCiIo +i .
Mpui=-1 f(x)=x3+ x?—x—1=(x+1)(x?—1);
gx) = x?-1
O6mwme xkopuu 1.

Banaua 4. Jensaomes au 63aUMHO NPOCMBIMIU MHO20YUNEHDL:
flx) = x*—2x+2
gx) = x* —2x3 + 3x% — 2x + 2?

Pemntenue:

1 -2 2 0 0 O 1 -2 2 0 0 O

o 1 -2 2 0 O 0o 1 -2 2 0 O

0 O 1 -2 2 0_10 0 1 -2 2 0 -0
0 O 0 1 -2 2 0 0 O 1 -2 2

1 -2 3 =2 2 0 o 0o 1 -2 2 O

o 1 -2 3 =2 2 o1 -2 3 =2 2

[TockonbKy pe3yibTaHT paBeH HYJI0, MHOTOWICHbl f 1 § MMeroT olmue

KOpHH, CJICAOBATCIIbHO, OHN HE ABJIAIOTCA B3aUMHO IIPOCTBIMMU.

33}13‘11’1 I CAMOCTOATE/IBHOTO PCIICHUSA
1. Haiitul pe3yJIbTaHT JaHHBIX MHOTOYJICHOB!
1) x*—x?+x+1, x*+x+1
2) x*—x*+x+1, x3+x+1
3) 3x3-2x?+4+x+2, x*—2x+3

2. [Ipn KxakoM A MHOTOWJIEHbI
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fx)=4x3—2x+1nu gx)=2x>—-Ax+1
UMEIOT 00N KOPEHB?

3. Ucmonb3ys pe3yabTaHT, ONPEISIHTD, TPH KaKUX 3HAYCHUSAX IapaMeTpa
MHOTOWICHH! [ (X) 1 g(x) UMEIOT 00U KOPCHb:

1) f)=x*>-3x+k gx)=x*—4x+k+1

2) f(x)=x?*+4+kx-5 gx)=x*+(k+2)x—-7

3 fx)=x*+3x—k, g(x) =x*—2kx+3

3. Haiinqute 3HayeHus A, IpU KOTOPHIX JAHHBI MHOTOYIEH HMEET
KpaTHbIE KOPHU
1) x3 4+ Ax — 2
2) x3—-5x2—-Ax+A1
3) y*—(A+3)y?—-21y—2

5. Haiigute AMCKpUMUHAHT MHOTOYJICHA
1) x34+2x2—x—1
2) x3—x?+3x—2
) xt—x3—x+1
4) x*+3x3—4x—1
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IpakTuyeckoe 3ansiTue Ne9

HUckiaroueHue nepeMeHHON U3 CHCTEMbI IBYX YPABHEHUI €
ABYMS NepeMeHHbIMU. PelieHne uppanuoHaIbHbIX YPABHEHU

Teopernueckuii MmaTepuaJl

HUckiarouyeHue nepeMeHHON U3 CUCTEMbI IBYX YPABHEHUI € AByMS

HepeMeHHI)IMI/I
PGBYJIBTaHT HpI/IMeHHeTC}I HpI/I peHIeHI/II/I CUCTEM I[ByX ypaBHCHI/Iﬁ C
fx,y)=0
glx,y) =0
HpeI[CTaBI/IM JICBBIC YaCTHU ypaBHeHI/Iﬁ CUCTEMBI B BHJAC MHOI'OYJICHOB
OJIHOM U3 TEepEeMEHHbIX, Hampumep, X. B 3ToM cnydae KodppuIUEHTHI

ABYM: HCHU3BCCTHBIMU BH A {

MHOTOYJICHOB OYyIyT 3aBHCETH OT Y-
fOoy) = anMx™ + an_ (Mx™ 7+ 4+ a;(Mx + ag(y) =0
9, y) = by (Mx™ + by (x™ 4+ by (¥)x + be(y) =0

CocraBuM U BbIYUCIUM pe3yiabTaHT R(f,g), 3To Oyaer QyHKIus ot Y.
[TockonbKy MBI HIlleM 00IHe KopHH MHOrouwieHoB f u g, mpupasusiem R(f, g)
Hymo. Haitném Ttakum o0pazoM Hynu QYHKIUH Y4,V ..., Vi Kaxaoe
MOJIYYeHHOE 3HAYCHHE Y MOJICTABUM B UCXOJIHYIO CUCTEMY YpaBHEHHUH U Hailiem
JUTSl HETO COOTBETCTBYIOIIME 3HaueHUE X. Tem caMbIM MOJdydyuM mapsl (X;,Y;),
[ =1, ..., k, oOpa3sytolue MHOKECTBO PEIICHUIN UCXOIHOU CUCTEMBI.

Pemenue 3anau
3anaua 1. Pewuums cucmemy ypagreHuil:
x2+2xy+ y:P—x—y=0
{ x2+xy+ y?+x=0
Pemenue:
x2+QRy—-1D*x+(@2—y)=0
{ x2+(y+1Dxx+ y2=0
PesynbranT:
2y—-1 y*-y 0
1 2y ; T y2—y|_ 0
y+1 y 0
1 y+1 y?

SR O B
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2y-1 y*=y 0 1

1 2
0 1 2y =1 y*=y| _ —y +2 Zyy 1 yOy =
o 1 yr1 }?2 Looy+l Y
1 2y—1 y*-y
-y+2 y 0 |==y"+C-»**0°-y)—-yR2—-y)*
0 -y +2 y
2y—1)=0.

yV2+@—4y+ yH@*—y) —ydy—-2-2y*+y) =0.

Y2+ 4y% — 4y —4y3 + 4y2 yt —y3 —4y? 4+ 2y + 293 — y2 = 0.
y*=3y* +4y* -2y =0.

y(y3=3y2+4y—-2)=0.

y=20
[y3—3y2+4y—2 =0
y = 1— KOpeHb BTOPOTO YpaBHEHHS.
-DG*-2y+2)=0
Urak, y; = 0, y, = 1 —noJaCTaBUM B UCXOJHYIO CUCTEMY.

IIpu y = 0

2 = 2
{;Cz +;C ; g Z;C :_00 noxyuum pemenue (0, 0)
IIpn y = 1

{x2+2x+1—x—1=0{ x> +x=0 {x(x+1)=0

x*+x+1+x=0 x242x+1=0 ((x+1)?=0
x = —1

Otgert: (0,0),(—1,1)

3agava 2. Hcknouums X u3z cucmemol ypaeHeHULL:
x2—xy+ y*—-3=0
{ yx?+ y?x—6=0
Pemrenmue:
{xz—yx+(y2—3) =0
yx?+ y?x—6=0



1 -y y*-3 0 1 -y y*=3 0
p=10 1 =¥ y2-3|_f0 1 Y 2-3
y y* =6 0 0 2y* -y’ +3y—-6
0y ¥ -6 0 ¥ y? —6
1 -y y2-3
= [2y2 —y*+3y—-6 0
y y? —6

= —6(-=y°*+3y—6)+2y** (y* - 3)
—y(y? =3)(—y* +3y —6) —12y* =
=3y® —12y*+9y? — 36y +36 =0

Otset: y°® —4y* +3y%2 — 12y + 12 = 0.

3agaum 1J1sl cCaMOCTOSITEILHOIO PellleHUsI
1. Vicnionb3yst pe3yabTaHT, UCKITIOUMTD X M3 CHCTEMBbI ypaBHEHMIA:
1 {xz—xy+y2=1,
xy+xy+y?=3

2) {x2+xy+y2=3,

x?y —xy? =6
3) {xz + 2xy + 4y% =3,

x%y —2xy? =3

2. Vicrionb3ys pe3yabTaHT, UCKITIOUUTh Y U3 CUCTEMBI YPaBHEHHIA:
x2—xy+y?=3,
1)

x?y +xy? =6
2) {x2+xy—y2=2,
x?y —xy? =3

3) {xz—xy+y2 =1,
x’y+xy+y*=3

3. Ucnonb3ys pe3yabTaHT, PEIINTh CUCTEMY YPaBHCHHUI:
x4+ 2xy+y*+x+y=0,
{ x2+xy+y*—x=0
x?2+2xy+y*—x—y=0,
{ x2+xy+y*+x=0
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{y2—7xy+4x2+13x—2y—3=0,
y? —14xy +9x2 +28x —4y—-5=0

4. Pemmrte uppaliOHaIbHbIE YPAaBHEHUS:

x++25—x%2+x25—x2=19
12( 1—x2+x)—35x\/1—x2=0

(x2 = 2x + 4)V9 + 2x — x2 4 (9 + 2x — x2)\/x2 — 2x + 4 = 30
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CemecTposble 3a1anust mo pasaeay Il

1. Bblpab’uWZb cujwwempultecxuﬁ MHOCOUJIEH uepes OCHOBHble

CUMMEMPUYECKUE MHO2OUICHbL.
a) T(x1,x2,x3) =x1%x2tX1X22 X123 FX1X03% + X223 XX
0) f(x1,x2,x3)=x1*+x2"+x3* — 2x12x2% — 2x0%x3% — 2x3°x12
8) f(x1,x2,x3) =(x12+x22) (x12+x3%) (x2°+x3?)
2) f(x1,x2,x3) =(2x1 — x2 — X3) (2x2 — X1 — X3)(2X3 — X1 — X2)
0) f(xl,XQ,X3) =x13+x%+x3% — 2x1%x00% — 2x1%x3% — 2x9%x32

2. Hdan mmnocounen f(x)=x3+2x—1. Cocmasumv mnocounen, KopHsImu

KOMOPO20 AGNAMCsL Keaopamvl Kophell mrozouena f(x).

3. Boruucaumo x13x+x1x2° +x2°x3Hxx33+x13x03+x1x3° om xopnuett ypasnenus

x3 — x2 — 4x+1=0 (xopnu ne naxooumn).

4. Ucnonv3ys popmynvt Buema, nocmpoums MHO2OUIEH NO €20 KOPHAM.
X1— \/§, x2=-\/§, X3:3, X4:-2.

5. Uckmiouums X u3 cucmemvl ypasHeHulL:
{x3—xy— y3 +y=0
x2+x—yr=1

5. Pewumsb cucmemvl CUMMEMPUYECKUX YDABHEHULL:

5 1 1 +1 — 17
x+y—g x3 x3y3 y3_
1 1 1 1 1
Xty xy X xy y
* l=18 1 1 1 1
yi 3162 F+F+F+F:92
| +o=12 Xy =
X y 3
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