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BBEJAEHHUE

Teopus ciayyallHBIX TIPOLIECCOB SIBJIETCS OOIIMPHON 00JIaCTbIO COBPEMEH-
HOM MaTeMaTUKH, KOTOPYI0O HEBO3MOXKHO OXBATUTh JaX€ HECKOJbKUMH TOJ0-
BbIMH Kypcamu. [losToMy 11e/1b10 TaHHOTO MO0CcOOUs OBLTO TO3HAKOMHTD CTYICH-
TOB TOJIbKO C HEKOTOPHIMU KIIFOUEBBIMU ACIEKTaMH JTAHHOW TEOpHUH, MPEIACTaB-
JISOIIMX MPOJIOJDKEHUE U pa3BUTHE Teopuu BepositHocTel. C popManbHOM TOU-
KU 3pEHUS TEOpHUs CIIyYalHBIX MPOLIECCOB BBIJEISAETCS U3 TEOPUU BEPOSITHOCTEN
0oJee CIOKHOU CTPYKYpPOM MHOMXECTBAa 3HAUEHUU, KOTOpbIE MPUHUMAIOT CIY-
YailHble BEJIMUMHBI, U pa3HOOOpa3ueM crocoO0B 3aaHusl BEPOSITHOCTHONU MEpHI.
B TOXe BpeMms Teopus CIlydalHBIX MPOLECCOB U3Yy4YaeT 3aKOHOMEPHOCTH CIIy-
YaWHBIX SBJICHUN B AUHAMUKE WX Pa3BUTHS, H3MCHSIONINXCS BO BPEMEHH, MPO-
CTpPaHCTBE WJIM HMHOM Tipoiiecce. BeiOop comepkanHus Kypca ObUT ONpECIiCH,
IPEXJIe BCEro, €ro NpoAOoKUTENIbHOCTBIO U HHTEpECaMH aBTOPOB. Tem He Mme-
Hee, HET HUKAKUX COMHEHHUH B TOM, YTO HJIeH, (DaKThl, METObI, MPEACTABICH-
HbIE B TOCOOMH, OYyAYyT MOJIE3HBI JIJIsl JAIIbHEUIIIETO0 OCBOCHUS JIPYTUX Ba)KHEH-
IIUX Pa3[eJOB TEOPUU CIYYAHBIX MpOLECcCOB. Teopus CIydalHbIX MPOLECCOB
MMEET MHOTOYMCJICHHBIE MPUIIOKEHUS B SKOHOMUKE, (pusnke, MHOpPMATUKE,
dbuHaHCaX, XUMUHU, OMOJIOTUU, MEIUIINHE, KHOCPHETUKE, METEOPOJIOTHH, TEOPUU
CBSA3M U Jpyrux Haykax. CiydailHple IpPOLIECCHI SBIISIIOTCS OCHOBOHM JUIsl TO-
CTPOCHHSI MAaTEMATUYECKUX MOJCJICH JUHAMUUECKUX CUCTEM 000N MPUPOABI U
Mojiesield MacCOBOTO OOCTY>KUBaHHUSI.

OCHOBHBIMH LIETISIMA M3YYECHHS Kypca SIBIISIIOTCS MPUOOpPETEHHUE TEOPETH-
YECKUX 3HAHHUM TI0 TEOPUU CIyYalHBIX MPOIECCOB U MPAKTUUECKUX HABBIKOB TIO
IPUMEHEHUIO €€ METOJIOB JIJISl UCCIIECAOBAHUS U MOJIETTUPOBAHMSI CITyYailHBIX SIB-
JICHUW B TUHAMUKE WX Pa3BUTHUA. | JTaBHBIC 3a/laud OCBOCHUSI Kypca COCTOAT B
TOM, YTOOBI 03HAKOMUTH CTYAEHTOB C OCHOBHBIMH THUIIAMH CIIy4allHBIX MPOIIEC-
COB, MapKOBCKUMH MPOLIECAMHU C JUCKPETHBIM IMPOCTPAHCTBOM COCTOSIHUU U
JUCKPETHBIM (M HEMPEPHIBHBIM) BPEMEHEM, BEPOSITHOCTHBIMU XapaKTEPUCTUKA-
MU MapKOBCKOTO CIIy4aifHOTO TPOIECCa, BO3MOXKHBIMHU €ro MPUIOKEHUSIMH B
TEOPUH MACCOBOTOOOCITYKUBAHUSI 1 OCHOBHBIMU MTPAKTUKO-OPUCHTUPOBAHHBIMHU
3a/lagyamMu.

N3yuyenue qucuurinibl « Teopust ciiydallHbIX MPOIECCOBY UMEET OOJIbLIOE
3HAQYCHHUE IS MOJTOTOBKU CIEIMAIMCTOB 10 MHOTUM TEXHUYECKUM M IKOHO-
MHUYECKUM CHEIUATBHOCTAM, a TaKke B 00jlacTu MHOOPMATUKHU, HHPOPMAITMOH-
HOI Oe3omacHOCTU U ymnpasiieHus. OCBOEHHE NUCHUIUIMHBI CIOCOOCTBYET pas-



BUTHIO Y CTYJEHTA MPOPECCUOHAIBHBIX KOMIIETEHIIMNA, TOTOBUT K TBOPUYECKOU U
WHHOBAIIMOHHOM JIEATEILHOCTH B BRIOpaHHOM MpodeccuoHanbHOM 001acTu.

B ycnoBusix coBpemeHHbIXx PI'OC TpeTbero moKoJEHUsI 3HAYNMOE YHUCIIO
4acoB BBIAEIIAETCS HA CaMOCTOSITENIbHYIO padoTy cryaeHTa. COBpeMEHHBIN uc-
CJIeI0OBaTeIb JOHKEH YMETh CaMOCTOSITENbHO pa3padaThiBaTh aJITOPUTMBI IS
pElIeHs] HAyYHO-UCCIEA0BATEIbCKUX 3a/1ay, BBIYMCIUTEIbHbBIE U UMHTALIMOH-
HbIE MOJICJIM PEANIbHBIX SIBJICHUHN, MHTEPIIPETUPOBATH MOIYYCHHBIE PE3YJIbTATHI.
CamocrosiTenbHas padoTa JA0HKHA BKIIOYATh UCTIOIB30BAHUE MATEMAaTHUYECKUX
MAKEeTOB JJIsl PEIICHUS Pa3IMYHbIX MPAKTUYECKUX 3a7a4 TEOPHUHM CIy4alHbIX
MPOLIECCOB U €€ MpUJIoKeHH. B mocoOum aBTOpHI MpPENCTaBUIU KOHKPETHBIC
IpUMEPHl peann3aluyd 0003HAYEHHBIX IMOJIOXKEHUH, HEOJHOKPATHO ampoOupo-
BAaHHBIX B YYEOHOM IPOLIECCE BBHICILIEH IIKOJIBI.

bubnuorpadgus conep UT HEKOTOPbIE HCTOYHUKH, KOTOPBIE ABTOPBI HC-
MOJIB3YIOT IPU YTEHHUH JIEKIIUH, a TAK’KE€ MOTYT ObITh PEKOMEHJOBAHBI B KaYECT-
B€ JIOTIOJIHUTEIBHON JIUTEPATYypPhl U1l O0Jiee JETATbHOTO U IITyOOKOTO U3yYeHUs
TEOPHH CITyYalHbIX MPOLECCOB.

ABTOpBI BBIPAKAIOT UCKPEHHIOI 0JIar0JapHOCTh CBOMM AaIlllOHEHTaM —
npodeccopam Onbre Hukonaesne Macunoit u Cpetinane AsnekceeBHe PozaHo-
BOH 32 MOJIE3HBIE MPEJIOKEHUS U PEKOMEHIALINH.



Tema 1. BBEJEHUE B TEOPUIO CJIYUYAWMHBIX ITPOIIECCOB

1.1. Heo0xoauMoCTh CO3/IaHNSI TEOPUHU CJOYyYAHHBIX NMPOLECCOB

Crnenys UCTOPUYECKOW KOHIICTIIINH, C TEM YTOOBI OOBSICHUTH BO3HUKHOBE-
HUE U PA3BUTUE OCHOBHBIX MOJIOKECHUA HOBOW HAYYHOM TEOPUH, AAAUM KPATKOE
000CHOBaHUE TOSBIICHUIO TEOPUU CIIYYAHBIX MPOIECCOB. B pe3ynbrare n3yde-
HUS peajbHBIX MPOIIECCOB BO BPEMEHU MHOTHE yUYEHBIE, B TOM 4HUCIe (U3HKH,
OHMOJIOTH, UHXKEHEPHI U APYTHe, OO K BaKHOU mpobieme. Teopust BeposiT-
HOCTEH mpejyiaraia UM B KaueCTBE MaTeMaTHUECKOTro amnmnapara JUIb CPeICTBa,
U3yYaBIIUE CTallMOHApHBIE cocTossHUs. Heobxoaunma e Obuta Teopus, KOTopas
u3yuaja cliydaliHble BEJIMYUHBI, 3aBUCAIINE OT OJHOTO WJIM HECKOJIbKUX HEMpe-
PBIBHO HU3MEHstommMXcs napamerpoB. B XX Beke mpoOriema JnocTuria cBoei
3peNIOCTH, BBI3BAB ABPUCTUYECKOE HAIMIPABIICHHUE B TOMCKAX €€ PEIICHUS.

Hauano o6mieit Teopun ciiydyallHbIX MPOIECCOB OBLIO MOJIOKEHO paboTaMu
coBerckux mateMatukoB A.H. Kommoropossim (1903-1987), A.Sl. XunuuHbIM
(1894-1959), E.E. Cnyukum (1880-1948), H. Bunepom (1894-1965), Ix. Jlyba

(1910-2004), I1. Jleru (1886-1971). OnHako y HUX OBUIM MPEIIICCTBCHHUKH —

I1. Jlannac, JI. bamense, K. [Tyankape, A.A. MapkoB. A.H. Konmoroposim
OBLJIO TaHO CUCTEMAaTUYECKOE U CTPOroe MOCTPOEHUE OCHOB TEOPUU CTOXACTH-
YeCKHUX MPOILIECCOB 0e3 mociienecTBUi (IMpoIeccoB MapKOBCKOTO Tumna). B pa-
oorax A.M. XununHa ObUIa CO3/1aHa TEOPHUS CTallMOHAPHBIX MPOIECCOB.
H. Bunep B cepeauHe ABaAUAThIX TOJOB MPU U3YYEHUH OPOYHOBCKOTO JABUXKE-
HUSI BBEJI B PAacCMOTPEHUE MPOIECC, MOJYYMBIIMKA HA3BAaHWE BHUHEPOBCKOIO
npouecca. Pa6oter E.E. Criyrikoro (1880—1948) mocBsiieHbl U3y4eHUI0 TEOPHUH
ciy4aiiHeix (yHKIMA. B Hamm nHU Teopus ciaydalHBIX MPOIIECCOB 3aHUMAET
LHEHTPAIBHOE MECTO HE TOJIBKO B TEOPUHU BEPOSITHOCTEW, HO TAKXKE B €CTECTBO-
3HAHWM, B UH)XEHEPHOM JieJie, B SKOHOMHUKE, B OpraHU3alllMi MPOU3BOJACTBA, B
TEOPHUH CBSI3U, B TEOPUH MACCOBOTO OOCITY>KHUBaHUS U JP.

[Ipexne yem nepenTy K M3y4YEHHI0 OCHOBHBIX 3JIEMEHTOB TEOPUH CIIydail-
HBIX MPOIIECCOB, PACCMOTPUM HEKOTOPHIE 3a7a4H, KOTOPBIE SBUIUCH UCXOIHBIM
IIYHKTOM HOBOW TEOPHHU.

H3yuenue npoyecca oughgpysuu

PaccMoTpuM moBeieHHE KaKOH-HUOYIb MOJIEKYJIbI Ta3a WIH KUJIKOCTH.
OTa MoJieKysla B CIIy4yallHble MOMEHTBI CTAJIKUBAETCA C APYTMMHU MOJIEKYJIAMH,
MEHSET [PU 3TOM HAIIPABJIEHUE ABUKEHUS U CKOPOCThb. COCTOSTHUE MOJIEKYJIbI,
TakKUM 00pa3oM, MOABEPKEHO CIy4yailHbIM M3MEHEHUSM U MPEICTaBiIsieT coOoi
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HUYTO WHOE, KaK CIy4YalHbI MPOLIECC, KOTOPBIM ONPEAENSIETCS MIECThIO Mapa-
METpaMu — TpeMsl KOOpAMHATaMU U TpeMsi KOMIIOHEHTaMu ckopocTh. Kak ObICT-
po mpotekaer mponecc AUGy3uH, MO KaKUM 3aKOHaM, Korjaa oOpaszyromias
CMECh CTAHOBUTCS OJHOPOAHON? Ha Bce 3T BOIpPOCH AA€T OTBET CTaTUCTUYE-
ckast Teopust i y3HE’, B OCHOBE KOTOPOIT JICKHT TEOPUs CIydaiHbIX IPOIEC-
coB. [TogoOHbIe 3a1aun BO3ZHUKAIOT B XUMHH MPU U3YYEHHH XMMUYECKUX pEaK-
uuid. Teopust ciaydailHBIX MPOLECCOB JAET OTBETHI HA CIIEIYIOIINE BOMPOCHI: Ka-
Kasi 4acTh MOJIEKYJI YK€ BCTYIWJIA B PEAKIMI0, KAKOBA OCOOCHHOCTh MPOTEKa-
HUS pEaKLMU BO BpEMEHU U Ap.?

H3yuenue aenenuil, npomekaowux no NPUHYUNY paouOAKmueHo20
pacnaoa

MHorouncieHHble HaOMIOJIEHNsT TOKA3bIBAIOT, YTO pacmajl OT JENbHBIX
aTOMOB MPOUCXOJUT B CIYyYalHO B35IThIE MOMEHTBHI BPEMEHH U PACMOJIOKEHUE
ATUX MOMEHTOB, €CJIM KOJIMYECTBO pACHaJalOIErocsl BEMIECTBA HE MTPEBOCXOAUT
HEKOTOPOTO OMPEAEICHHOTO KPUTHYECKOTO Mpeieia, He 3aBUCUT APYT OT APyTa.
J{ns n3ydeHus npoiecca paJjoakTUBHOTO pacriaja BaKHO ONMPEACTUTh BEPOSIT-
HOCTbh TOTO, YTO 32 ONPEACIICHHBIM MPOMEKYTOK BPEMEHHU pacnajaeTcsi TO WM
WHOE YUCJIO0 aTOMOB. AHAJIOTUYHO MPOUCXOSAT MHOTHE APYTUE MPOIIECCHI:

- Mpo1iecc OPOYHOBCKOIO JBUXKEHHUS, KOTOPBIN ONpEAeIsieT YUCIO YacTHII,
OKa3aBIIMXCS B JIAHHBIM MOMEHT B OIPEEICHHON 001acTH nmpocTpaHcTBa. U3y-
YEeHUEM TaKWX MPOIECCOB 3aHMMAETCA CTATUCTUYECKas TEOpHsi OPOYHOBCKOTO
newkeHus. HamomauMm, yto B 1827 romy motTnanackuii 6otanuk P. Bpoyn
(1773-1858) oOHapy>KuJI TOJ MHKPOCKOIIOM XaOTHYECKOE JIBHIKCHHE YaCTHI
[BETOYHOM MbUIbIIBI B BOJE. JJIsl onrcaHus MPOIECCOB TAKOTO pojia TPeOYIOTCs
BEPOSTHOCTHO-CTATUCTUUECKHUE TOXOMbL;

! TlombITKa M3YUYEHUSI CPEACTBAMHU TEOPHUH BEPOSTHOCTEN sABIICHUS AU (y3un ObLTa PEIIpH-
Hata B 1914 r. nByms uzBectHbiMH puszukamu — M. [lnankom (1858-1847) u A. ®oxkepom
(1887-1972).

> Teopust OpPOYHOBCKOTO JIBUKEHHUS, HCXOJISAIIAS U3 TEOPETHKO-BEPOSITHOCTHBIX TIPEIITOCHUIOK,
Obuta paspadborana B 1905 r. nByms uzBectHbiMU (uszukamMu M. CmosyxoBckum (1872-1917)
u A. DitnmreriHoM (1879-1955). OcHOBHBIE MONOXKEHHUS UX TPYJIOB HCIOJB30BATIUCH HEOJI-
HOKPATHO Kak NMpH U3Y4eHUU (PU3MUECKUX SBICHUH, TaK U B Pa3IMUHBIX WHKXEHEPHBIX 3a/1a-
yaxX. B yactHOCTH, UIMEHHO C 3THX paboT, a Takke ¢ padoT DpiiaHra, MPOSBUICS MIUPOKUI
uHTepec K npoueccy Ilyaccona. Bripouem, cam IlyaccoH BBen B paccCMOTpEHHUE TOJBKO pac-
npenenenue IlyaccoHa, HO OH 3aCiyXWI, YTOOBl €ro UMS MPOU3HOCUIIOCH U MPU U3YUEHHH
CIIy4aiHBIX IIPOLIECCOB, CBSI3aHHBIX C €0 PACIpPEACIICHUEM.
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Puc. 1. BpoyHoBcKoOe ABHKEHUE

- pa3IUyHbIE MPOIECCHl MaccOBOro obcmykuBanus. Hanpumep, uncio Bbl-
30BOB OT a0OHEHTOB, NOCTYHAIOIIMX Ha TeJe(OHHYIO CTAHIINIO, KOJIMYECTBO 00-
pamieHuil B 0aHKOMAaThl, TEPMHUHAJIBI OIIaThl COTOBOW CBSI3U U Jp., 0a30BOil Oc-
HOBOM KOTOPBIX SBIISIETCS TAK)KE TEOPHSI CIIyYalHBIX POLECCOB;

- FICCIIEIOBAHIE PA3THUHBIX (DIyKTyaInii Ha GUpIKe EHHBIX OyMar”.

Hccneoosanus, ceazannwie ¢ ponooeoil oupceil

OpHuM U3 crocoOOB OTpaHUYCHHS MAaCChl JIEHET, 0OpaIaoIIUXCsl B CTpa-
HE, SIBJISIETCS MCIOJIb30BAaHUE PA3JIMYHBIX BEKCEJIeH, PaclmUCOK M JAPYTUX IIEH-
HBIX Oymar, KOTOpbIe MOHOTIOJIEHO BBEIMTYCKAIOTCS TOCYIapcTBOM. M3BECTHO, 4TO
aKIUM JTUKBUAHBI, TO €CTh MOTYT OBITh IPOJIaHbI HA PHIHKE — TPEBPAILECHBI B TY
WM WHYI BamoTy. Kak mpaBUiibHO BBIOpaTh CTpATETHIO OWPIKEBOW HWTPHI HA
OCHOBE TMPOIIBIX JTAHHBIX O IEHAX 3aKPBITHSA, KaK MPOCICAUTh TUHAMUKY IICH
aKIUHA 32 KaKOW-TO MEePUOJ, KaK YAa4HO BbIOpATh MOMEHT MOKYIKH U TPOJAAKA
akiui? Ha 3T BOmpoChl TakKe TAET OTBET TEOPUS CITyYalHbBIX TPOLECCOB.

1.2. TlonsiTHe cIy4aiiHOTO MpoLecca
B Kypce Teopun BEpOATHOCTEW OCHOBOW aKCMOMATHKHU SIBJISIETCS TTOHSITHE

BEPOSITHOCTHOT'O MPOCTPAHCTBA (Q,U : P), rae {2 — MPOCTPAHCTBO 3JIEMEHTAp-

HbIX coObITH, U — G-anrebpa moaMHOKeCTB €2, Ha3biBaemasi COObITUSIMU, P —
BeposiTHOCTHAsE Mepa Ha U. CnyyaliHOW BelWYMHOW X, MPUHHMAIOIIEH 3HaYe-

’B muccepranuu JI.bamense (1870-1946), nanucannoii B 1900 roxy mon pykooactsoM A.Ilyankape (1854-
1912), "La Th'eorie de la Sp eculation"(1900) BriepBbIe, Ha HECKOJBKO JIET paHbliIe PU3UKOB, ObLIa MPEAIIOKe-
Ha MOJIEJIb JJIs onMcaHus (IyKTyalni Ha Oup)ke KypcoB LIEHHBIX Oymar, KoTopas CoaepsKalia MaTeMaTHIeCKyIo
TEOpHIO0 OPOYHOBCKOTO JIBMXKEHHSI.
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HUS B MHOXecTBe B, HazbiBaercs mobas pynkuus X :Q —> B, uzamepumas ot-
HocutenbHO U. O6bIYHO 32 MHOXKeCTBO B npunumatror B=27, nnmu B =R, wim
B =R, (B cityuac BEKTOPHBIX CIy4alHBIX BEIUYMH MM F€OMETPUUECKUX BEPO-
ATHOCTEN). B Teopuu ciayyallHbIX NPOLECCOB UCIIONB3YETCS Ta K€ KOHCTPYKIIHS
Y TIPAKTUYECKHU Ta )K€ TEPMUHOJIOTHS, OTIPEACIICHHAS ITIS1 CITyJaifHbIX BEJIMYMH",

BBeaem moHsTHE CIydaliHOTO MpoIiecca, 0a3upyrOIIeTocss Ha aKCHOMATHKE
TEOPUU BEPOSTHOCTEN.

Onpenenenue 1.2.1. Cnyuaiinvim npoyeccom {X (t,a))} HA3b18al0m NocJe-

oosameslbHOCMb U COB0OKYNHOCmMb CﬂyqaﬂHblx 6EJITUYUH, 3A0aHHbIX HA eeposim-

HOCIMHOM NPOCMPAHcmee (Q,U : P) u 3asucsawux om napamempa t, t €T (t un-

mepnpemupyemcst Kak 6pems,).
Onpenenenue 1.2.2. Pearuszayueti (mpaekmopueii) ciyuaiiHo2o npoyecca

nasvisaemes necayuaiinas gynxyua X (Woit) | noayuennas npu gurxcuposan-
HOM @ € 2. COBOKYNHOCMb 6CEX 803MONCHBIX PEanu3ayull Ha3vl6am ancamo-

JlemM peanusayull OAHHO20 CYYAUHO20 npoyecca.
Onpenenenue 1.1.3. Ceuenuem cnyuaiinoco npoyecca Hazvigaemcs Ciy-

yaunas eeauduna X (t YD), NOJIYYEHHAA NPpU PUKCU, osannom 1y €T .
0 0

IIpumep 1.1.1. Pa3zpaboTan peakTUBHBIA JBUTaTeIb HOBOM KOHCTPYKIUH,
rae p(t) — dyukuus Bpemenn, te T=[0; ty], onuceiBaromas TeOPSTUUCCKHUI 3a-
KOH M3MEHEHHUs J1aBlieHus B kKamepe cropanus (t=0 — MOMeHT 3amycka JBurare-
as1). B cBs3M ¢ TeM, 4TO HEBO3MOXHO M3TOTOBUTH JIBA UACHTUYHBIX JBUTATE,
TO W3MEHCHHE JIaBJICHUS B KaMepe CropaHus — ciaydaiHeiid npormecc X{t; o},
I7Ie ® — BEKTOP KOHCTPYKTHBHO-TEXHOJIOTHUECKUX XapaKTEPUCTUK TBUTATEIIS.

_‘-“JA CeveHuns Peannsatmu
x(ty) v(t,)

x,0t)
= - 1

XA E R Bl
f (N == x ()

] [y [ t

Puc. 2. Cevennsi u peajim3ainum cJy4aiiHOro nmpouecca

* ToJBKO B KaueCcTBE MHOXKECTBA B BBIOMpaeTCss MHOKECTBO 00Jiee CIIOKHOM CTPYKTYphl. Ha-

z z y
npumep, eciu B=2Z° wm B =R®, 1o cnyuaiinas Benuunmna X npuHMMaeT 3Ha4YeHHs B
IIPOCTPAHCTBE 1IEJOYUCICHHBIX UM JCHCTBUTENBHBIX TTOCIIENO0BATENBHOCTEN, H TOBOPSAT, YTO
X — ciydaiiHblIi poliece ¢ AUCKPETHBIM BpEMEHEM

8



Takum 00pa3oM, CiIydaiiHBIA MPOLECC MOKHO PaccMaTpUBaTh JIUOO Kak
COBOKYITHOCTh CIIy4aifHbiX BemmanH X (1), 3aBHCAIMX OT mapamerpa t, 1u6o

KaK COBOKYIHOCTB peammsaruii mpouecca X (Wy;t) . IIpu srom mist ompeneie-

HUS CIy4aifHOTo mporecca HeoOX0UMO 3a7aBaTh BEPOSITHOCTHYIO MEpPY B IPO-
CTPAaHCTBE peaju3alui Mmporecca.

1.3. Tunbl caydyaiiHbIX POILECCOB
OCHOBHBIEC TPU3HAKH, 110 KOTOPHIM Pa3IUYalOTCA CIy4YailHbIE MPOIIECCHI,
KacaloTcsl TPUPOJIbI MPOCTPAHCTBA COCTOSIHUM, oO0o3Hadaemoro yepes E, Bpe-
MEHHOTO napaMeTrpa T U OTHOLIEHWN 3aBUCUMOCTH MEX]y CIy4alHBIMHU BEJIU-
YUHAMU.

Onpenenenune 1.3.1. [Ipocmpancmeo cocmosnuti — 2mo nPOCMpancmeo,

KOMOPOMY HPUHAONIeHCAm 6Ce B03MOJNCHbIE 3HAYEHUs, NpUHUMAaeMmvle Gcemu
CIVYAUHBIMU BeTUYUHAMU X (t) umu Xi. Ecnu E cosenadoaem ¢ R, mo npoyecc

{X (t)} HA3b18aemcs 0eucCmeumebHbiM CIyuaiunsim npoyeccom. Ecau E — esk-
JU00680 k-MepHoe npocmpancmeo, mo npoyecc {X (t)} sa61semcst k-mepuuim.
Onpenenenue 1.3.2. Eciu T = {0,1, 2.. } mo {X (t)} ABNEMCSL NPOYECCOM

¢ ouckpemuvim gpemenem. Eciu T = [0;oo), mo {X (t)} — npoyecc ¢ Henpepuls-

HbIM BDEMEHEM.

Mpumep 1.3.1. JIro60# BBIOOPOUYHBIN KOHTPOJIb MPOIYKIUH OyIET OTHO-
CUTBCS K CIIy4ailHBIM MpPOLIECCaM C TUCKPETHBIMU COCTOSIHUSIMU (€1 — TOJHAs, €;
— HETo/IHasl MPOJYKIIUS) U JUCKPETHBIM BpeMeHeM (1, t, — Bpems npoBepku). C
JPYTOM CTOPOHBI, Cy4yaill OTKa3a JItoOOW MaIIMHbl MOKHO OTHECTU K CITydai-
HBIM TIpOLIECCaM C IUCKPETHBIMU COCTOSIHUSIMH, HO HEIPEPBHIBHBIM BPEMEHEM.
Peructpaunio TemrepaTrypbl BO3AyXa B OIPEJIECICHHBIE MOMEHTHI BPEMEHH
MO>KHO OTHECTH K CIIy4ailHOMY IMpPOILIECCY C HENMPEPBIBHBIM COCTOSTHUEM U JIHC-
KPETHBIM BPEMEHEM, B CBOIO OYepe/lb CIy4yalHbIN MpollecC U3MEHEHUs Hampsi-
JKEHUS B DJIEKTPOCETH UTaHud DBM sBisieTcss mpuMepoM CIIy4ailHOTO MpoIec-
ca C HeMpPEePBhIBHBIM COCTOSTHUEM U BPEMEHEM.

BaxHol 4epToM cilydyalHOroO mporecca {X (t)} SIBJIIETCS. 3aBUCUMOCTD
My CllydaiiHbivu Bemmauaamu X (t). Xapakrep oToil 3aBUCHMOCTH onpese-

NSAETCA 3aJaHMEM COBMECTHBIX (DYHKLMI pacrpeeNeHuii Ui KaxkIoro KoHed-
Horo cemeiictBa X (t,), X (ty),.... B Teopun ciy4aifHbIX IPOIECCOB BBIICISIOT



pa3IuyHbIe HIUPOKUE KIACCHI CIIyYalHBIX IIPOLIECCOB, KOTOPBIE MOTYT U IEpece-
KaTbCsA. OmNUIlIEM HEKOTOPBIE KJIACCUYECKUE THUIIbI CIIyYalHBIX MPOLECCOB, Xa-
PAKTEPU3YIOLIHUECS PA3TMYHBIMA BUJAMH 3aBUCUMOCTH MEXIY X (t), teT.

1. Mapkoéckue npouyeccol

SIBIISIFOTCSI caMbIM KPYIIHBIM HAIIPAaBJICHUECM B TCOPHUHU CﬂyqaﬁHBIX Imponec-
COB.

Omnpenenenune 1.3.2. Cnyyaunwiti npoyecc {X(t)} HA3b18AeMCsl MAPKOG-

cKuMm, eciu vinonusaemcs ycinosue Mapkosa: 014 006X YNOPAOOUEHHbIX MO-
menmos epemenu Vit <t, <...<t, cnpaeeonuso coommnowenue:

P{X(t))=e,/ X (t;)=e, X (ty)=6p... X (tn 1) =614} =
=P{X(t,)=e,/X(t,1)=6,1},
rae €,6,,...,e, k.

Just 3-x MoMeHTOB BpeMerH {; <t; <ty ycnoBue MapkoBa npuMeT BUL:

Takum oOpa3zom, OyayIiee COCTOSHHE CHUCTEMBbI 3aBUCUT OT MPOIILIOTrO
TOJIBKO 4Yepe3 HacTosiee. MapKOBCKHE MPOLECCHl SBISIOTCS €CTECTBEHHBIM
000011IeHneM JEeTEPMUHUPOBAHHBIX MPOLIECCOB, PACCMATPUBAEMBIX B KJIacCHYe-
ckoi (usuke. B neTepMUHUPOBAHHBIX MPOIECCaX COCTOSTHUE CUCTEMBI B MO-
MEHT BpeMeHH {y 0THO3HAYHO OMpeIesieT X0/ mpoliecca B OyayieM; B MapKOB-
CKHX IPOLECCAaX COCTOSTHUE CHUCTEMbI B MOMEHT BpPEMEHU 1y OJJHO3HAYHO ompe-
JENeT paclpelecHue BEpOsTHOCTEN Xoa mpouecca npu t > t, npuueM HUKa-

KHE CBEJCHHUS O XOJ€ MpoLecca 10 MOMEHTA BPEMEHU t HE U3MEHSIOT ATO pac-
npeneneHue. JroOble ciayyaiiHble OMyKIaHUA MO UENbIM YUCIAM — YHCIOBON
JUHUYU (M3BECTHASI KaK «IPOTYJKA MbSHUIBDY) U MPOOJIEMbl pa30pEHUsi UTPOKa
MPEACTABIAIOT COO0N KIACCUYECKHUE MPUMEPHI MAPKOBCKUX MPOLECCOB C AMC-
KPETHBIM BpeMEHEM. J[[ByMs Ba)KHBIMM NpPUMEPAMU MAPKOBCKHUX IPOLIECCOB C
HEIIPEPBIBHBIM BPEMEHEM SIBJISIIOTCSI BUHEPOBCKHMM IIPOLIECC, M3BECTHBIM Kak
nporecc OpOyHOBCKOTO JABMXKeHHMsI, U npoliecc [lyaccona. MapkoBckue mpoiiec-
Chbl MOJYYHJIH IIAPOKOE NMMPUMEHEHUE B KAYECTBE CTATUCTUYECKUX MOJEIEN pe-
QJIbHBIX SIBJIEHUH — B TEOPUHU MACCOBOT0 OOCHTy:KMBaHUS (Hampumep, B Uccie-
JIOBAaHUU OYepe/ie KIIMEHTOB), IPU U3yUYEHUU CUCTEM KPYH3-KOHTPOJIA B aBTO-
MOOWMJIIX, CHCTEM XpaHEHUs, OOMEHHBIX KYpCOB BaJIIOT U JAp. AJTOPUTM
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PageRank, koTopblii IepBOHAYAILHO OBLT MPEAJIOKEH JJIsi TIOMCKOBOM CHCTEMBI
Google B IHTepHETE, OCHOBAH Ha MapKOBCKOM ITpOIIecce.

2. Cmayuonapuuvie ciyuaiinple npoyeccol
SIBNIAIOTCSA BTOPBIM IO 3HAUUMOCTH KJIACCOM CITyYalHBIX MPOIIECCOB.

Omnpenenenune 1.3.3. Cryuaunwvii npoyecc {X (t)}, teT <R, nazvieaemcs

CIMAYUOHAPHBIM 6 Y3KOM CMbICE, eCll COBMECHHble PACNPeOeseHUs CeMeliCme
(X (t, +h), X(t, +h) .., X(t, + h)) u (X (t), X(t,),... X (tz))oduHakoebz npu

ecex N>0 u scex t,t,,....,t, €T, m.e. N-mepnaa ¢ynxyua pacnpedenenus unea-
PUAHMHA OMHOCUMENbHO CO8USA 80 BPEMEHU.
Onpeneaenue 1.3.4. Crnyuatinwvii npoyecc {X (t)}, teT <R, nazviaemcs

CMAayuUOHAPHBIM 6 WUUPOKOM CMblCIE, eCliu €20 mamemamudyecKkoe oodicuoanue u
ducnepcuﬂ He 3asuciam om e6pemMerHu, a KosapuauuoHHas (Z)yHKl/ﬂ/l}l saeucum

monvko om pasnocmu ceoux apeymenmos, m.e. B(t,t+h)=B(h), 2de
B(t,t+h)=cov(X(t,a)),X(t+h,a))).

VY3K0€ ¥ IUPOKOE ONPEACIICHNS CTAMOHAPHOCTH HE TOXKECTBEHHBI. Ciy-
YalHbIE IPOLECCHI, CTALMOHAPHBIE B Y3KOM CMBICJE, BCETa CTAalMOHApPHBI B
IIMPOKOM CMBICIIE, HO HE HA00O0POT.

Hanpumep, misa cirydallHbIX MapKOBCKHX MPOLECCOB MOHATHUS CTAllMOHAP-
HOCTH B Y3KOM M IIMPOKOM CMBICJIE SIBJISIOTCA OJM3KUMHU, HO HE COBIAAAIOT.
OOBIYHO €cnu BBOAAT CTALIMOHAPHBIM MAapKOBCKUU MPOLECC, TO B Y3KOM CMBIC-
ne. s rayccoBBIX MPOLECCOB MOHATUS CTAIMOHAPHOCTH B Y3KOM M IIHMPOKOM
CMbICJIaX COBNAAAIOT, MMOCKOJIbKY UX N-MepHble (PYHKUIUU BEPOSATHOCTU IOJIHO-
CTBIO OIPEAEISAIOTCS CPEIHUM 3HAUCHUEM U KOBapHALIMOHHOW (DyHKIMEH.

Cxema cTalMOHapHbBIX CIy4YalHBIX MPOLECCOB C XOPOUIMM IMPUOIMKEHUEM
ONMCBHIBAET MHOTHME pEaJIbHBIE SIBJIICHUS, COMPOBOXKIAKOIINECS HEYIOPSIOYECH-
HbIMH (ayKTyauussMu. Tak, Harpumep, MyJIbCaluu CUJIbl TOKA WIIA HAMPSKEHUS
B DJIGKTPUYECKOW Lenu (dJeKTpuyeckuil "mym'") MOXKHO paccMaTpuBaTh Kak
CTAlMOHAPHBIN CIIyYalHBbIA MPOLIECC, €CIU 3Ta LENb HAXOAUTCS B CTallMOHAp-
HOM PEXKHME, T.€. €CIIU BCE €€ MAKPOCKOIMYECKUE XAPAKTEPUCTUKHU U BCE YCIIO0-
BUsI, BBI3BIBAIOIIME NPOTEKAaHUE 4YE€pe3 HEe TOKA, HE MEHSAIOTCA BO BPEMEHU,
MyJbCAIlMM CKOPOCTH B TOYKE TYpPOYJIEHTHOIO TEUEHHUs MPEACTaBISIOT co00ii
CTAllMOHAPHBIN CIIy4alHbIN MPOIEeCC, €CIM HE MEHSIIOTCS OOIIHMe YCIOBUS, MO-
POXKJAIOIINE paccMaTpuBaeMoe TeyeHHue (T. €. TEeUCHHE SIBJISETCS YCTaHOBUB-
HIUMCS), U T. 1.
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BoiieneHrne NOHATUS CTAlMOHAPHOTO CIIYYaWHOIO MPOIEcca U MOIYyYEHHE
NEPBBIX OTHOCSIIMUXCA K HEMY MaTEMaTUYECKUX PE3YJIbTaTOB, Kak ObUIO OTMeE-
4YeHO BbllIe, SABIsAOTCA 3aciayrond E.E. Caynkoro m otHocarcs kK koHy 20-X u
Hayainy 30-x rr. XX Beka. B nanpHeiimem BaxkHble pabOThI IO TEOPUH CTALAO-
HapHBIX  CIy4alHBIX TPOLIECCOB  ObUIM  BBIMOJHEHBI  A.Sl. XMHUHBIM,
A.H. Konmoropossim, I'. Kpamepom, H. Bunepowm u ap.

3. Mapmumncanwl

B MMOCJICAHUC AOCCATHWICTHUA HMHTCHCHUBHO BCAYTCA HCCICAOBAHHA KJIdCCa
CﬂyqaﬁHLIX IIpOLCCCOB, KOTOPBIC HA3BIBAOTCA MapTI/IHFaJIaMI/IS. O6H1HOCTI> 9TO-
ro Kjiacca OIpCACIACTCA TCM, YTO Ha XApPaAKTCP 3aBUCUMOCTH MCKIY cnyqaﬁ-
HBIMH BCJINMYMHAMU HAKJIaAbIBAOTCSA JOBOJIBHO cirabnle YCIIOBUSA, BBIPpAKACMBIC B
TECPpMHUHAX YCIOBHBIX MATCMAaTUYCCKHUX O)KPII[aHI/Iﬁ.

Ilycth {X (t)}, teT — NelCTBUTENBHBIN CIy4alHbBIA MPOLIECC C JAUCKPET-
HBIM WJIM HEMIPEPBHIBHBIM MTapaMeTpoMm I.

Omnpenenenune 1.3.5. Cryuaiinsiu npoyecc {X (t)} Ha3vleaemcs, Mapmun-
2anom, ecnu OJisi YNOpsAOOUeHHbIX MOMeHmoe epemenu Vi <t, <...<t ., tieT
Chpaseougo E{ X (tha)! X(t) =6 X (1) = en} =€,, 0715 6cex OONYCMUMbIX

3HayeHull €,6€,,...,€,.

WupiMu crioBamMH, YCJIOBHOE MaTEeMaTHUECKOE OKHMIaHHE MapTHUHTala B
CIIEYIOINNA MOMEHT BPEMEHHU PAaBHO €r0 3HAYEHHWIO B MPEIbIIYIIUNA MOMEHT
BpeMeHu. MapTuHran — 3To npoiecc 0e3 cHoca (B TOM CMBICIE, YTO €ro maTe-
MaTHYECKOE 0’KUJIaHUE B CIEAYIONINI MOMEHT BPEMEHHU COBIMAIa€T CO 3HAUCHHU-
€M B TEKYIIHI MOMEHT).

IMpumep 1.3.2. Ecim X (t) omuchiBaeT COCTOSIHIE KallUTana HTPOKa B MO-

MEHT [, TO 1O ONpeAEICHUI0 MapTUHIAJIa CPEIHSAsS BEJIMYMHA €ro KaluTajla B
MOMEHT {41 IpU yCIOBUM, 4YTO B MOMEHT 1, OH pacmnosarajg KauTajioMm €, , pas-
HO €, HE3aBHCHMO OT TOTO, KaKOB OBLI €ro KaluTaj B MPEIIICCTBYIOIINE MO-
MEHTBHI BPEMEHHU.

B maremMaTtnuyeckor T€OpUM MAPTUHTAIIOB OCHOBHYIO POJIb UTPAOT MOMEH-
Thl OCTAHOBKHM V. B MaremaTumdeckux Mojensx (PUHAHCOBOIO phIHKA IPOIIECC

{X (t)} MOYKET ONUCHIBATh, HAIPUMED, LICHY AKIIMKA B MOMEHT t, a ciydalHbIU

® ®paniy3ckuil puHaHCOBbIN MaTteMaruk JI. baienbe co3man obIyl0 MaTeMaTHYECKYIO T€O-
puto 0e300MIHBIX UTP — MapTUHTaN, KOTOpas Mmo3jaHee, nocie ucciuenoBanuil K. Bumie,
IT. Jleenr, 1. dy6a (1910-2004) u ap., cTana OAHUM U3 BaKHEHIINX KJIACCOB CTOXACTHUECKUX
IIPOLIECCOB.
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MOMCHT V COOTBCTCTBOBATb MOMCHTY IPOAAKH ITaKETa €ro BJIAACJIBLICM. Map-
THHI'AJIBI C YCIICXOM IIPUMCHAKOTCA B I'CHECTUKC, TCOPUU IIOTCHIIMAIA, CTOXAaCTH-
YCCKHUX MHTCTpAIax U T.M.

4. Ilpouecc c nezagucumvimu npupauieHUAMU

NMeHHO ¢ M3y4yeHHs JTaHHOTO KJacca BO3HMKJIA TEOpHUs CIy4ailHBIX MpO-
neccoB. BHauane n3yyaianuch BUHEPOBCKHUE MPOIIECCHI (ITPOIIECChl OPOYHOBCKOTO
6
JIBUKEHUSA ), 3aTeM OoJjiee 00IIMe MPOIECChl ¢ HE3aBUCUMBIMU MPUPAIICHUSIMHU.

Omnpenenenue 1.3.6. Crnyyaunsiii npoyecc {X (t)}, t, eT <R, — npoyecc c

He3a8UCUMBIMU NPUPAWEHUSMU, eCU €20 NPUPAWEHUsI HA HeNePeKPbl8arOUUXCSL
ompeskax He 3asucam opyz om opyea: ona Vit <t, <...<t, €T npupawenus
cnyuainoix senuuun X () — X (ty), X (t) = X (&) .. X (t,) = X (t,_1), Hesasu-
CUMBbL.

[TprumepamMu TPOIIECCOB ¢ HE3aBUCUMBIMH MPHUPAIICHUSIME SBJISTFOTCS TIPO-
11ecc OPOYHOBCKOTO JIBMOKEHUS (TIPOIECC ¢ HE3aBUCUMBIMU MTPUPAIICHUSIMH, TSI
KOTOpPBIX pactpenenenne Bemmanabl X (t+h)— X (t), t=0, h>0 sBusercs ra-

yccoBbIM), mponece IlyaccoHa (CTOXacTHYECKH HENPEPBIBHBIA IIPOLEcC ¢ HE3a-
BHCHMBIMH IpHpatienusmu, ecan X (t)—X(s), Vt, s>0, s<t), GesrpaHndno

JIEJIAMBIE PACIIPEACIICHUS U IPYTHE.

KoHnTposibHBIE BONIPOCHI M 32/1a4M 110 Teme 1
1. Kakue knaccuyeckue 3ajaud, WLIIOCTPUPYIOT HEOOXOAMMOCTh IO-
CTPOEHMS TEOPHUH CIIyYaHHBIX IPOLECCOB?
2. Kakne moioxeHus: akCHOMAaTHKHA TEOPUHU BEPOSTHOCTEHN JIEKAT B OCHOBE
TEOPUH CITYHAUHBIX MPOLIECCOB?
3. HazoBute 0CHOBHBIE MOHATHS TEOPUU CITYHYaHHBIX TPOLIECCOB.
4. YTo moHMMAETCS MOJ] CIIy9aiHbIM MPOIIecCOM?

® TlpencTaBisier co0Oi MOJETb JBMKCHHS MAICHBKOW YaCTHIIbI, B3BEIICHHOW B JKHIKOCTH
WIY Ta3e ¥ COBEpIIAIOIIEH Xa0THYECKOe IBUKEHUE B PE3yJIbTaTe CTOJIKHOBEHUS C MOJIEKya-
MU OKpY’Kalollel cpeibl. BriepBbie Takoe siBlieHHE HAOIIOIaT TOJUIAHICKUEH HATYpaiIucT (U3-
BECTEH Kak M3o00perarenb Mukpockona) AHToHM BaH JleBenryk (1632-1723) B 1670 rony,
u3ydasi IOBEJICHHE YaCTHIIBI MBUIBIBEI B BOJHOM PAacTBOPE IMOJ MHKPOCKOMOM. AHTIHIACKHIA
6oranuk P. bBpoyn (1773—1858) B 1828 1. moapoOHO omucan cBOHCTBA ATOTO JABIMKEHUsA. Ma-
TEMaTHUYECKH CTPOTYI0 TEOpHUI0 OpOYHOBCKOro nBMXeHHs moctpowsa B 1923 r. H. Bunep
(1894-1964), onHako 3HaueHUE ero paboThI OBLIO MOHSATO MOCIE CO3IaHHUs aKCHOMATUYECKON
teopuu BepositTHocTed A.H. Konmoroposeim.
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5. SIBnsilercs 1M BUHEPOBCKHMI MpOLECC: a) TayCOBCKUM IPOIIECCOM;
0) MapKOBCKHUM ITpoIieccomM?

6. Kakoii ciiygaliHbIf mpoliecc sIBJsSeTCS MaTeMaTHYeCKOM MOJieNibio Opo-
YHOBCKOT'O JIBUKEHUSA?

7. OOBsACHHTE, B YeM OTJIMYHE TOHATHA CTAIIMOHAPHOCTH B IIMPOKOM U B
Y3KOM CMBICJIE.

8. Kako#i Tum ciy4aifHoro npoiiecca Hau0oJiee aJeKBaTHO OMUCHIBAET KO-
JIMYECTBO JIIOJIEH, CTOSIIUX B OUEPEIH.

9. Kakrie OCHOBHBIE XapaKTEPUCTUKHU CIYYaHOIrO Mpoliecca OTHOCATCS K
MapKOBCKOMY TTpolieccy?

10. Cnyuaiinsnii mpornecc X(t) =A-cos(wt+ ¢ ), rie ® — HecayJaiHas KOH-
cranTa, A 1 ¢ HesaBucuMsl, E(A)=m , D(A)=6’ , ¢ paBHOMEPHO paclpeaeicHa
Ha otpeske [0; 2m].

a) Haiftu oqHOMEpHYIO IJIOTHOCTh pacipeiesIiCHus, TOCTPOUTH €€ rpaduK.

0) BpUCINTE MaTEeMaTUYECKOE OXKHUJAHUE, TUCIIEPCUI0 U KOPPEISIIMOH-
Hy10 QyHKUMo A X(t).

B) /loka3atrhb, 4TO 3TO CTAllMOHAPHBIN B IUPOKOM CMBICIIE CIIy4ailHbIN MPO-
1ecc.
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Tema 2. MATEMATHUYECKUU ATIIMAPAT JJUCKPETHBIX
MAPKOBCKHX HETIEHA

[lens MapkoBa — 0JiHa U3 MEPBBIX CTPOTrO MATEMATHUYECKH 0OOCHOBAHHBIX
MOJIeJIel CIydaiHbIX IpoleccoB. Takoil mpouecc Obul BIIEPBBIE PACCMOTPEH B
pabote A.A. Mapxkosa (1856—1922), nocBsilleHHON aHAIN3Y MOCIEA0BATEIBLHO-
CTH TJIACHBIX M COTJIaCHBIX OYKB B pycckoM Tekcte. OO0mias Teopusi MapKOBCKHX
mporieccoB 1 ux kinaccudukaiusa opiia nana A.H. Konmoropossim B 1930 rony.
Ero uccrnenoBanus nanu JOTUYECKU OE3YMPEUHYI0O MAaTEMaTUYECKYI0 OCHOBY
oO1elt Teopur MapKOBCKUX MpolieccoB. B HacTosiee BpemMsi TeOpUsi MapKOB-
CKHMX TPOIIECCOB U €€ MPUJI0KEHUS IUPOKO MPUMEHSIOTCA B CAMbIX Pa3IMYHbIX
o0JlacTsSIX HayK: B MeXaHuke, pusnke, XuMuu U Jip. brarogapsi cpaBHUTEIbHON
MPOCTOTE W HATJISIIHOCTH MaTEMAaTUUECKOTO alapara, BRICOKOUM JOCTOBEPHOCTH
Y TOYHOCTHU MOJIy4aeMbIX PEIIeHUH, 0c000€ BHUMaHUE MApPKOBCKUE MPOIIECCHI
PUOOPENH Y CIEIUATUCTOB, 3aHUMAIOIINXCSI UCCIIEIOBAHUEM OTIepalluii U TEO-
puel IPUHATUS ONTUMAJIBHBIX PEIICHUM.

2.1. Kinaccudukanuss MAapKOBCKHX CJIYyYalHBIX MPOLECCOB

MapkoBCKHE TPOIECCHl PA3INYAIOTCS COCTOSHUSIMHA BO BPEMEHH U B MPO-
ctpancTBe (puc. 3). B oTHOImIEHUM COCTOSIHHS MPOIIEcca BO BPEMEHH Pa3InyaroT
JIBa THIa MAapKOBCKUX IPOIIECCOB: C TUCKPETHBIM BPEMEHEM W HETPEPHIBHBIM
BPEMEHEM.

Onpenenenue 2.1.1. Mapxoeckum ciyuatinbim npoyeccom ¢ OUCKPemHvIM
8peMeHeM HAa3bl8Aemcs maKoll npoyecc, y KOmopo2o nepexoobl U3 00H020 CO-
CMOSAHUSL 8 OPY20€ BO3MOICHBL 8 CIMPO20 ONPEOEIeHHblE, 3apaHee 3a0aHHble MO-
menmul epemenu t,t,,.. ..t , Hazvieaemvie wacamu npoyecca. Taxou npoyecc

Haszwvleaemcs yenvio Maprosa unu npoyeccom ¢ ouckpemuvim napamempom T,
KOMOPbLL Modcem Obimb NPOYECCOM ¢ KOHEUHbIM UIU OECKOHEeUHbIM MHONCeCH -
60M COCMOSIHULL.

Omnpenenenue 2.1.2. Maprosckum CyyauHblM nPoOYeccom ¢ Henpepbl8HbIM
8peMeHeM HA3bl8aemcs MmaKou npoyecc, y Komopoz2o nepexoo u3 00H020 CO-
CMOSIHUSL 8 OPY20€e BO3MONCEH 8 IH0OOU MOMEHM 8PEMEHU L.

CrnydyaliHbIE TIPOIECChI, B TOM YHUCJIE MapKOBCKUE, MOTYT OBITH C JHUCKPET-
HBIM YHCJIOM COCTOSHUH. B 3TOM ciiydae OHM Ha3bIBAIOTCS AMCKPETHBIMH CJIY-
YailHBIMH TIponeccamMu. YKCIIO COCTOSIHUN SBIIICTCS CUETHBIM KOHEYHBIM HJIH
O0eckoHeUHbIM. W BBIZIETISIOT KJIACC HEMPEPBIBHBIX CIIYyYailHBIX MPOIIECCOB, IS
KOTOPBIX BO3MOYXHO 0€CKOHEYHOE MHOYKECTBO COCTOSIHHUM.
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| i !
X3 —-——-——— +—— ! 1 1 '
I M I """" S
| 1 1 1
xpoooy L : s B O
: | : ! __'L"'JF__:___{'__'['__J.—.
0 t, t2  ts3 tx t 0 t1 t2 tz ta ts it
OFEIb MAPKOBA ;:I;[IC?KPEI‘I—IB]I?
MAPKOBCKINI ITPOITECC
T - THCKPETHO T - Hellp epbIBHO
E - Hermp epeIBHO E - HemmpepeBHO
X (t) X{(t).
: .
TN : N
' ' 1 ' | ]
' | | /\\‘. 1 | |
i ! f : A Y
: i i | LT e
0 tz2 [ txt 0 1 tz2 tz t4 ts txt
MAPKOBCKAA HEIIPEPEIBHBIT
IMOCIEJOBATEIIBHOCTD MAPKOBCKINI [TPOIECC

Puc. 3. Knaccndukanusi MAapKoOBCKHX CIyYallHBIX MPOIECCOB

2.2. BeposiTHOCTHBIC XapaKTePUCTUKH Lenel Mapkosa

[Tycts E :{eo,el,...,ek,...} — HEKOTOPOE KOHEYHOE WM CYETHOE MHOKECT-
BO COCTOSIHHMIL. PacCMOTPHM IOCIEI0BATENBHOCTD CIlydallHbIX BemmduH { X, |,
n=0,1,..., KOTOpble IPUHUMAIOT 3HAUEHHS U3 33JaHHOTO MHOKECTBA C BEPOST-
noctsimu B (n)=P{X, =g}, k=0,1.... Takum o6pasom, X, — ciyqaiiHas Be-
JIMYMHA C TUCKPETHBIM (KOHEUHBIM MIJIM CUETHBIM) MHOKECTBOM COCTOSHMIA E.
CityyaliHy10 MOCJIEI0BATEIbHOCTh {Xn} , N=0,1,... yka3aHHOTr0 THIIa Ha3bIBAIOT

JVCKPETHOM LIETBIO.

Onpenenenue 2.2.1. Cnyuatinas nociedosamenbHOCMb {Xn} HA3b18a€mcs
OUCKPEeMHOU Yenbio Mapkoea7, eciiu OHA 5A6/Iemcsi OUCKPEMHOU Yenvlo U 00.1a-
oaem MAapKoBCKUM CBOUCMBOM, m.e. Oas a0bix N>1 u at0bbix 371eMeHmos
€9,€,,....€, MHOJICEecmea E ebinonneno pagencmeo.

" B 1aHHOM pa3zjierie MEHSIETCS TOJIBbKO TEPMHUHOJIOTUS ISl M3ydeHHs mereii MapkoBa B pas-
JMYHBIX TPUJIOKEHUSX. BeipaxkeHue "pe3ynbTaToM N-ro MCIBITaHUS OKa3aloch coObiTHe Ep"
3aMEHSIETCSl Ha cleayromiee — "B MOMEHT BPEMEHH N CHUCTEMa HaxOJHUTCS B cocTostHuU E,";
TEPMUH "yCJIOBHAsi BEPOATHOCTD [jj" 3aMEHSAETCA HAa TEPMHUH "BEPOATHOCTH IEPEXOJ]A CHCTE-
MBI U3 cocTosiHuA Ej B cocTosHme Ej".

16



P{X =6,/ X 1=€11,.. Xg =6} =P{X, =6,/ X, 1 =€}

U3 ompesienenus CleayeT, 4To AUCKPETHAs Ienb MapKoBa SBISETCS 4acT-
HBIM CITy4aeM MapKOBCKOTO mporecca. Bysiem caurars, uto npoctpancto E —
M3MEPUMOE MHOKECTBO, B KOTOPOM BCE OJHOTOUEUHBIE MHOXKECTBA TAKKE U3-
MepuMbl. Ecii B MOMEHT N >1 mponsonuio coGbitHe { X, =€}, TO TOBOPIT,

9TO 1enb MapkoBa HAXOAMTCS B COCTOSHUM € . ECIM 5Ke M3BECTHO, YTO IJIA
Bcex N>1 BemonHeHo { X, ;1 =€} u {X, =€}, T0 roBoOpsT, 4TO LIEMb HA N—

M IIIare mepelnia U3 COCTOSHUS € B COCTOSIHHE €1. Ecim E mmeer koHedHOE
YHCIIO COCTOSIHAM, TO COOTBETCTBYIOIIAS IIENTb MapKoBa HA3bIBACTCSI KOHEYHOA.

Omnpenenenue 2.2.2. Bepoamuocme cayuatiHou eiudursi X, nonacms 8
cocmosinue j, eciu u38ecmHuo, 4mo X,—; Haxooumcsi 8 COCMOSIHUU i, HA3bl8AEMCSl
0O0HOWA20801i hepexOOHOU 8ePOAMHOCIbIO U 0003HAYAEMCA Pij.

ITo onpenenenmio: p;; =P{X, =j/ X, =i}, i,j€E.

Onpenenenue 2.2.3. Mampuya P, snemenmamu komopou A61510mMcsi epo-
amuocmu nepexooa Pij, Hazbieaemcs nepexoOHou mampuyeu yenu Mapkoea

{Xn} 3a 00OUH Wae (Mmampuya nepexooa).

Pr1 P2 - Py

p_ P21 P22 o Pop

pnl pn2 pnn

Marpuiia nepexojia sSIBISI€TCS CTaHAAPTHBIM CIIOCOOOM IIPEJCTaBICHHS I1e-
neit Mapkoga. Ilepexomnas maTpuiia 06J1aj1acT CBOMCTBAMM:
1)  0<py; <1, anamobeix i, j=0,1....

Marpuna, ynoBiueTBopstomas cBoWcTBaM 1,2, Ha3bIBaeTCA CTOXaCTHYe-
ckoil. CTOXaCTUYECKHE MATPHULIBI, YAOBJIETBOPSIOIIUE TOMOJIHUTEIBHOMY YCIIO-
BUIO — CYMMBI 3JIEMEHTOB B Ka)XJIOM CTOJIOLIE paBHbI 1, HAa3bIBAIOTCS ABAMKAbI
CTOXACTHYECKHUMHU.

IMpumep 2.2.1. meetcs cinyuaitHoe OnyXAaHUE CHUCTEMBI, KOTOPOE HWH-
TEPIPETUPYETCS KAK MOJIOKECHUE ABHXKYILIECUCS YaCTULBI IO YUCI0BOM ocu. Ec-
JIM 4aCTULA HAXOAUTCSA B COCTOSIHMM €, TO 34 OJMH IIar OHA MOXET IEPEUTH B
OJIHO U3 CBOMX COCEIHUX cocTOsiHUM (-1) mnu (e+1) unm ocrateed B €. [Ipuyem

P{Xu1 =e+l/X;=e}=p;

P{Xu1=e-1/X;=¢e}=q;
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P{Xi1 =¢e/X;=¢e}=0.

[TocTpoiiTe MaTpHIly IEPEeXOAHBIX BEPOSITHOCTEH, €CIIH:

a) Mpo1ecc, JOCTUTHYB COCTOSIHUSI €1 UIIU es5 OCTaeTcsl TaM HaBcerza ( ey, es
— MOTJIOIIAIOIINE COCTOSHUS) ;

0) mpoiiecc, IOCTUTHYB OJIHOTO W3 TPAHUYHBIX COCTOSTHUW €; WM €5, Ha-
MIPaBJISETCS B IIEHTPAIILHOE COCTOSIHUE €3, TIIE €1 U €5 TPAHUIHBIC COCTOSTHHSL.

Peurenue .

MaTtpuiibl IepexoHbIX BEPOSITHOCTEH UMEIOT BUI:

100 00 001 00
g 0 p 0 O g 0 p 0 O
a) P=|0 g 0 p O 6) P=0 g 0 p O
0 0 g 0 p 0 0 g 0 p
0 00 01 001 00

[10CKOJIBKY BEPOSTHOCTH 3aBHUCAT TOJIBKO OT TEKYIIEH IO3WUIMHU, 4 HE OT
KaKUX-IM00 MPEeIbIAYIIUX MO3UIUH, TO CllydyallHOe ONy>KJaHHUE YJOBIETBOPSET
onpenesieHnIo 1enu Mapkosa.

I[Mpumep 2.2.2. [Ipennonoxum, 4To 6akagaBp ¢ BEPOATHOCTHIO P KaKIIbIH
roJl BRIOBIBAET U3 YHUBEPCUTETA, C BEPOSITHOCTHIO (] OCTAE€TCA Ha TOM K€ Kypce
Ha CIECIYIOIIUHN TOJ, U C BEPOSTHOCTHIO I IEPEXOAUT Ha cieayromui kypce. I1o-
CTPOMTE MATPUILy MEPEXOTHBIX BEPOSTHOCTEH, BBESI COCTOSIHUSL: €1 — BBIOBLI, €;
— OKOHYMII, €3— 4-i1 Kypc e4 — 3-i Kypc, es — 2-0i1 Kypc, eg — 1-bIif KypcC.

Pemenue.

Marpuna rnepexoaHbIX BEPOSITHOCTEN PUMET BUL:

1 00 000
01 0 0O
P=prqOOO
p Or g 00O
p 00 r g O
p 00 0 r g

Onpenenenue 2.2.4. IJlens Maprosa Hazvieaemcs 0OHOPOOHOU, ecau O
6cex N=1 nepexoomnvie 6epOAMHOCMU He 3A8UCA OM HOMePA UCNbIMAHUsL (Ua-
2a), m.e. OCMAIOMCs NOCMOSAHHBIMU 6 X00€ npoyecca: P (n)= Pij -

Onpenenenne 2.2.5. Beposmnocms Py (n)=P{X,=¢}, & €E nasvisa-

emcsi 6€epOANHOCMbIO COCMOAHUA ek 6 MOMEHM 6peMeHU n=>0. BeKmop
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P ( n) = ( Po (n), pl(n) : ) HA3bI6AEeMCs  pacnpeoesieHuem 6eposmHocmell Co-
cmosanui yenu Mapkosa { Xn} 6 momenm N=0.

O4eBuHO, YTO p(n) YIOBJIETBOPSIET MPHU KAXAOM N <00 YCIOBUIO HOP-

o0
MUPOBKH: Zk—o Py (n) =1. KoMnoHeHThI BekTOpa p(n) MOKa3bIBAIOT, KaKUE U3

BO3MOYKHBIX COCTOSIHMM Llenmu MapkoBa B MOMEHT N SIBJISIFOTCS HanboJliee Bepo-
ATHBIMH, a Kakue HeT. [Ipomecc MOJHOCTBIO ONpeNesieH, CIIH 3aJaHa MaTpHIa
NIEPEXOAHBIX BEPOSITHOCTEN U BEPOSITHOCTA HaYaJIbHBIX COCTOSIHUM.

Teopema 2.2.1. [lapa (P, p(O)) NOJIHOCMbIO ONUCHIBAEN 8EPOSAMHOCIHYIO
cmpyKmypy 00HOpoOHouU yenu Mapxoesa.
Joka3ateabcTBo. [TycTs P{ Xo= eo} =D, -
I[To onpenenennto ycioBHOM BEPOSITHOCTH UMEEM:
P{Xo=6pX;=6,... X, =¢,} =
=P{X, =6,/ Xg=6p, Xy =0,.. Xp1 =€, } xP{Xg =6y, Xy =€,..., X,y =€1}.

Ho o OIIpCACIICHUIO MAPKOBCKOI'O IIpoLecca:
P{X,=6,/Xo=6p, Xy =6p,.. Xp =€} =P{X, =€,/ X, 1 =64} = Pi i
HCHOHB3Y§I MMOCJICAHUC JIBa paBCHCTBA, ITIOJIyYHM:
P{Xo=6pX;=6,... X, =6} =
=P{X, =6,/ Xg=6p, Xy =0,... X1 =€, 4} Pi i -

I/ICHOHLByﬂ HHAYKIOWUI0, OKOHYAaTCIbHO HMCCM:
n
P{Xo=6p, X1 =€, Xp =0} =P, [ [ Piyi.- (2.2.1)
k=1

WM B BeKTopHOI popme: p(n) = p(0)P".

3ameuanue 2.2.1. Ecmu pgn)(n) = P{Xn+m =e; /X, :ek} — BEPOATHOCTH

MePeXo/ia X COCTOSHUS € B COCTOSHHC €; 3a M=>1 IIaros, TO AUt OXHOPOJ-
HOU ey MapkoBa uMmeem:
m
p(n+m)=p(n)P".
IIepBas 3amaua B Teopuu nerneri MapkoBa COCTOUT B ONPEICIICHUN BEPOSIT-
HOCTH IIePEX0Jia M3 COCTOSIHKS | B COCTOsIHUE | 3a M miaros. [Tycts { X} — ems

MapkoBa ¢ MaTpulieil MepexoaHbIX BEPOSITHOCTEN P 1 MHOKECTBOM COCTOSIHHIA
E . Marpuiia nepexo/IHbIX BEpOSITHOCTEN ONPEAEAECT BEPOSITHOCTH NIEpeEXo/ia 3a
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1 mar. [Tone3ysce Gopmymnoit (11.2.1), MOKHO HAWTH BEPOSITHOCTH MEPEXOJIOB

sa m maroB P{X, .=j/X,=i}= p&}“), CYMMHpPYSI BEPOSITHOCTH IO BCEM

BO3MOXHBIM 3HAYCHUAM.

Ipumep 2.2.3. ITycts p(0)=(0;0; 1; 0; 0)m P=| 0 1/2 0 1/2 0
0 0 gq 0 1/2
0 0 0 0 1

Haiitu: p(1), p(2), p(3).

Penienue.

p(1) =p(0)-P=(0;0;1;0:0)-| 0 1/2 0 12 0 |=(0;50;5 0);

_ vb—ra Ll L. Ll
pR2) =p(1)-P=(0;5:0;:0)-| 0 172 0 12 0 |=(500;);

12 0 1/2 0 0
pB3) =p@)-P=(50;%0;9)| 0 12 0 12 0
0 0 g 0 1/2
0 0 0 0 1

1
~
o e
o e
o
B
B
~

Teopema 2.2.2. /{1 oonopoouou yenu Mapkosa ¢ mampuyeti nepexooHvlx

sepossmuocmeti P npu miobom m>1 cnpasediuso paseHcmeo: p(Mm —pm,
Joka3aTeabcTBO. Tak kak 1o (Qopmysie MOJHON BEPOSTHOCTH MpPHU
vk e{l,Z,...,m—l} uVi jeT

n
pi™ = > P, (22.2)
r=1

TO COrJacHo (2.2.2) MeXay MaTpHLEN C pa3aIudHbIMH MHAEKCAMHU CYIIECTBYET

cootnomenne PM = pkIpMm=k)
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B wactHOCTH, TP M = 2 HAXOIUM, YTO
P _ pOp® :(P(l))2 _p?.
npu m=3:

P = pOPA — (PO )3 _p3

W npu Vm nosyunm: pm —pm
JlokazaTenbCTBO (2.2.2) 3aKOHYEHO.

Ipumep 2.2.4. Yepes pukcupoBaHHBIE TPOMEKYTKH BPEMEHU IPOBOAUTCS
KOHTPOJIb TEXHUYECKOTO COCTOSIHUA MPUOOpa, KOTOPBI MOKET HAaXOIUThCA B
OJTHOM U3 3-X COCTOSIHUU: ey — padoTaeT; e; — HE pabOTAET U OKUAAET PEMOHTA;
e, — pemonTupyertcs. Ilycts X, — HoMep cocTOsHUS TPUOOpa Mpu N — MPOBEPKE.
[Ipeanonaraercs, uto {X,} aBusercs ogHopoaHou [IM ¢ mepexoaHoi mMaTpu-

08 01 p,,
uen P={ 03 p,; 0,60| Halgure HEU3BECTHBIE SJIEMEHTHI MATPUIIBI U BBIYHUC-
P, 0,01 0,29

aute P(2) mpu yCIIOBUH, UYTO B MOMEHT BpEMEHHU N TPUOOp MCIIpaBEH.

1) Tak kak Z?:o pij = 1,10 po2 = 0,1; p11 =0,1; p2o =0,7.

2) p(2) =p(0) - P?

[To ycnosuto 3amaun p(0) = (1; 0; 0). CnenoBarensHoO,
08 01 01 08 01 01

p(2) =p©0)-P*=(1;0;0)-|03 01 06 |-/03 01 06 [=(0,74;0,091;
0,7 001 0,29) (0,7 0,01 0,29

0,169);

JlonycTuM, 4TO B CHCTEME MPOTEKAET MAPKOBCKHUM JUCKPETHBIN MTPOLIECC C
IVICKpETHBIM BpeMmeHeM. IIycTh €y, €, ..., €, — BO3MOKHBIE COCTOSIHUSI CUCTEMBI
u t,t,,...,fy — maru, B KOTOpbIE CHUCTEMA MOXKET IEPEXOIUTh U3 COCTOSHUSA B
COCTOSIHHE, TO €CTh UMeeM LieTlb MapKoBa.

Onpenenenue 2.2.6. [lenv Maprosa nazvieaemcs HeoOHOPOOHOU, eciu ne-
pexoounvie 8eposmHocmu (xoms Obl 0OHA) 3ABUCAM OM HOMEpPA UCHbIMAHUSI

(waea) k.
B 9TOM citydyae nepexoiHbIe BEPOSITHOCTH OyneM 0003HaYaTh j; (k). To-

IJ1a MaTPHUIIA TIEPEXOTHBIX BEPOATHOCTEH OyAeT 3aBUCETh OT K:
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p11(k) plz(k) pln(k)
P(k)z p21(k) pzz(k) pzn(k) .
pnl(k) pnz(k) pnn(k)
Jliis HeOMHOPOAHOM e MapKoBa BEKTOP pacIpeIeIeHus] BEPOSITHOCTEN
COCTOSIHUI OIpEeIesaeTCs KaK

(Pu(K), P2 (K)sewrs P (K)) = (pr(k =1), Py (K =1),.... by (k =1))PY . .. (2.2.3)
Taxk e )11 HeOAHOPOTHOM TSN UMEET MECTO ClieAyrotasi popMyia:

(Pu(k), P2(K)oes P (K))=(P1(0), P2(0),-... P, (0))PPPRPLI .. (2.2.4)

BeposarHocTH cocTOsiHUM pi(k) 1=1,2... HeogHOPOAHOMU 1emu MapkoBa

Ha Ka)XJIOM IIIare BBIYUCIISAIOTCS JU0O0 MO peKyppeHTHOU dopmyie (2.2.3), mubo

no dopmyne (2.2.4), roe (pl(O), pZ(O),..., Py (O)) — BEKTOp HAYaJbHOTO pac-

MIPEJICIICHUSI BEPOSITHOCTEN COCTOSIHUM CUCTEMBI.

2.3. lIpumeps! neneit Mapkosa

bonpmoe uncio ¢puzndecknx, OMOTOTHICCKUX U YKOHOMUYECKUX SIBICHHM
OIMMCHIBAIOTCS TensiMU MapkoBa.

IMpumep 2.3.1. IlpocTpaHCcTBEHHO-01HOPOIHBbIE Henu MapkoBa

[TycTh auckpeTHas ciydaiiHas BeTUYHHA ¢ MPUHUMAET HEOTPHIIATEIIbHbBIC

Le/IOYHCIICHHBIE 3HaYeHus, ipudeM P{&=1}=p;, p;>0 u Zin:l p; =1. ITycts

&89, &qyee. — PE3YNIBTATHI HE3ABUCUMBIX HAOIOACHUN ClTydallHON BEIUYHMHBI

<

a) Onpenemnm nportece { X}, N=0,1,2..., momoxus X, =&, rae Xq =&

3a/1laHo. Martpuiia nepexoaHbIX BEPOSITHOCTEN ATOTO MPOLECCa UMEET BUJT

Po Pr - Pn
p_ Po P - Pn
Po Pr - Pn

VY P Bce cTpoKM OMHAKOBBI, CIE0BATEIbHO, ClTyyaiiHasd BenuunHa X, ., HeE 3a-

BUCHT OT CIIy4aifHO! BEJTMUUHBI X, .
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6) Ompemennm mpomecc {X,}, n=012.., momoxus X,=S,, rae

S, =& +&, +...+&,. Cuntaem, uto Sy =0. Haiinem marpuiyy nepexoqHbIX Be-

POSITHOCTEM.
- - - pi—j 1i 2 J
Po Pr P2 P3
Po P P2
P=| .. .. Ppo P
Py
Ipouece { X} o6pasyer LIM.
Ipumep 2.2.2. OngHomepHbIe caydaiiHble 0JIyKIaHUs
[Tycts 14,13, ... — HE3AaBUCUMBIE OJIMHAKOBO PaCIPE/ICICHHBIC CITyYaiiHbIe
semunnel. P{n, = 1} =p, P{n, = —1} =q, a nocaemoBarenbHOCTh {&,}

CTpOI/ITC}I I10 HpaBI/IJIy
é& =max{é,_, +n.,0}, t=0,1,2,..

Y Ha3bIBACTCS CIIy4allHbIM OJy>KJIaHHUEM Ha MHOXKECTBE HEOTPHUIATEIbHBIX IIe-
JIBIX YHUCET C OTPAXKaKIIUM 3KpaHoM B (.

P{& 1 =i+ 1/ =i} =p,
P{pi=i—-1/=i}=q=1-pi =1,

P{&+1 =0/ =0} =q.

q 0o ..
(q 0 w
P=]0 p .|
0 0 /

IMpumep 2.3.3. Moaeanb IpeHdecToB ajsi npouecca 1updy3nu

o o
9 oT ©

Ota Mozenb mpeacTaBisieT co0oit nenb ¢ (n + 1) COCTOSHUSIMU U BO3-
MOJKHBIMH I€PEX0JaMH TOJBKO B COCTOSIHHS, COCEHHUE CIIpaBa M cjeBa. Toraa
NIEPEXO0/IHBIC BEPOSITHOCTH OIPEICIISIOTCS PABEHCTBAMMU:
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k k
Pik+1 = 1—;» Pick-1 = -

Lenbp umeer nBe gusnueckue uHTepnperanuu. [logpodHO paccMoTpuM
NEepBYI0 MOJIeb, Ha3BaHHYIO 10 uMmenu Ilayns u Tatesausl DpeHdectoB. Yue-
HbIC (DU3UKH OTMHMCAIM MBICIICHHBIH 3KCIIEPUMEHT, TP KOTOPOM TEepEMEIIaIn N
YacTHI] 10 JABYM cocylaM. B kax et MomeHT Bpemenu t = 0, 1,... coydaiiHo,
PABHOBEPOSITHO U HE3aBUCHUMO OT MPEABICTOPUU BBIOMPAETCS OJIHA U3 1 YaCTHIL
U TiepementaeTcs B apyroit cocya. IlycTs &, — 9ncio 9acTuil B IepBOM COCY/IE B

MomeHT t. CocrossHMeM Tmporiecca cumrtaercs yucino dactun (0,1,2,...,n) B
MIEPBOM COCYJE, U IEPEXOHBIEC BEPOSTHOCTH UMEIOT BUI:
k k
P{€t+1=k_1/€t=k}=£: P{€t+1=k+1/€t=k}=1_£-
Torna
0 1 0 0 0 0 0 O
/l 0o 1-1 o 0 0 0 0
n n
o 2 o 1-2 0 0O 0 0
n n
0 0 0 o .. 1-2 0o 2 o
n n
\0 0 0 o .. o0 1-1 o 2 /
n n
0O O 0 0 0 0 1 O

CrnenoBaTenbHO, SKCIEPUMEHT JpeH(PECTOB OMUCHIBACTCS 1eTbI0 Mapko-
Ba. Co BTOpO#M WHTEpHpeTanuei, MpeACTaBIAIONICH clydaiiHoe OJyXaaHue, B
KOTOpPOUM BEPOSATHOCTH MEPEMEIIECHUsI U3MEHSIETCS] TP U3MEHEHUHU TOJIOKECHUS
(muddy3us mpu HATUYUHU IEHTPATIBLHOM CUJIBI), YUTATENb MOAPOOHO MOXKET IO0-
3HaKOMHUTHCS B KHHUTE [23].

Mpumep 2.3.4. BeTBsiuecst npouecchr’

[Ipeamnonoxxum, 9TO OPTaHU3M B KOHIIE CBOETO BPEMEHHU JKH3HU MPOU3BO-

TUT cITydaitHOE YKCIio ¢ TIOTOMKOB COTJIACHO PacIpeie]ICHHIO BEPOSTHOCTEH

®B 1873-1874 r. l'anbroH u ne Kanmaonb yKa3anu Ha psiJi TPUMEPOB HCYE3HOBEHUsI (haMUITHiA
AHTIMICKUX JT0pA0B. MU, BO3MOXKHO, BIIEPBbIE OB MOCTABJIEH BOMPOC: KAKOBA BEPOSITHOCTh
MCUYE3HOBEHHUS TOMYJISLUN C TeUeHUEeM BpeMeHH? Mojienb Takoil cuTyanuu Oblia mpenoxKe-
Ha ¥ YaCTUYHO pelIeHa cBslleHHUKOM BarconoM B 1874 r. IlonHblil aHan3 MoJienu, KoTopas
CETOJIHsI Ha3bIBAETCs BETBSIIMMCS IpoleccoM, Obut 3akoHyeH Credancom B 1930 r. Cam xe
TepMuH "BeTBsMecs mnporecchl” 01 BBeAeH A.H. Konmoroposeim. BypHoe pa3zButue Teo-
PHUH BETBALIMXCS MMPOLIECCOB Havaioch ¢ u3BecTHbIX padoT A.H. Konmoroposa — "Berssmiue-
cs1 ciyuaiinble npouecchl”, "Beruncienne puHaIbHBIX BEPOSATHOCTEH'", BBIOJTHEHHBIX COBMeE-
ctHO ¢ ero yuyeHukamu H.A. JImutrpueBsiMm 1 b.A. CeBacThTHOBBIM

24



PE =k} =pok =01,2,...,

rne Py 2 0, Z P, =1. B cBOIO ouepenp MOTOMKHA HE3aBUCUMO JPYT OT JIpyra B
k=0

KOHIIC CBOETO BPEMCHHM >KU3HU TMPOU3BOJAT MOTOMCTBO, COTJIACHO TOTO XK€ pac-
npenenenus. [Ipomece {X,} — MapkoBckas 1emnb, rjae X,, — YACIEHHOCTh MOITy-
JSIIMA B —OM TIOKOJICHUH. JIeHCTBUTENBHO, €CIM 3aJaHO 3HAYCHUE, HAIpUMED,
Xo = 1, To MaTpuIia IePEXOTHBIX BEPOATHOCTEH ONPEICISICTCS

pij = PXny1 = /X = =P+ &+ +& = J}

rne &, + & + -+ + & — ob1Iee YnuciIo MOTOMKOB.

[TomoOHBIE MPOIIECCHI CITYKAT HE TOJIBKO ISl MATEMATHYECKOTO OITHUCAHHS
pocTa MOMYJISAIUK, HO U APYTUX SBJACHHM, CBI3aHHBIX C BETBICHUEM, HAIIPUMED,
pacnpocTpaHeHHe HHPEKIUH, XUMUUECKHE WK SICPHBIC PEaKIUK U JIp.

2.4. Kinaccuduxanus cocrosHui ueneid Mapkosa
bynem paccmarpuBarh TOJNBKO OJHOpPOJHbIE Lenu Mapkosa. Ilycte E —

MHOKECTBO COCTOSTHUM 1enu Mapkosa, p(”) =P{&, =]/&, =1} — BeposATHOCTH
e it i M = P, =

pexoja 3a N IIar0B W3 COCTOAHMM I B cocrosmue j; f; = P{X, =
[, X1 # 1,...,X1 # /Xy = i} — BEpOSITHOCTb MEPBOTO BO3BpAICHUS 32 N

[I1aroB B COCTOSHUE I.
Onpenenenue 2.4.1. Cocmosnue i € E nazvieaemcss HecyueCmeeHHbIM,

« . m
eciu Hatioemcs j € E, maxoe umo pi(j ) > 0 s Hekomopo2co m =1, Ho

™ — 09 >1. B '
pji = Il 6cex N = 1. npomueHOM Cﬂyqae COCMOsAHUe | Hazvlieaemcs Cy—

W eCmBeHHbIM.
IMpumep 2.4.1. B nenu MapkoBa ¢ MaTpHIIeH MEPEXOTHBIX BEPOSTHOCTEH
a p vy
0 1 0
0 0 1

a+pf+y=1apf,y >0
COCTOSIHUE € U 15 ) )
{ HECYILIIECTBEHHO: p;,” = a" = 0;

m) _ (1 p(n) ﬁ ] m) — (

P12 1), Pr3 P11 O

B+vy’
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Onpenenenue 2.4.2. Cocmosinue | Hasvleaemcss no2LowarOujum, eciu
piy = L

B nmpumepe 1 cocTostHus €, U e3 — MOTJIOMIAOIIHE.

Onpenenenue 2.4.3. Cocmosanus i,j € E nazviearomcs coobujaroumumu-

cs, ecu Hauoymes makue m,n = 1, umo pl.(jm) >0 u pj(l.n ) > 0. Coobwarowuecs

COCMOsAHUSA 8Ce20a CYUWeCmBeHHblL.

Ob6o3Hauenue [ < j.

CaolicTBa:

1) pedaexkcuBHOCTD: [ © i,

2) CUMMETPUYHOCTB: €CIIU [ € J, TO | © 1,

3) TpaH3UTHUBHOCTE: ecu i < juj < k, 101 © k.

N3 cBolictB 1-3 crnemyer, YTO BCE MHOXECTBO COCTOSIHUM E MOXHO pa3-
OUTHh Ha KJIAcChl SKBUBaJIEHTHOCTH. COCTOSIHUS OOBEIUHSIOTCS B OAMH Kiacc,
€CJIM OHU COOOIIAIOTCS APYT C JPYTOM.

IIpumep 2.4.2. Ha nopore umeercst 1Be TaBepHbI Ha paccTosiHuU 80 11aros.
Haxonsamutica B ogqaom cocrosiuun — 0, 1, 2,...10 maroB oT nepBoii TaBepHbI
Nupeen Ixo ¢ BepoarHocThio 0,3 nenaer mar BiI€BO, ¢ BeposiTHOCThio 0,4
BIIPABO, U C BepoATHOCTHIO 0,3 ocTaerca Ha mecte. [Ipu aTOM, IONIaB B OHY U3
TaBEPH, OH YK€ OTTYJla HE BBIXOIUT.

[To ycimoBHIO 3a/1aul MOXKHO TOCTPOUTH e MapkoBa ¢ MaTpuileii nepe-
1 0 0 ..00

XOZHBIX BeposiTHOCTeit. p_| 03 03 04 00
0 03 0,3 0400

0 0 0 0 1
Cocrostaus 1, 2, ..., 9 aBastoTCa COOOIIAIOMIUMHUCS, T. K. CYIIIECTBYET Be-
POSITHOCTB TOTO, YTO 32 HEKOTOpoe 4ucio ImaroB Muaaeen J[»xo MokeT momagaTh
U3 M000ro M3 3TUX COCTOAHMI B n000e apyroe. Cocrosuus 0 u 10 sBusitoTCS
TOTJIOTIAFOIIIMMHUCS, T.K. TIOTIAB B OJHO M3 dTUX MHOXKECTB, 3JI0JIeH OCTaeTCs TaM
HAJ0JITO.

Onpenenenue 2.4.4. [[env Maprosa, cocmosuas u3z 00HO20 KiAcca co-
oowarowuxcsa cocmosanull, Hazvleaemcs Hepasnodxcumou. Eciu ona cooepocum
Oonee 00HO20 KIAcca cOOOWAIOWUXCA COCMOSIHULL, MO OHA PA3loXcuMa (Ha
K1accol).

Ipumep 2.4.3. [lycth nens MapkoBa uMeeT CIEIYIONIYI0 MaTPUILy Mepe-
XOIHBIX BEPOSATHOCTEM:
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CocrosHus e MapkoBa pacmafaroTcs Ha 2 Kjacca COOOIIAIONTUXCS
cocrostHU: {eq,e,} u {€3,e4,e5}. B 3aBUCUMOCTH OT HAa4aJILHOTO COCTOSHUS
IIPOLIECC Pa3BEPTHIBAETCS JUOO TOJBKO B MEPBOM KJIACCE COCTOSIHUM, U €ro Ie-
pPEXObI OMUCHIBAIOTCS OAMATpULIEH P;, 1100 TOJIBKO BO BTOPOM KJIACCE U €ro
MEPEXO0/Ibl OMUCHIBAETCA NOAMATPULIEH P, .

Onpenenenne 2.4.5. I[Tycmo d; — HOJ uucen {n>1: p® >0}. Cocmosnue i

HA3b18aemcs nepuooudeckum ¢ nepuooom d;, ecmu d; > 1. B npomugrnom ciyuae
cocmosinue — anepuooutecKoe.

IIpumep 2.4.4. Ha puynke 4 rpaduyecku NnpeacTaBjieHa MEpUOaUYECKast
uens Mapkosa. /171 cocTosiHUS €1 BO3MOXHBI J]Ba ClIocoOa Bo3Bpara: €, —ez—
€1 Wi €; —€3 —€4, —€;5 —€3 —€;. JlnuHa mytu cocrapuser 3 u 6, cieaoBa-
TEJbHO, IEPUOJT COCTOSTHUS €1 paBeH 3.

Puc. 4. I'pad nepuonnyeckoii nenu Mapkona

0 1 0
Ipumep 24.5. Ilycte P=(0 0 1
1 0 O
0 0 1 1 0 O
TorraP@P=(1 0 0], P®=(0 1 0], P*=Purn
0 1 0 0 0 1

) lLecw n=j—i(mod_3)
CraenoBarteibHO, 'i,j — )
0_6_ocmanvhvix _cnyuasx

IIpumep 2.4.6. JloGaBuM Ha rpade puc. 4 mapy AOMOJHUTEIBHBIX pedep.
Bo3moxkHbIe AIUMHBI TYTU JJIs COCTOSIHUSI €1 TENepb COCTAaBIAOT 3, S5, 7..... .
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HOJ_I AJIMH paBCH 1, CJICIOBATECJIBHO, COCTOSIHUE €1 SIBIIACTCS allICPHOANYCCKHUM.

AHAJTOTUYHO MOKHO MOKa3aTh U IJIs1 COCTOSIHUSA €5 (I[J'II/IHa ITyTHU COCTABJIACT 2,
3,4,5,.).

-~ R
~ \\
L o —  — N ——
— 4 N
{ ht { 3\ { / 3
( e, /} ( e; /;' l\. e, /_. '.\. €, | \ e ¥,
\x____,/'/ \'x_____/( }m i \m_____/’{ Fi _//

Puc. 5. I'pad anepuoanveckoit uenu Mapkosa

[Ipumem O€3 goKazaTeNbCTBA CACAYIONINE YTBEPKICHUS:

1. Ecrui <> j, mo d(i) = d(j).

DTO yTBEpKACHUE OMPEACIISIET MEPHOJT KaK XapaKTePUCTUKY Kiacca coo0-
HIAIOIIUXCS COCTOSTHUM.

2. Ecau cocmosinue i umeem nepuoo d (i), mo AN < oo u pl.(jnd ) > 0 ons

eécexn > N.

OTHUM yTBEP>KIAETCs, YTO BO3BPALICHUE B COCTOSHHE i MOXKET MPOMUCXO-
JUTh BO BCE JOCTATOYHO JaJIEKHE MOMEHTHI BpeMEeHHU, KpaTHble niepuoay d(i).

Onpenenenune 2.4.6. Cywecmseennoe cocmosanue i € E nazvisaemcsa 603-
spamuvim, eciu An < oo maxoe yumo P{X,, = i/Xy, = i} = 1, u nesoszspamnuvim,
eciu P{X,, =i/Xy, =i} <1.

Onpenenenune 2.4.7. Cywyecmseennoe cocmosanue i € E nHazvisaemcs 603-

n
BPDAMHO HYJ1€6bIM, €ClU pl(l ) - 0, npumn — oo,

Onpenenenue 2.4.8. Hepaznooicumas yenv Mapkosa nazvieaemcs anepuo-
OuuecKoll, eciu 6ce ee COCMOAHUS ANepUoOUYecKue.

Jns HepaznoxuMon nenu MapkoBa CIipaBelJInBbI CBOMCTBA:

a) eciM XOTs Obl OJJHO COCTOSTHME BO3BPAaTHO, TO U BCE JIpyrHe — BO3BpaT-
HBI,

0) ecnu XOTs1 OBl OJTHO COCTOSIHUE HYJIEBOE, TO M BCE JIPyTrHe — HYJIEBHIE;

B) €CJIM XOTS ObI OJIHO COCTOSIHUE UMeeT niepuo d > 1, To U Bce oCcTalbHbIC
— MEePUOANYHBI ¢ ieprozoM d.

Takum 00pa3om, HepasnoxkuMas 1enb MapkoBa OyJeT anepuoaIudecKoi,
€CJIM XOTsI ObI OJTHO U3 €€ COCTOSIHUI anepruoInYECcKOe.

Teopema 2.4.1 (xpurepwuii Bo3BpaTHOCTH). Cocmosinue | A8IAI0MCS 803~
8PAMHBIMU M020A U MONbKO, KO20d
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JlokaszareancrBo. Ilycts v, = ') BepoATHOCTH BIIEpBbIE BEPHYTHCS U3

COCTOSIHUS | B COCTOSIHHE | gyepe3 N maros, Toraa W, Z p(m) (n m BCPOAT-

m=0
HOCTB JTJFOOBIM CTIIOCOOOM BEPHYTHCSI B COCTOSIHUE | uepe3 N maros (BHaYase ye-
pe3 M maros, a 3areM uepe3 ocrapuuecs (N — M) maros). C yueToM BBEIECHHBIX
0003HauYeHui 1o (popMyIie MOJIHON BEPOSATHOCTU MOKHO 3alHCATh:
W, = Vyw, + Vjw,_1 + +V,w,.
u nyctb vy = 0, wg = 1. OOpaTumcs K IPpOU3BOACTBEHHBIM (PYHKIUSM:

V(z) :ivmzm , W(z):iwnzm
m=0 m=0

[TonydeHHBIE COOTHOIICHUS MEXAY KOI(D(HUIIMECHTaAMU BBIPAKAIOT paBCH-
CTBO

W(z) — wg=W(2)V(2), wg = 1.

Otcroma W(z) = 1/(1-V(2)). 1o ompeneneHUI0 BO3BPATHOCTH COCTOSIHHS |

CIIETyeT, U4TO
= z = 11m V(z) =1.

m:

Tornma
11mW Z) = 11 —_—
(2) = -11 — V(z)
Ho
. — : [00) n —— [0 0]
llrnz—»l W(Z) - llrnz—>1 Zn:O Wpz" = anO W
U, TAaKUM 00pa3oM, BO3BPATHOCTh COCTOSIHHS | paBHOCHIIbHA TOMY, 4TO PSIJI
n
7?=0 w?’l paCXOHHTCHD rﬂe wn = Z?lozl pl(l )

JHokazatenbcTBo (2.4.1) 3aKOHYEHO.

IMpumep 4.2.7. PaccmoTpuM oHOMEpHOE CiIydailHOE OMy>XJaaHuE MO Iie-
JIOYHUCIICHHOM permérke | = 0,+1,42, .... 3a KaX/blii MEPHOJ] YaCTUIIA C BEPOSATHO-
CTBIO P TIEpeMeIIaeTcs Ha €IMHUILY BIPABO U C BEPOSITHOCTHIO (| — HA CIUHUILY

2n+1
BieBO. OUeBUIHO, YTO pl.(i ) — 0,a

@n) _ _ (@n)!
Pi =P " =

Hcnonwsys dopmyny Ctupnunra n! ~+v2nrnne™™ , nonyyaem;

——r"q".
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no2n
en) _ (p@)"2
p; =—=———0npun - oo,
vmn
TO €CTh BCE COCTOSIHUA HyJieBble. [IpuMeHss KpuTepun BO3BPAaTHOCTH, 3a-

KJIII0YaeM, 4TO MPU CHUMMETPUYHOM CIIy4ailHOM OJTy>KJaHUH, T.€. KOTHa p = q =

) (2n)

1 2n 1
>» TO Pi(l- — 17853751 ) Y p;; ~ = ©0, BCE COCTOSTHMS BO3BpaTHBIL. Takum 00-

2

pa3oM, OJHOMEpHOE cily4ailHoe OnyJaHue BO3BPATHO TOT/A U TOJBKO TOT/a,

1 oo
Korjmap =g = . Ecm p # q, 10 Xp—q Pi(iz

M < 00; TO KaKJ0€ COCTOSHUE | SIB-
JISICTCSI HEBO3BPATHBIM.

Teopema 2.4.2. Eciu ucxoonoe cocmosinue | s61semcsi 6036PAMHbIM, MO
cucmema ¢ eepoamuocmvio 1 3a OECKOHEUHO MHO20 YUCIO UA208 OECKOHEYHO
MHO20 pa3 eosspawjaemcs 6 i. Eciu amo cocmosnue saensiemcs: He8036PAMHbIM,
mo 3a 6ecKoHeuHoe YUCTIO Wa208 CUCMeMA C 8epOAmHOCmblo 1 Tutb KOHeuHoe

Huciuo pas nobwvieaem ¢ cCOCMosHUU .

2.5. CtaumoHapHoe pacnpeaeaenue nenu Mapkosa
Cy1iecTBEeHHOM XapaKTEePUCTUKON CITy4ailHBIX MPOIIECCOB SABJISIETCS UX TO-
BeJICHUE TIPU N — 00. PaccCMOTpHUM OJHOPOHYIO IIeTTh MapKoBa.
Teopema 2.5.1. Teopema Mapxosa’. Eciu npu nexomopom n < oo gce
INEeMEHMbL MAMPUYbL NOJONHCUMENbHBI, MO CYWEeCEYIOm makue NOCMOsHHbLE
wucna p;, j € {1,2,...,n}, umo nesasucumo om unoexcos i cywecmsyiom npeoe-

N (n) _ k —
ael: My, 0 p; " = pj, 20e Yi=1p; = 1,p; > 0. Ilpedenvi P, Py, ..., Px He 3a-
BUCAM OM HAYAILHO20 COCMOAHUSL U AGTSIOMCS eOUHCIMEEHHBIM peuleHueM CUC-
k
membl ypasnenuil Pi = Z PiPji.
i=1
@U3NYECKUNA CMBICI TEOPEMBI CIEAYIOLINM: BEPOATHOCTh CUCTEMBI HAXO-
JUTCS B COCTOSHUHU |, MPAKTUYCCKH HE 3aBHUCHT OT TOTO, B KAKOM COCTOSTHHH
OHA HaXOJWJIACh B JATEKOM TPOILIOM.
Onpenenenue 2.5.1. Pacnpedenenue eeposimuocmell p]f", j=0, +£1,...,
2 pj = 1 nasvieaiom cmayuonapnsim 0 00HopoOHotl yenu Mapkosa X,,n =
0, ecru npu 3a0anHoM HAYANLHOM pacnpedeleHuu 8 nociedyrujue MOMeHNmbl
épemenu pacnpedenenue éeposimnocmeti p;(n) = P{X, = j} ocmaémca neus-

mennvim npu 6cex n = 0: p;(n) = p;‘ unu @ obwem euoe lim p(n) P =p*,

k—o0

9
C A0KAa3aTCJIbCTBOM TCOPEMBI UUTATCIIb MOXKET O3HAKOMUTLCA B KHUT'C [6]
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Onpenenenue 2.5.2. I]leno Mapkosa, y0061emeoparowas yCcio8usim meo-
pemvl Mapkosa, Hasvieaemcs 3p2o0udecKoll, a pacnpeoeieHue 8eposimHocmel
p* = (py, P1, ---) — cmayuonapuvim pacnpedenenuem yenu Mapkosa.

[Tpumem Ge3 AOKa3aTeNbCTBA CIEIYIOIIYIO TEOPEMY.

Teopema 2.5.2. /11 mozo umobwl koneunas yeno Maprosa Oviia 3peoou-
YecKoll, HeoOX00UMO U OOCMAMOYHO, YMOObl OHA OBLIA HEePA3LONHCUMOU U ane-
PUOOUYHOLI.

Ipumep 2.5.1. Ilennp MapkoBa 3ajjaHa MaTpUIIEH MEPEXOIHBIX BEPOSTHO-

. 03 0,7 . o
cTeu P :( Lo ] . Haiftu cTanmonapHoe pacrnpeeneHne BepOsSTHOCTEH.

Pemenne. Llens MapkoBa SBISIETCS HEPa3JI0KUMOM M alepHOINYECKOM,
CJIIE0BATENBHO, IPrOJUIECKOM.
P, =0,3p, + p,
p, =0,7p, , PEILINB CUCTEMY YPaBHEHHUM, ITOJTYyUHM: {
p+p, =1
CrnenoBaTellbHO, BEKTOP CTAllMOHAPHOTO pPAaCHpENEiICHUs HUMEET BUJ

p, =10/17
p, =7/17.

(g;%}, T.€. CUCTEMa B JAJIEKOM OyIyIllleM BeposiTHee OyleT HaXOAUThCA B

MIEPBOM COCTOSIHUH.

IIpumep 2.5.2. B ropoae N kaxabiii )KuTenb UMEET OJIHY U3 podeccuii A,
B unmu C. [letu B cienyroiieM MOKOJIECHUN COXPAHSIIN MPOQECCHI0 OTIIOB C Be-
positHOCTBIO 0,6; 0,2 1 0,4 COOTBETCTBEHHO U C PABHBIMU BEPOSTHOCTSIMHU BbI-
Oupanu mo0yro U3 2X npyrux npodeccuit. Ecnu B 1aHHBIIT MOMEHT MPOQECCUI0
A nmeet 20% xureneit, B — 30%, C — 50%, To

1) kakoe pacmpezaenenue o npodeccusam OyneT B CASAYIOMIEM MOKOJIe-
HUK?

2) KakuM OyJIeT pacrpeieieHue mno npodeccusiM 4epe3 MHOTO MOKOJICHH?

Pemenne. CocTaBuM BEKTOpP HAYAJIBLHOTO PACIPEACICHUS COIIaCHO YCIO-
suro 3agaun: P(0) = (0,2; 0,3; 0,5)

Tornma matpuily pacrpeneneHus BepOsiTHOCTEN MOXKHO 3alucaTh CIEIyIo-
UM 00pa3oM:

06 02 02
P=|04 02 04|
03 03 04
06 02 02
1) p(1)=p(0)-P=(0,2; 0,3; 0,5) -| 0,4 0,2 0,4|=(0,39; 0,25; 0,36).
03 03 04
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18
p, =0,6p, +0,4p, +03p, P 39
=0,2 0,2 0,3
2) P2 PLtDeP2 T5°Ps permyg CHUCTEMY, HIMEEM < P, = i
p, =0,2p, +0,4p, +0,4p, 39
P+ P, + Py =1 = E
Ps 39

BekTop pacnpenenenus mnpodeccuii B Oyayiem nmeer Bu:(18/39; 9/39;
12/39).

Takum oOpa3om, Bce MHOrooOpa3zue MapKOBCKUX IIETIeH MOApa3eiseTcs
Ha SProJuyecKkue U pasnoxkumble. Pazmoxxumeie mienn MapkoBa cofepkaTr He-
BO3BpATHBIC COCTOSIHUSA, Ha3bIBa€Mble MOTIIOMIAIOIIMMHU. V3 moriomaroero co-
CTOSIHHISI HEJIB3S TIEPEUTH HHU B KaKOE JPYTOe.

Jliist sprogudeckux 1merneii MapkoBa BO3MOXKEH IMEPEXoJ]] W3 JH0O0ro co-
CTOSTHUS | B JIF000OC COCTOSIHUE | 32 KOHEYHOE YHMCIIO IaroB. [ sproandeckux
1Ienei Ipy J0CTATOYHO OO0JIBIIOM BPeMEHH (PYHKIMOHMPOBaHUs (N — ) HAcTy-

MaeT CTAlMOHAPHbIN PEKUM, IPH KOTOPOM BepostHocTH P — cocrosHue cuc-

TEMbI HC 3aBUCAT OT BPECMCHU N HC 3aBUCAT OT PACIIPCACICHUA B€p0$ITHOCT€I71 B
HayaJIbHBIM MOMEHT BPCMCHU.

KoHTposbHBIE BONPOCHI M 321244 10 Teme 2

1. B yeM COCTOUT NMPUHUUNHAIBHOE OTIMYHE MAPKOBCKOIO IMpolecca C
JMCKPETHBIMU COCTOSIHUSIMM OT Lienu MapkoBa?

2. Uem HEeogHOpOAHAS LIENb MapKoBa OTJIIMYAETCA OT OJHOPOAHOM?

3. Kak 3agaercst AMCKpeTHAasi MapKOBCKas LIeTb?

4. TlpuBenure Kiaccu(puKalrio cOCTOSTHUH 1lenu MapkoBa.

5. Kak ¢ momoipio MaTpHIlbl IEPEXOIHBIX BEPOSITHOCTEH 11s 1ienu Map-
KOBa MOJKHO OIPEICIUTh BEPOSITHOCTH COCTOSHHM MOCJIE | IIAroB, €CJH IICIb
MapkoBa sBIII€TCS: a) OJTHOPOJIHOM; 0) HEOTHOPOIHOM ?

6. Nmeetcs ciydaitHoe Oy KaaHuE 110 YUCIIOBOUM OCH, pUYEM

P{Xu1=e+1/x=e}=p, P{xw1=€-1/x=e}=q, P{Xw1=e/x;=e}=0. ITocTpoiite
MaTpHIly IEPEXO0IHBIX BEPOSTHOCTEN MPHU YCIOBUHU:

a) 4acTula, TIOMAaB B MOJIOXKEHHE €1, Ha CJIEIYIOLIEM IIare UuaeT B €;; €Clin
K€ T0Iajga B COCTOSIHUE €5, TO Ha CJIEIYIOIIEM IlIare BO3BPAaIlAeTCs B €4;

0) yacTuIa, TOCTUTHYB OJHOU W3 TPaHUI] €1 UJTU €5 MEPEUIET Ha IPYTYIO
IpaHULLy.
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7. B ctpane O3 k1MMar BecbMa U3MEHYMB. 31€Ch HUKOTja HE OBIBAET JBYX
scHbIX nHed moapsa. Ecim ceromus sicno (N), To 3aBTpa Oyaer cHer (S) umm
nox1b (R) ¢ paBHOI BeposATHOCTBIO. Eciin ceroHs cHer (Wiu JA0XIb) TO C Be-
positHOCTEIO 0,5 mOoroza Ha CIEAYIOIUN JE€Hb HE U3MEHHTCS. Ecin )Ke OHa n3-
MEHUTCS, TO B MOJOBUHE Clay4yaeB OyaeT sicHo. [IpuHumas B KauecTBE COCTOS-
HUHl 1enu paznuuHble BUbI oroasl R, N, S, moctpoiite MaTpuily nepexoHbIX
BEPOSATHOCTEM.

8. Ha okpy>KHOCTH pacmoiOKeHBbI MeCTh To4YeK Ey,...,Eq, paBHOOTCTOSIIIE
Jpyr oT apyra. Yactuna JBUXKETCS U3 TOUKU B TOUKU CIEAYIOLUM 00pa3oM: U3
JAaHHOW TOYKH OHAa NEPEMELIAETCsl B OAHY M3 OMMKaHIIMX TOYEK C BEPOSITHO-
cTeio 0,25 ninm quamMeTpalbHO MPOTHUBOIOJIOXKHYIO ¢ BepoATHOCThIO 0,5. ITo-
CTPOUTBH MATPUILy MEPEXOTHBIX BEPOSTHOCTEN.

9. BeposTHOCTH TOTOAHBIX YCJIOBHM MPEICTABICHBI MaTpUIIECH Mepexo-
08 0.2
05 05
HBIM C BEpPOSITHOCTHIO 0,8, a TOKIIMBBIN I€Hb APYTHM JOKJIMBBIM JTHEM C BE-
positHOcTBEO 0,5. TlocTpouTh MaTpuily HEpEexonaa, MPEACTABISIIOLIYIO MOJEIb
MOTO/IbI, Ha OJIUH JICHb (3aBTpa).

10. Ilens (camoiier) oOCTpensiHA W3 3CHUTHOTO aBTOMaTa OYepeabio B Ue-
TBIpE CHapsiia. BO3MOXHBI COCTOSIHUS LENH: |- 1IeTTb HEBPEAUMA; Ip- IeJb T0-
Jy4nIIa He3HAYHUTEIIbHBIC TTOBPESIKACHUS; I3- 1eTh MOJTYYMIa CYIIECTBEHHBIE MO-
BPEXKIICHHS, HO €IIe MOXET (DYHKIIMOHMPOBATh; I4- Lesb TopaxeHa. Ompese-
JUTh MaTPUIbl MEPEXOJHBIX BEPOSITHOCTEH MOCJHE KaXKIOro BBICTpENa, €CIH

03 04 02 01
0 04 04 02
0O 0 03 07
O 0 0 1

11. Tlycte B HayadbHBI MOMEHT BPEMEHU CHUCTEMa C PaBHOW BEPOSITHO-
CTHIO HaXOJUTCS B OJTHOM M3 BO3MOXKHBIX COCTOSIHHM, M300pa)KaeMbIX TOUKOU
Ha ocH 0oX: Xx=-1 — cocTosgnaue S;; x=0 — cocrosinue Sy; Xx=1 — cocTosgHuEe S3; X=2
— cocrosiHue S, B 3aBUCUMOCTH OT cilydasi TOYKa MOXKET MepeMeiaThCs BIPaBo
WJIU BJICBO Ha €MHUYHOE PACCTOSHUE: BIIPABO C BEPOSTHOCTHIO 1/6, BIEBO C Be-
posTHOCTBIO 5/6. V3 cocrosiHmiA S; U S, mepeMerieHuss HeBO3MOKHBI. Orpeie-
JIUTh BEPOATHOCTH HA BTOPOM IIIare.

12. Ilpeanonoxum, 4to B cTpane O3 mpolecc UMEET BEKTOp HadyalbHOTO
pacnpenenenus p=(2/5;1/5;2/5). Haitnure p(1), p(2), p(n).

13. Ceronns B ctpane O3 xoporas noroja. Kakas moroma Hanbosiee Bepo-
ATHA Tocje3aBTpa?

HBIX BGpOHTHOCTGﬁ ( j, B KOTOpOfI COJIHEYHBIM JCHb CMCHJACTCS COJIHCUY-

MaTpuIia MePEXOIHBIX BEPOSITHOCTEN UMEET BUJ P =
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14. JIns ogHOpoaHOM Lienmu MapkoBa 3ajiaHa MaTpulla IEPEXOHbIX BEPO-

0O 1 O
ATHOCTEM W BEKTOP BEPOATHOCTEM HA HyJeBoM mmare: P={06 0 04/,
03 05 02
p=(1;0;0). HalituTe BEeKTOpbI BEpPOSATHOCTEM COCTOSIHHI MOCIJIE MEPBOrO U BTO-
pOro miaros.
15. Marpuna nepexoAHbIX BEPOATHOCTEH Lenu MapkoBa HMEET BHJ
0,61 017 0,22
P=[051 0,20 0,29 |. Pacnpenenenue mo cOCTOSHUsIM B MOMEHT BpemeHu t=0
060 029 011

onpenensercs Bekropom P=(0,53;0,10;0,37). Halitu pacnpeneneHue BEpOsITHO-

CTEH M0 COCTOSIHUSIM B MOMEHT BpeMeHu t=1; 2.
13. Martpuiia mepexoaHBIX BEpPOSITHOCTEH Ienmu MapkoBa HMeEET BHUJ
0,36 0,28 0,36

P=|021 055 0,24 |. Pacpenenenue mo coCTOSHUSIM B MOMEHT BpemeHu t=0
0,44 0,41 015

onpenensercs Bekropom P=(0,23;0,47;0,3). Haiitu pacrnpenencHue BEeposITHO-
CTel 10 COCTOSIHUSIM B MOMEHT BpeMeHH t=1; 2.

16. [Toroma Ha HEKOTOPOM OCTPOBE OBIBACT JAOXKIJIMBOM (e1) U CyXOi (e1).
BeposTHOCTh €XETHEBHBIX U3MEHEHUI MOTObI 33/1aHa MATPUIIEH MTEPEXOTIHBIX
0,7 0,3
0,4 0,6

a) €CJIM CETOHS IO /Ib, TO KAKOBa BEPOSTHOCTH YTO MOCIIe3aBTpa OyIeT Cyxo?

BEPOSITHOCTEU P = ( J . YcTaHoBHUTE:

0) eciu B cpelly 0KMIAeTCs J0XKITUBas IOrojia, ¢ BEposiTHOCTHIO 0,3, TO KakoBa
BEPOSITHOCTh YTO OHA OYJET AOKJIMBOU B OJMKANIIYIO MATHUILY ?

17. Urpok omyckaer MOHETY B OAMH M3 2-X UTPOBBIX aBTOMAaToB. BeposT-
HOCTh BBIMTHIIIA HA TIEPBOM aBTOMAaTe paBHa ¢, Ha BTopoM — d. [Tocie mpowur-
pBIIIa UTPOK MPOAOJDKAET UTPY HA TOM ke aBroMmare. [loctpoiTte mMarpuny me-
pPeXOIHBIX BeposTHOCTEH, monokuB ¢=0,5 u d=0,25. Onpenennure BEPOATHOCTD
TOT0, YTO OH UTPAET C JY4IIMM aBTOMAaTOM. a) BO BTOPOM Urpe, 0) B TpeTbe
urpe, B) B YETBEPTOM UTPe, NPHU YCIOBUH, YTO BHIOOP aBTOMATa JIsl IEPBOM UT-
PBI CIIy4acH.

18. W3BecTHa MaTpuila MEPEXOIHBIX BEPOSITHOCTEH OJHOPOIAHOM IEIbIO
Mapkosa.
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(

av)
N[RN[R N]R-
WP Wk, W]|F
NP,

Omnpenenutb BEPOATHOCTh COCTOSTHUM TMOCIE JIByX IIaroB, €CIM Ha HyJie-
BOM IIIare BEpOSITHOCTH COCTOSTHUHN OJIMHAKOBBHI.

19. I'pad coctostHu#t nenu MapkoBa u3o0paxkeH Ha pucyHke. Bektop Ha-
4JaJIbHOTO pacripesieiieHus cocTosHuit cuctembl umeeT Bua P(0) = (1; 0; 0). Haii-
TH HaMMCHBINIEE BEPOSATHOE COCTOSHWE Ha TpeTheM Imare. Haiitn duHanpHBIC

BCPOATHOCTHU COCTOSIHUH OCIIN.

0.5
Ez 01

P

o5 lE; 0.2

61 07

€;

09
20. /IBa mysmstHTa TTOOYEPEHO CTPETSIOT APYT B Apyra. BeposTHOCTH M0-
najiaHusl B COTIEPHUKA CTPEIISIOIIUM MEPBBIM AYIISTHTOM MPHU KaKJOM BBICTpE-

1 1 .
Te paBHa , BTOPHIM — . JyaJ1b poi0JKaeTcs A0 nepBoro nomagaanus. Haii-

TH BEPOATHOCTH BBIUTPHIIIA IEPBOTO TYAJISTHTA.

21. B crpane Jlarumanaus kiauMmaT U3MEHYUB. 3/1€Ch HUKOT/IAa HE OBIBacT
JIBYX SICHBIX JHEW noApsiA. Eciau cerogHs siCHO, TO 3aBTpa C OJMHAKOBOM BEPO-
ATHOCTBIO MOUIET JOXKb WK CHeT. Ecnu cerogaHst Jo1b (UK CHET), TO C Be-
pOSTHOCTHIO 1/2 moronia He u3MeHUTCs. Eciu ke OHa U3BMEHUTCS, TO B TIOJIOBUHE
CJIy4aeB CHET 3aMEHSETCS JO0XKJEM WM Hao0OpOT, U JIUIIbL B MOJOBUHE CIIy4acB
Ha CIICYIOLIUN IeHb OyeT sicHas noroja. Tpedyercs: a) MpUHIBB KaueCTBE CO-
CTOSTHUM LIeNH pa3iaudHblie BUAbI noroasl [, S, C, BeIUcaTh MaTpUIly HEPEXOA;
0) onpenenTuTh BEPOSITHOCTU XOPOIIIEH MOTOIbI YePe3 TPU JHS MOCIIE JTOKIS.

22. lleHTpanbHBINA MPOIECCOP MYIBTUIPOTPAMMHOM CHUCTEMBI B JHOOOM
MOMEHT BPEMEHHU BBIMOJHAET JIMOO MPOrpaMMbl MOJIL30BaTENs, JIMOO MPOrpam-
MBI OTEPAIIMOHHON CHCTEMBI, JTUOO HAXOJIUTCS B COCTOSIHMHU Oxujaanus. IIpo-
JOJDKUTEIBHOCTh HAX0XKICHUSI CUCTEMBI B KOKJIOM COCTOSIHUM KpaTHa JTUTEb-
HocTu mara t. OmpeaenuTs Kod(PGUIIMEHT KCTOIb30BAaHUS MPOIIECCOpPa, €CIIH

07 02 01
3aJlaHa MaTpULa EPEXOIHbIX BeposiTHOCTEM: P=[ 08 01 01
08 005 015
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23. I'unoTeTn4eckuil (POHIOBBIN PHIHOK MPEACTaBICH TPEMSI COCTOSHUAMHU
(«OBIUMA PBIHOK», «MEJIBEKUN PBIHOKY», «KOHCOJIUAUPYIOUIUN PHIHOK») U MaT-
pulel IepexXOoAHBIX BEPOSITHOCTEH, OMKUCHIBAIOIICH aKTUBHOCTh PbIHKA Ha OUp-
xe. OnpenenuTb BEKTOP pacipeiesieHHs] BEPOSITHOCTEN COCTOSTHUN PhIHKA Yepe3
TpHU TNlepuoAa BPEMEHH, €CJIM B HACTOSAIIEE BpeMsi HAOII0IAeTCsl PACTYIIUI PhI-
HOK.

09 0,075 0,025

P=|015 08 0,05

025 05 025

24. Vcnionb3ys NaHHBIE IPEABIAYIICH 3a1a4l, pACCUMTANTE JOJITOCPOUHBIN
POrHO3 (PMHAHCOBOTO PBHIHKA, T. €. ONPEJEIUTEe CTAllMOHAPHHOE pacmupesese-
HUE BEPOATHOCTEN COCTOSIHUI PbIHKA B OyAyIIEM.
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Tema 3. JUCKPETHBIN CJIYYAUHBIN MAPKOBCKHI ITPOIIECC

B 1931 r. Obuta onybnukoBana cratbst A.H. Konmoroposa "O06 ananutuye-
CKUX METOJaX B TEOPHH BEpOSTHOCTEN", e ObUIM 3aJ0KEHBI OCHOBBI TEOPHH
MapKOBCKHMX IporeccoB. [lomydeHsl ypaBHeHus (IpsiMble U 0OpaTHBIE), KOTO-
pbI€ YOPaBJISIIOT BEPOSATHOCTIMHU mepexona. OOmas Teopusi MapKOBCKHUX IPO-
neccoB Oblna cosznmana B 30—40 rr. paboramu A.H. Konmoroposa, B. ®@emnnepa,
B. [leGnuna, I1. JleBu u np.

3.1. BeposiTHOCTHBIE XapaKTEPUCTHKH MAPKOBCKHX MPOLECCOB

ITycts {X(t)},t = 0 — ciuyuaiinelii mpoliecc, MPUHUMAIOIINN 3HAYCHHUS
npu KaxaoMm t u3 mHoxectBa E. Jlaiee 63 orpaHudeHuss OOIIHOCTH Oy/IeM CUH-
Tath, uto i), =k, k = 0,1, ...

Onpenenenne 3.1.1. Cryuainas ¢ynxyus {X(t)},t = 0, npunumarowan
3Hauenus: uz MHoxcecmea E, nazvlieaemcs mapro8ckum npoyeccom ¢ Henpepule-
HbIM 8peMeHeM U OUCKDEMHbIM MHOMCECMBOM 3HAYEeHUll, eClu OJisl I00bIX dile-
menmog 0 <ty <t, << t,_1 <S<tu 3uauenuu iy, iy, ..,l,_1,1,j] EE
svinoaneno P{X(t) = j/X(s) =i, X(t,—1) = i,_1, .., X(t;) = i1} = P{X(t) =
j/X(s) =i}

Onpenenenue 3.1.2. Beposmnocmvio nepexooa MapKo8CKO20 npoyecca
{X(t)} nazviaemcs ¢hynxyus

p;; (s, t) = P{X(t) = j/X(s) =i}, raei,j EE,0<s <t
3ameuanme. M3 onpeoenenus ciedyom c8oUCMEa 8eposimHOCmel nepexo-
oa:

1. Yiecepy (s,t) =1 pna Beexi € E.

2.p;;(t,t) =1 nna Bcexi € E.

3. pij (t,t) = 0 pnaa Beex i # .

Bosmoskabie 3HaucHMs mpouecca {X(t)}, To ecTh sreMeHTH MHOXKECTBA E,
Ha3BIBAIOT TaKKe COCTOsAHMAME nporuecca {X(t)}. [Tostomy pj; (s,t) — BeposT-
HOCTb IEePEX0J1a U3 COCTOSHUS | B MOMEHT S B COCTOSIHUE | B MOMEHT &, 1, j € E.

Onpenenenue 3.1.3. BepoamHnocmvio i—mo2o cOCMOSAHUSL 8 MOMEHM 8pe-
MeHU t > () Ha3vlBaemcs GeUYUHA

p;(t) = P{X(t) =i}, rmei € E.

Oueguono, umo

P20, p(©)=1
i€E
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Mex 1ty mepexoIHBIMH BEPOSITHOCTSIMU U BEPOATHOCTSIMH COCTOSTHUIN MMe-
€TCSI CBSI3b.
Teopema 3.1.1. Ilycms 0 <s <u <t, mozoa

Py (5,8 = ) pu (5, 0Py (W, 0),
k

AOESWAGEHET))
k

Jloka3zaTteabcTBO. Jloka3piBaeTcs 1Mo GopMyJie MOTHONW BEPOSTHOCTH.

3ameuanue. Pasencmea, copmynuposannvie 8 meopeme (3.1.1), Hazwi-
satomcs ypasnenusamu Yenmena-Konmozoposa.

Onpenenenne 3.1.4. Maprosckuii npoyecc {X(t)} nazvieaemess 00nopoo-
nvim, ecnu pi; (s,s +t) = p;; (0,t), onsecexi,j €E, s,t = 0.

[Tpenmoioskum, 94To MU KaxaoM S > 0 mepexoHas TNIOTHOCTh nquddepeH-
nupyema 1o t npu nmo0wIx i, j € E.

Onpenenenue 3.1.5. Humencusnocmoio (yucio akmos 8 eOuHuyy épeme-
Hu) nepexoda A;(t) 20 u3z cocmosmus i 6 cocmosmue j 6 momenm 120 nasviea-

P (tt+h)
emcs genuyuna A; (t) = Ll_r>r(1J — 1#).

IMpumep 3.1.1. [lokazaTh, 4YTO WHTEHCUBHOCTU TEPEXOJOB OJHOPOIHOTO
MIPOIIECCOB HE 3aBUCST OT BPEMEHHU.

Pemenne. B cwty ommopommoctu Py (t,t+h) = p;(0,h),  nosromy

P (0.h)
h

A; ()= Ligg =1, (0) = const .

Jlanee mbl OyzieM paccMaTpuBaTh TOJIBKO OJHOPOAHBIE MIPOLIECCHI, TOITOMY
A4; O =4, Py (s,s+1) = Pij (t).
3.2. Cucrema qu¢pepeHunanbHbIX ypasHenuit Kosmoroposa

HaunGonbmmii mpakTHYeCKUii MHTEPEC MPH UCCIEIOBAHUU MPOIIECCOB OIHU-
CAaHHOI'0 THINA MPEACTABIIAET BBIUMCIECHUE BEPOATHOCTEN €r0 COCTOSIHUS B JIIO-
O0oii MoMeHT t>0, eciu 3a7aHO HaYaJIbHOE pacHpelesieHue BEpOSTHOCTEH co-
crostaust P(0).
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Teopema 3.2.1. Ilycms { X(t)} — maprosckuii npoyecc, npuuem OJisl 6cex

nap cocmosinuil | u j onpeoenensvt NIOMHOCMU 8EPOSIMHOCTEl /7~ij ,/1ji. Tozcoa

geposimuocmu cocmosinuil cucmemul P;(t) dosremsopsitom cucmeme ypasHeHul

Konmozcoposa:
a . n n
P P (t)zﬁ“ik + Z P, () A
ot o a
k=i ki
Z P t) =1
i=1
Jloka3areibCTBO.

HCHOHB?)YCM PaBCHCTBO KOHMOFOpOBa-quMeHa, a UMCHHO.

pit+h)=>"p, (t)- ps(h) (3.2.1)

¥ FICTIONTb3y€eM OTIpe/IeNIeHHe HHTEHCUBHOCTH MIEPEX0/I0B, TOT/IA
P, (h) = A, +0(h).

Y4uurtsiBas, 4To Z P, (h) =1, moyyum
k

Pu(h) =13 py () =1- 3 A h-+0(h).

[ToxcraBmsis mocaeaHue Ba yCIoBHs B paBeHCTBO (3.2.1), BEeNUB crarae-
moe P; (1) p;i (N), nmeem:

P (E-+) = PO D 4) + Y Py (D40 +0(0);

PEED R 3 2 p 0+ 3 Py 0 + .

Jlnst 3aBepileHHs J0Ka3aTelnbCcTBa MepexoauM K mpeaeny npu h—0, momy-

JUM.

n < : :
P= S A O+ P4 I<E,
k=1 k=1

WJIn
op; \ y
e Pi (t)z Ay + Z P (D4
n k=1 k=1 (322)
Z p;(t) =1

HoxkazatenbcTBo (3.2.1) 3aKoHYEHO.
[lonyyennsie ypaBHeHust (3.2.2.) Ha3bIBAlOTCA OughghepenyuarvHvimu
ypasuenuamu Konmozoposa.
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3ameuanue. Crucrema (3.2.2.) He ABISCTCS JIMHEHHO HE3aBUCUMOM, TaK Kak
umeeT perenne pu kKaxaoM P(0)={py(0),p1(0), ...}.

JIJ1sl MpaKkTUYECKOro cocTaBlieHUs ypaBHeHH Koamoroposa y100HO MOJb-
30BaThCsl TpadUUYECKUM MPEACTABICHUEM IpOoIlecca B BUAEC CTOXACTHYECKOTO
rpada.

IIpasuio.

Bepwunamu epaga asnaromesa cocmoanus npoyecca. Cmpenkamu yKasbwl-
8AIOMCST BO3MOJCHBIE NEPex0obl, A PA0OM C KaHCOOU CMPENKoU YKA3bl8aemcs
cooOmeemcmayowas UHMeHCUBHOCmb nepexoda. B 1neeoul wacmu Kaxcoozo

0 .
YpAeHEeHRUA cmoum ()p06b %, 6 npasou vacmu CmoJibKo cilazcaembvplx, CKOJTbKO

cmpenok cesazano ¢ cocmosinuem . Crazaemvie 6epymesi co 3HAKOM «NJIOCH,
eciu Cmpeika Hanpaeiena K COCMOSHUIO, U CO 3HAKOM «MUHYCY», eCllu CIMpeiKd
ebIx00um u3z cocmosnus . Kascooe cnazaemoe pasno npou3ee0enuio uHmen-
CUBHOCTU Nepexo0d, YKA3AHHOU HA CMmpelKe, HA 8epOSIMHOCHb MO20 COCMOsL-
HUSL, U3 KOMOPO20 cmpeika evixooum (puc. 4).

Az

A2l

Puc. 6. I'pa¢g mapkoBcKOro npoiecca ¢ AByMs COCTOSIHUSIMH

op

8_'[1 = _ﬂ'lz p, + /121p2
op

8_'[2 = —121[)2 + ﬂﬂ.z P,
p,+p, =1

IMpumep 3.2.1. JIByxmpoiieccopHasi BEIUUCTUTENbHAS CUCTEMA MTpEeAHa3Ha-
yeHa JJi1 00pabOTKU MPOCTEHIIEro MoToKa 3ajay, NOCTYNAOIUX ¢ NHTEHCHB-
HOCTBIO A. ITpOHM3BOAMTENIEHOCTE IPOLIECCOPOB OAMHAKOBA. 3aja4da CIy4alHbIM
o0pa3oM MpUHUMAETCS Ha o0CIyKMBaHKe mpoieccopoM. Eciu o0a nponeccopa
3aHSTHI, MOJB30BATENb MoJydyaeT oTkas. Iloctpoiite rpad QpyHKIMOHUPOBAHMS
JTAHHOM CHCTEMBI W 3amuIIuTe cucteMy aud@epeHnnanbabix ypaBHeHu Koii-
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MOT'OpOBa IO pa3MEUEHHOMY Tpady, €CjIu UHTEHCHUBHOCTb PEIICHUS 3aJ1au mep-
BBIM IIPOLIECCOPOM PaBHA |3 ; BTOPBIM — Ll

Pemenue.

PaccMOTpUM BO3MOJKHBIE COCTOSIHUSI CHUCTEMBI, KOTOPBIEC OIPEACIISIIOTCS
COCTOSIHMSIMH IIPOILIECCOPOB: Ig — 00a mporeccopa IMPOCTauBalOT; I; — MEPBBIit
IIPOIIECCOP 3aHAT PEIICHHEM 3a/1a4, BTOPOH IMPOCTAUBAET; I, — BTOPOU MpoIiec-
COp 3aHsAT, MIEPBBI MPOCTAUBACT; I3 — 00a MpoIeccopa 3aHITH pelICHUEM 3a1a4.

['pad GyHKIIMOHUPOBAHUS CUCTEMBI UMEET BUJ (pHC. 5):
A

Hi
Puc. 7. I'pa¢ MapKoBCKOTro mpoiecca, MOAeJTHPYIOIIET0 padoTy ABYX-
MPONLECCOPHON BHIYUCIUTEIbHON CUCTEMbI

[To rpady 3anuiiem cucteMy JUHEHHBIX TU(PEpPEHIINATBHBIX ypaBHEHUN
A.H. KonmMoropoga.

0

ﬁ:_ZApo +u, Py + Py

ot

0
%:ﬂzps"'/lpo_/lpl_ﬂlpl
0
%:ipl*‘ﬂpz_ﬂzps_ﬁﬁps
0
%:/les"‘/ﬁtpo_ﬂzpz_ipz
Po + P+ P, + P =1.

501041
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0
% ==2APy + 4, Py + 4 Py

0
% = 1, Ps + APy — Py (A + 14y)
0
% = AP, + AP, — Ps (4, + 14y)
op

a_tsz,%ps"'lpo_ pz(luz‘*‘/l)

p0+p1+p2+p3=1'

Ecnu tpebyercss HaWTH TOJIBKO NpEAeiabHbIE BEPOATHOCTH, TO MOYKHO
000ITH peleHne JOBOJIBHO IPOMO3AKOM mpodeMbl Korw.

3.3. DproauyecKkue CBOMCTBA OJHOPOJIHBIX MAPKOBCKHUX
CJIy4alHBbIX NIPOLECCOB
Onpenenenne 3.3.1. Mapkoeckuii npoyecc (X ()}, t=>0 nazvisaemcs speo-

duquKuM, ecnu 0Ons 100020 HAYAILHO2O0 pacnpedeﬂeﬂuﬂ GQPOEMHOCMQIZ CcoO-

cmosanuti {p, (0),k e E} npedenvnvie seposmmocmu lim p, ()= P, , keE, npuvyem

t—w

{P..k€E} ne zasucam om {p, (0),keE} u yooeremeopsiom ycrosuio: P, >0,

> P =1. IIpu smom pacnpedenenue 6eposmuocmei {P..k€E} masvieaemcs
k

cmayuonapuvim pacnpedenenuem npoyecca {X (t)}.

Ecnu BeImonHeHbI yCaoBus, ykazanusle B onpeacnennu (3.3.1), To pacmpe-
JIeTICHUE {pk Ke E} CYIIECTBYET M YIOBJIECTBOPSCT anreOpandecKuM ypaBHE-

HusiM Konmoropoga:
- |5i (t)zﬂik + z ﬁk (t)ﬁ“ki =0
k=1 k=1
ik i1 ’ (331)
Z 5i (t)=1
i=1

IMpHUYCM PCHICHUEC CUCTEMbI CIMHCTBCHHO.

3ameuanue 3.3.1. Cucrema ypaBHenu#l (3.3.1) momyyaercs U3 CHUCTEMBI

muddepeHnnanbubIX ypaBHeHu (3.2.2), €cliu TMOJ0XKUTh api—(t):o, p,(t)=p,,

i eE.
3ameuanne 3.3.2. Cucrema (3.3.1) cnpasemnuBa, ecnu {X(t)}umeer ko-

HCYHOC 4YHCJI0 COO6HI&IOHII/IXC${ COCTOSIHUH.
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Ipumep 3.3.1._PaccMoTpuM npocTeiiiyro 3ajiady TeOPUHd MacCOBOTO 00-
CITy’)KUBaHHSI — 3a/1a4y 0 (DYHKIMOHUPOBAHUHM OJHOKAHAIHLHOW CHCTEMBI 0OCITy-
KUBAHUS C OTKAa3aMH, Ha BXOJ] KOTOPOH MOCTYMAET MPOCTEHIIINIA TTOTOK 3asIBOK C
WHTCHCUBHOCTBIO A (3asBKa, 3acTaBIlasi KaHAJ 3aHSATHIM, TIOKHIAET CHCTEMY), a
WHTEHCUBHOCTh OOCITYXMBaHMs 3asBKM paBHA BenuuunHe W. Omnpenenum mpe-
JICNIbHBIE BEPOSITHOCTU COCTOSIHMM paccMaTpuBaeMoro mnpoiecca.

Pemenne. B naHHOM citydae cucTtemMa MMEeT JBa BO3MOXKHBIX COCTOSTHHUS:
€1 — KaHaJl CBOOO/ICH; €, — KaHaJj 3aHsT (puc. 6).

A

m

Puc. 8. I'pa¢mueckoe npeacraBjieHne 0THOKAHAIbHOI CHCTEMBI
00CIy)KUBaAHUS

MaremaTtuueckas MOJACIb JaHHOTO nmponecca MacCoBOIo O6CJ'IY)KI/IB3HI/I$I

AMEET BUJI:
op
6_t1 =—Ap, + up,
op
5_'[2 =—Hp, + AP,
p,+ P, =1

3aaaMM HadajibHOE pacrpeesieHUe p(O):{a,l—a}, 0<a<l. IloacraBiss

p1=1-p, B mepBO€ ypaBHEHUE CUCTEMBI, TOTYYaEM:

0
% =—Ap, + ul— pl)
pl(o) =a.

PemumM 3anauy Koim 11t TMHEHHOTO HEOJHOPOAHOTO YPABHEHUS.
_ H (At H

D=la————|-e +—

P, (1) [ it ZJ A

B cuny toro, uro u+A>0, e " -0 mpu t—>o00, moay4aeM 1o ompemaene-
-~ - . A
HUIO p, =lim p,(t) :Ll' AHaJIOTUYHO nojydaem p, =lim p, (t)=———.
+

t—w M t—w M A
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~ A
HTaK, p= # ; , UTO HC TOJIbKO AOKAa3bIBACT CYHICCTBOBAHUC IIPC-
A+u A+u

JACIBbHBIX BepO}ITHOCTeﬁ, HO W YKa3bIBACT UX 3HAYCHHUC.

Puc. 9. I'padmueckas mimocTpanmsi K HAX0KIEHUIO NMPeaeTbHbIX
BEPOSATHOCTEH

3ameuanue 3.3.3. [lomyueHHBIE pe3yibTaTHl MOXXHO BBIBECTH, €CIIH BOC-
I0JIb30BATHCS HE OIPEICIICHHEM, a CHCTeMOo# ypaBHeHwmid (3.3.1):

_/151"‘/‘52 =0
_ﬂﬁz +/151=O
514‘52 =1

PemuB cucreMy, ojiy4yuM T€ K€ pe3yabTaThl.

3.4. IlyaccoHoBCKMii pouecc

[Tycts {X(t)},0 < t < 00 — MapKOBCKHI TPOIECC, MPUHUMAIOIINA HEOTPH-
HaTeabHbIe IeNoYnCieHHbIe 3HadYeHus. O003HauuM X (t) — 4HCIO TOSBICHHUS
coOwITus 3a Bpems t, P(t; t + h) — BepOATHOCTH MOSBIECHUS XOTsI OBI OHOTO CO-

OBITHS Ha MTPOMEXYTKe BpeMeHH [t;t + h]. [Ipenmonoxxum, 9To mpu KaxaoMm t

: P(t,t+h)
CYIIECTBYET mocTosiHHasg A(t) = limy_q — . » KOTOpas Ha3bIBACTCA MHTEH-

CUBHOCTBIO TpoIIecca.

Onpeneaenue 3.4.1. IIpocmetiwium nomoxom coOblmulli HA3bLIBAEMCS Ye-
JIOYUCTIEHHBIN MAPKOBCKULL NPOYECC, YO0BIeMBOPAIOWULL CIEOVIOUWUM YCIOBUIM.:

1) {X(t)} — 0oonopooHublil unu cmayuonapHwvlll npoyecc, mo ecmv e2o npu-
pawenue 3asucum om GeauyuHvl npupauwjenus apeymenma P{X(t+ h) —
X(t) =k} =P{X(h) =k}, Vt,h = 0.

2) {X(t)} — opounapmnwiii npoyecc, mo ecmv cobvimusi 6 NOMOKe CAEOYIOM
CMpPOo2o 00HO 3a OpYy2UM U He NPOUCX00SM emecme
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P{X(t +h) — X(t) = 1} = Ak + 0(h),
P{X(t +h) — X(t) > 1} = 0(h).

3) {X(t)} — npoyecc b6e3 nocredeiicmsuii, mo ecmv CryYaUHbIE BETUHUHB
{X(t),X(ty) — X(t1), ... } He3a6ucumbvl 8 COBOKYNHOCMU.

3ameuanne 3.4.1. OpauHapHbIi npoliecc 0e3 MocieIeHCTBUN Ha3bIBACTCS
yacCOHOBCKHUM TIPOIIECCOM.

W3 cBoiicTBa 2 IOTYyYUM JIBa BOKHBIX CJIEJICTBUS:

a) P{X(t+h) — X(t)=0}=1—-PX(t+h) —-X1t)=1}=1-
Ah + 0(h).

0) P{X(0) =0} =1.

JleiicTBUTENBHO, P{X(t+h)—X(t)=0}=P{X(h)=0}=1—-2Ah+
0(h), eciu h = 0, o P{X(0) = 0} = 1.

Ycnosue 2, 2a, 26 ¢ yueToM yclioBUsl 3 B OOBIYHBIX 0003HAYEHUSX MOKHO
3arMcath B BUJIC:

0,i >k
) an+omk—i=1

Poc(M) =31 _2n 4 0(h),k—i =0
O(h) k — i > 1.

B cooTBeTcTBHM C ycroBreM rpad cOCTOsHUI uMeeT BHI (puc. 8):

Puc. 10. I'pa¢d nmyaccoHoBcKoro npoiecca

CocraBum 1o rpady ypaBaenusi Konmoroposa

( 1= —Apy

at
9
% = —Ap; + Apo

) Opy
— = —Apr + Apr—1

ot
x kak(t) - 1.
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Hauaneueie ycaosus p(0) = (1;0;0;...;0) uMeror Bua, 00YCIOBIEHHBIH
cneacTeueM (0).
Jns pemenus cucreMsl ypaBHeHHd KosimoropoBa paccMOTpuM IPOU3BO-

Ay GyHKIuo @(z,t), |z| < 1.

o(z,t) = EzV® = Z zZkp (), |z| < 1.
k=0

OueBunHO, 9TO @ (Z, t) yIOBIETBOPSET YCIOBUIO YPAaBHCHUS

6g0__
{ - = —Ap +zl¢p

©(z,0) = 2%y (0) + zp;(0) + ... = 1.

[Tomyuum:
@(z,t) = ce~ A=At

9(z,0) =c=1,

At)k
(p(z, t) — e~ (-1t — o1t <1 + Azt + z¥ ( ku) + >,
_At (At)k
k' °
B nmosnyuenHoM Beipaxkenun X (t) = At — cpeiHee YMCII0 MOSBICHUS COObI-

cienoBaTeibHo, pi (t) = e

tust 3a Bpems (0; t).

Takum oOpa3om, mpu KaxaoM t ciaydaitHas BenuuuHa X (t) pacnpenencHa
o 3akony Ilyaccona ¢ mapamerpom At.

3ameuanme 3.4.2. [Ipoyecc [lyaccona ne umeem HU CMAYUOHAPHOSO, HU
npeodenbHO20 pacnpeoenenus, maxk Kaxk
lim;_. pr (t) = P, = 0,Vk, wu,cnenoBaTenbHO, Y. —oDr # 1.

OauH U TOT *e MaTeMaTH4YeCKUH OOBEKT MOKHO MHTEPIPETUPOBATH IO-
pazHoMy. [IyaccoOHOBCKHMIA ITPOLIECC MBI ONPEACIIMIN KaK OPAMHAPHBIN IPOLECC
C HE3aBUCUMBIMH MpupanieHusiMu. Eciu ke 31eMeHThl CKaukoB mpolecca (Iy-
ACCOHOBCKHMH MPOLECC MPUHUMAET TOJBKO LIENbIE 3HAYECHUS U €T0 TPAEKTOPUU —
MOHOTOHHO HEyOBbIBalOUINe CTyMeHYaTble (YHKIUU) OTOXKJIECTBUTh C TOUKAMH
Ha JCHCTBUTENLHOM OCH, TO MOXKHO OyJeT CUMTaTh, UTO ITyaCCOHOBCKHM IpPO-
LIECC — OTO COBOKYITHOCTH CIIyYaHMHBIX TOYEK Ha INPSAMOU WIA MOTOK MOMEHTOB
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HACTYIUICHHsI COOBITUI Ha ocu BpemeHH. [losicHum ckazannoe. [lycTs cuctema
MOJIBEP)KCHa MTHOBEHHBIM H3MEHEHHSIM, KOTOPBIE MOTYT OBITH OOYCIIOBIICHBI
TaKUMU COOBITHSAMH, KaK pacnaa (pu3udeckor 4acTHIbI, Tele(OHHBIH BBHI30B U
np. Bece nu3aMeHeHns moto0HbI IpyT APYTy, U MBI HHTEPECYeMCS TOJIBKO HX 00-
mmM guciiom. Kaknoe Takoe M3MEHEHHe M (PHKCHUPYETCsl Ha BPEMEHHOW OCH,
HAC )K€ HHTEPECYeT CIydaifHOe pacrpeielieHHe TOYCK Ha JCHCTBUTEILHON OCH.

PaccmoTtpum pacripenesieHre MpoOMEKyTKOB MKy MOMEHTaMH COOBITUH B
IyacCOHOBCKOM ITOTOKE C MHTEHCUBHOCTBHIO A > 0. IlycTh T} — cimyuaiinas Be-
JMYMHA, XapaKTepHU3yIolas JUIMHY WHTepBaja BPEMECHH, B TCUCHHE KOTOPOTO
IpoIIecc U3MEHSIET CBOE cocTosiHue ¢ "k — 17 Ha ’k”- oe.

Teopema 3.4.1. Eciu {X(t)} — 00HOpoOHbII nyacconoBCKUll npoyecc ¢ Uh-
MEHCUBHOCMbIO A, MO pacnpeesieHusi RPOMEN’CYMKO8 BPEMEHU T, MeAHCOY MO-
MEHMAMU €20 CKAYKO8 HEe3A8UCUMbBL U UMEIOm 00HO U MOoxce NOKA3amelbHOe
pacnpeoejieHue ¢ hyuKyuell pacnpeoeseHus

1—e ™ t>0

EAO:{ 0,t<0

Jloka3areibCTBO.
F, () =P, <t} =1-P{r, = t},
TaK KaK T =t — t,_1, TO IPU T}, = t HOIYyYUM:
P{t, >t} = P{X(ty_1 +t) — X(t)_1) = 0} = P{X(t) = 0} = e 7.
CraenoBaTteibHO,

1—e ™ t>0

R0 =1-Prze}={1"F 2t

JokazaTenscTBo (3.4.1) 3aKOHYEHO.

He3zaBucuMoCTh CiiydyailHOM BEIWYUHBI T), OT IMOBEJACHHUS ITyaCCOHOBCKOTO
nporiecca {X(t)} na momyocu (0; o) ciaemyeT U3 HE3aBUCUMOCTH TPUpPAIICHUN
X(t) ma menepecekaromuxcsi uHTepBasiax. uddepenupys mo t, Jerko Haxo-
JTUM TUUIOTHOCThH BEPOSITHOCTH:

et >0
pfk(t)z{ 0t<0
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[Tycth ciyuaitHasi BeauuuHa t;, — MOMEHT BPEMEHH, B KOTOPBIH MPOIece
u3 "k — 1” cocTosHUs nepexoauT B “k”- 0e COCTOSTHUE.
Teopema 3.4.2 Eciu {X(t)} — 00HOpoOH®II nyaccoHO8CKUlL npoyecc ¢ UH-
mencueHocmvio A, mo pacnpeoenenust MoMeHmos epemenu t umerom pacnpede-
JleHue Ipnanea

e —At (At)k_l

———t>0
P, (1) =y &1
0,t<0.
Jloka3zaTejibCTBO.
1 2,
Cymma t;, = fnzlo e—Ap L™ MPEJICTABIISIET CYMMAPHOE BPEMS OKUTAHUS

m!

K-oro coObITHsI; OHa UMeeT (PYHKIUIO pacpeaeIcHHs

F ()= Plt, <t}=P{X () >kj=1-P{X(t) <k}= Z e (M) t>0

Juddepenuupys no t, HAXOAUM MIOTHOCTh BEPOSATHOCTH

k-1 B ko2
Frt)=p, ) =e (1 Ay O gl 280, (CDUADTE ST
TR 2 (k—1)!
o ()
(k =1)1°
[losy4erHoe raMma-pacipe/eieHie Ha3bIBatOT PACIIpe/IeiCHHEM DpIlaHra.

= Je

3.5. IIpouecc YMCTOrO POKIAEHUSA

[Ipocreiimmm 0000IIIEHHEM TyaCCOHOBCKOTO IpoIiecca SIBISETCS MPOIIECC
YHUCTOTO POXKIEHHSI, €CIIU JIOIMYCTUTh 3aBUCUMOCTH BEPOSTHOCTH OCYIIECTBIIE-
HUS COOBITUS B JAHHBI MOMEHT OT YHUCJIa COOBITUH, KOTOPBIE YXKE TPOU3OILIH.
Hampumep, BOCIIpOM3BEICHUE KHUBBIX OPraHU3MOB, KOTZIAa MPH COOTBETCTBYIO-
IIUX YCIOBHSIX — M300WJIMU MHIIH, OTCYTCTBUU CMEPTHOCTH, OTCYTCTBUU MHU-
Tpalyy U T.JI., BEPOSATHOCTh POXKICHHS B JAHHBIH MOMEHT MPSMO HPOTOPIIHO-
HallbHA pa3Mepy momyisaiun. OmpenenuM MPOLEcC YHCTOTO POXKICHHUS Kak
MapkoBckuit poriecc {X(t)},t = 0, yA0BIETBOPSIIOIINI ITOCTYIaTaM:

1) P{X(t+h)—X(t)=1/X(t) =k} =Ah+0.(h),h = 0;

2)PIX(t+h)—X1t)=0/X(t) =k} =1—2A,h+0,(h),h = 0;

P{X(t+h)—X(t)<0/X(t)=k} =0,k =0;

4) X(0) = 0 — gucno poxaeHuit B MomeHt t = 0.
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Eciu h > 0 un = 1, To no popmysie moaHON BEpOSITHOCTH, MAPKOBCKOMY
CBOMCTBY H IOCTYJIATy 3 UMEEM:

Pt +h) = D BOPX(E+h) = n/X(6) = k} =
k=0
= Zpk(t)P{X(t +h)—X({t)=n—-k/X(t) =k} =
k=0
= z P (OPX(t+h) — X(£) = n— k/X(t) = k} =
k=0

_ Z e (OPLX(t + ) — X(t) = n— k/X(t) = n}.
k=0

Mpuk =0,1,..,n — 2 nmeem:
P{X(t+h) —X() =n—k/X() =k} <
< P{X(t +h) — X(t) = 2/X(t) = k} = 0,(R) + 0,(h)
uiH
P{X(t+h)—X@t)=n—-k/X(t) =k} <
< P{X(t + h) — X(t) = 2/X(t) = k} = 05(h).
Taxum 06pazom,

Pu(t +h) =pa(O[h = Ah + 02(M)] + Pr2(O[An—1h + 0. (W] +

n-—2
+ ) De(®)03(h)
k=0

500041

Pn (t + h) — Pn (t)
= Pn(O[=2A,h + 02(R)] + pp—1(t)[An—1h + 0, (h) + 0, (D)].
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Henst Ha h 1 nepexons K npeneny npu h — 0, noxydum:

dpo(t)
at

=24opo(t)

dpn(t)
(;lt = _Anpn(t) + An—1Pn-1(t)

¢ HavanbHBIMU ycaoBusiMu Py (0) = 1, p,,(0) = 0, h > 0. IIpoBens moce-
JIOBAaTEJIbHOE U HTETPUPOBAHUE, TTOTYUHM:

Po(t) = Agpo(t),

Ao 3
— —Aot _ ,—A1t
Piv) A — 2o [e e ]

] 1 1
= —Aot _ p—A1t -t _ ,—Ayt
P20 =7, [/12 T e ) (e e )

Mo>kHO BbITIUCATh U 00IIIee peleHre, yoeauBIIuch, 4to py (t) = 0 .

OnHako, eciii A, pacTyT CIMIIKOM OBICTPO TpU pocTe K, MOKeT ciyduTh-
CSL, 9TO D —o Pk (t) < 1.

[Tpr KakWX YCIOBHSIX MPOUCXOTUT OBICTPBIA POCT Aj, TaeT Clieayromas
teopema ([23], cTp. 456).

Teopema 3.5.1 (®eanepa). /s moco, umobvl npu écex 3navenusx t
pewenus py(t) ypasuenuti yucmozo posicoerHus y0o81emeopsiu COOMHO-

wenuto Yy —o Pk (t) =1, Heobxooumo u docmamourno, umoobwi

1
Yi=0 PP

Jloka3areJibCTBO.
1. PaccMOTpUM YacTUYHYIO CyMMY psifa .y —o Pk ()

sp(£) = po(t) + p1 (1) + -+ pn (0)

N3 ypaBHEHUI pa3MHOXKEHUS BBITEKAET, YTO

S,n (t) = _)]'npn (t),
Torpa
t

1—s,(t) = Anj p,(T)dT (3.5.1)
0

Tak kKak Bce WiICHBI CyMMHI S, (t) HEOTPHIATEIBHBI, TO IPU KaKIOM (DHK-
cupoBaHHOM t cymma s, (t) ¢ Bo3pacTanuem N He yobiBaeT. O003HAYMB
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limn—wo(l — Sp (t)) = ,Ll(t) )
HMEEM

A f P (D) = u(D),
0

Y, CJIEI0BATENBHO ,
t 11 1
fo s, (T)dt = u(t) (/1— + -+t ,1_) , TaK KaK [P JIFOOBIX t, N UMeeT
0 1 n

MECTO HepaBeHCTBO S, (t) < 1, T0

1 1 1
tZ,l.l(t) (/1_0-'_ Z+"‘+ /1—)
n

1
Ecnu psaa Y=o ™ PacXoIUTCs, TO U3 TIOCJIEIHETO HEPABEHCTBA BHITEKAET,

uyto u(t) = 0, caemoBaTesbHO,
lim (1 —s,(t)) =0,
n—oo

(=) p=1
k=0

2. O6parno. U3 (3.5.1) scHo, uTO

t
Anj p,(T)dt > 1
0

H, CJICA0BATCIIbHO,

ft()d<(1+1+ +1)
sp(dr < (—+ —+ -+ —).
0 o A An

B npenene npu n — oo nosyvaem:

fo (1 - u()dr < Z:Oi

Ecmm u(t) = 0,Vt, 0 fot(l — 0)dt =t , Tak KaK t mpOU3BOJILHO, TO

w 1
2k=0ﬁ PacXoUTCsl.

3.6. IIpouecc po:xxkaenunsi 1 ruden

OnHO M3 OYEBUAHBIX 00OOIICHUH MPOIIECCOB YHCTOTO POYKACHUS COCTOUT
B TOM, 4TOOBI 103BOJUTH mporieccy {X(t)} kak Bo3pactaTh, Tak U yObIBaTh, Ha-
npuMep, M3-3a THOENH YWICHOB MOMyJAnud. Takum oOpa3oMm, €Clii B MOMEHT
BpeMeHHu t mporecc HaxXOAUTCS B COCTOSHUHU I, OH MOXET 4Yepe3 HEKOTOPBIi
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CIIy4yallHbIH OTPE30K BPEMEHHU IEPEUTH B JIFOOO€ U3 COCEAHUX COCTOSHUMN
(i + 1) wmm (i — 1). Bo3Hukaromue mpu 3ToM "TpoIecchl THOENIU U POXKIe-
HUS" MOTYT pacCMaTpUBaThCs KaK MPOLIECCHI C HEMPEPBIBHBIM BPEMEHEM, CIIy-
KaIue aHaJloraMu CiydaiHbIX OmyxmaHuii. Ctoxactuueckuii rpad mporecca
MIPE/ICTABIICH HA PUCYHKE 9 .

Puc. 11. I'pa¢ MmapkoBCKOro npoiecca, MoJAeJJUPYIONIEro Mpouecc
POXIeHUs U rudeu

Msr npeamnonoxum, uto {X(t)} sBIseTcs MapKOBCKHM IIPOIECCOM C CO-
CTOSIHUAMM I, i1, I3, ... U, YTO €r0 BEPOSATHOCTH Mepexosia p; ; (t) CTalUOHAPHEI.
Kpome Toro npeanonoxum, 4o p; ; (t) ya0BIETBOPSIOT IIOCTYJIATaM:

1) pij+1(h) = 4h+0(h),i = 0;

2) pij—1(h) = ph + 0(h),i = 1;

3) pij(h) =1—( +p)h+0Ch), i =0;
4) pi, (0) = i

5 pup=0,4>0,u;,4,>0,i=1,2,..

PaccyxnenusiMmu, MOJOOHBIMU Te€M, KOTOpbIe OBbUIM MPOBEAECHBI BBIIIE,
MOKHO TIOJIYYHUTh CUCTeMY ypaBHeHHUU KonmoropoBa, ympaBJsIIOIIYIO MPOIEC-
COM TM0€NIH U Pa3MHOKEHUS.

9
%(t) = —Aopo(t) + 1 (t)

(3.6.1)

pakt(t) = —(A+ )i () + e s1Pk41 () + Ag—1Dg—1(6)

Bomnpoc o cyiecTBoBaHUM U €IMHCTBEHHOCTU penieHust cuctemsl (3.6.1.) co-

BceM He npocT. ChopmynupyeM cBoicTBa perieHuit AuddepeHuuaibHbIX ypaB-

<10
HECHUHN .

% TlepBoe OKa3aTENLCTBO TEOPEMBI CYIIECTBOBAHUS W KPUTEPHs €IWHCTBEHHOCTH OBLIO
MPHUBEICHO B paboTe aMepUKaHCKOTO yueHoro Yunbsima @emnepa B 1940 r. [TonpoOHee unra-
TEJTb MOXKET 03HAKOMUTKCS B yueOHHUKE [6].
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Teopema 3.6.1. Eciu A, >0uu, >0 , mo cywecmayem nonodncu-
menbHOe peuwieHue cucmemvl Ou@gepenyuailbHulX YpagHeHUull npoyecca
eubenu u posicoenus, maxoe umo Y prr) < 0 . Eciu kosppuyuenmor oe-

panuvensl (Ui 803pacmarom 00CMAMOYHO MeONeHHO), MO MO peuleHue
eOUHCMBEHHO U YO08IeMBOPsen YCl108UIO Zpk(t) = 0.

MoxHO noka3aTe, 4yTo Ipu t — 0 mpenesbl CymECTBYIOT, HE 3aBUCIT OT
HAYaJIbHOTO COCTOSHMSI | M YJIOBJICTBOPSIOT ypaBHeHUsM Kosmoroposa, rie
IIpaBasi 4acTh PaBHA HYJIIO, T.€.

(—AoDo () + w1 p1(t)
< — A+ )P (8) + A1 Pp—1 () + pge1 Pk 41 (6)

z Pry =1
\ X

KouTposibHbIe BONIPOCHI M 32/1a4M 110 Teme 3

1. Korza MapkoBCKU# TIPOIIeCC HA3bIBAETCS OJHOPOIHBIM?

2. 3anummTe cucTeMy ypaBHeHuil KoiMoropoBa juisi MapKOBCKOTO MpO-
1[ecca ¢ MHOXKECTBOM BO3MOXKHBIX COCTOAHUU. [loueMy 3Ta cucrema sBisieTcs
M30bITOYHOI? B Kakux ciydasx BEpOSITHOCTH COCTOSIHUI ONpPEAEINISIOTCS OJIHO-
3HA4YHO?

3. Becerna nu 3amaya Komm ans cucremsl ypaBHenuit Kommoroposa nveer
HEOTPHULATEIbHOE perieHue?

4. HazoBHTE TpU OCHOBHBIX CBOMCTBA ITyaCCOHOBCKOTO MpoIIiecca.

5. IIpeanonoxuM, 4To MOTOK c6oeB DBM sBiseTcsl IPOCTEHIITMM ¢ MHTEH-
cuBHOCTBIO A. Ecm DBM naer cOoif, TO OH HeMenJeHHO OOHapyXUBaeTCAd U
IIPOU3BOAUTCS PEMOHT, KOTOPBIA JUJINTCS B TEUYEHUE CIIyYaWHOTO BpEMEHHU 1 ¢
pacnpenenenueM E(u). Beraucauth BEpOosITHOCTh TOTO, YTO B MOMEHT BpeMeHH t
OBM Haxoautcs B pabodem cocTosiHuu. PaccmoTperts citydait t — oo.

A

(==
W
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6. I'pad cocTosiHUl cUCTEMBI IPEACTaBICH HA PUCYHKE.

Omnpenenute: a) TUI mpoiiecca; 0) mpeaeabHbIe BEPOITHOCTU COCTOSHUM.

7. Tlpomecc M3MEHEHHsI COCTOSHUN TMPEACTABISIET COOOM OIHOPOIHBIN
MapKOBCKHI TpoIiecc, N300paKeHHBIN Ha pHCyHKe. HalTu mpenenbHbIe Bepo-
ATHOCTU COCTOSIHUW CHCTEMBI.

Onpenenute npeaeabHbIE BEPOSTHOCTH €€ COCTOSHUM.
9. OBM MokeT HaxXOAUThCA B OJHOM M3 CICAYIOITUX COCTOSIHUM: €; — HC-

nmpaBHa, paboTaeT; €, — HEUCIpaBHa (OCTaHOBJICHA) U UAET MOUCK HEUCIIPABHO-
CTH; €3 — HEUCIIPABHOCTh OOHApYXE€HA U UAET PEMOHT; €4 — PEMOHT 3aKOHUYEH U
UJET TOATOTOBKAa K MycKy. M3BecTHO: cpemHee Bpemsi O€30TKa3HOU pabOThI
OBM paBHo 12 yacam; 1 peMOHTa €€ MPUXOJIUTCS OCTAHABIIMBATHCS B CPEIl-
HEM Ha 3 yaca; NOMCK HEHCIPAaBHOCTEN IIUTCs B cpeaHeM 0,6 yaca; moArOTOBKA
K MyCKYy 3aHuMaeTr 2 4aca. OnpenenuTs NpeAesibHbIE BEPOSITHOCTH COCTOSHUMA
paccMaTprUBaeMOM CHCTEMBI.

10. [Ipocreiimmii MOTOK 3asiBOK MHTEHCUBHOCTH A MOCTYMAeT B CHCTEMY
MacCOBOTO OOCITY>)KMBaHHUS, COCTOSIIIYIO U3 2-X MapajljieibHO padOTaroMMX Ka-
HaioB. Bpems oOciyxuBaHus B 1-oM M 2-OM KaHanax UMeEET paclpeeieHue
E(u1) u E(uy). Ilpennonoxum, 4to 00CiIy>KMBaHUE B KaHAJaX MPOUCXOIUT He3a-
BUCHMBIM 00pa30M, 3asiBKa BHIOMpPAETCS AJisi 0OCIYKMBaHUS KaHaja ClIy4ailHbIM
obOpa3om, eciau o0a kKaHajga CBOOOJHBI, HAUTH CTAallHOHAPHBIE BEPOSTHOCTH CO-
CTOSIHUSI TIpoIiecca oOcayKuBaHus. Pacder caenaTs s ciydas hy = o
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11. MapkoBCKuUii TIpoIiecc 3ajaH cxeMoi rudenu-pasMHoxeHus. Iloctpo-

uTh auddepeHIuanbabie, anredpaniyeckue ypaBHEHUS U PELIUTh CUCTEMY all-
v -1 -1
reOpanyecknx ypaBHeHuH mist A = 10 ¢, u=20 c™.

1 2p 2n

12. ITapx aBMalMOHHOTO MPEANPUATUSA COCTOUT U3 N OJHOTHUIIHBIX CaMO-
neToB. Kaxaplil U3 CaMOJIETOB MOXKET HAXOJUThCA B OJTHOM U3 JIBYX COCTOSIHHIA:
€1 — UCIIPaBEH, €, — HEUCNPABEH U HaXoauTca B peMoHTe. [lepexon camoinera u3
COCTOSIHHSA €1 B COCTOSIHHE €, MPOMCXOAUT NOJ JIEHCTBHEM INOTOKA HEUCIPAB-
HOCTEH C MHTEHCUBHOCTHIO A . CpeHee BpeMs peMOHTa HEMCIIPABHOTO caMoJie-
Ta W. . [ToTok pemoHTa TOXe ABIsSIeTCS] MyacCOHOBCKUM. COCTaBUTh U PELINTh
cucrtemy nuddepeHuanbHbIX ypaBHEHUN TUHAMUKHA CPETHUX.

13. Ilycts nana croxacTuueckas cucTeMa, rpad KOTOpou M300pakeH Ha
pucyHke. Beraucnuth npeaeiabHble BEpOITHOCTH COCTOSHUM P1 , P2, P3, Pa 5 €C-
JI1 UHTEHCUBHOCTH TTOTOKOB COOBITHI PaBHBI A15=2; A14=1; Aps=1;. A31=3; Ay1=2,;

7\4322.
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14. Matpunia A B cucteme ypaBHeHuM KoimmoropoBa mmeer clieqyromuii

-2 1 1
BUI A=| 2 -3 1 |. HaliTu cranroHapHoe pachpe/ejeHue BEepOsSTHOCTEH
2 0 -2

COCTOSIHMM JAHHOTO ITpouecca.

15. HekoTopasi 5kOHOMUYECKAsi CUCTEMA MOXET HaXOJUThCS B OJTHOM W3
COCTOSIHUM: €1 , €, , €3 . [Ipu 3TOM cocTOsAHMSA €1 , €, , TPUHOCAT, COOTBETCTBEH-
HO, 2000 u 500 neH. en./cyt. [IpuObuIH, a B COCTOSTHUN €3 3Ta SKOHOMHYECKasI
cucrtema Tepnut 4500 aeH. en./cyT. yObITKOB. IHTEHCMBHOCTH TIEPEXOI0B MEXK-
Iy COCTOSTHUSIMH TakoOBBL: A15=0,5; A2;=0,3; A,3=0,6;. Az=1; A31=0,4; A13=0.
N300pa3utk rpad) SKOHOMUYECKON CUCTEMBI U 3aMUCaTh cUCTEMY TUudpepeHu-
aJbHBIX YPABHECHUU IJI1 BEPOSITHOCTEN COCTOSAHUN. HaliTu npenenbHbIe BEpOsT-
HOCTH JIJIS COCTOSIHUM TaHHOW CHUCTEMBI, BBIYUCIUTD IPOLIEHTHOE COOTHOILICHHE
BPEMEH HAXOXJEHHUSI CUCTEMBI B KaXKJIOM U3 COCTOSIHUM. BBIUMCIUTEL CPEHIO0
CYTOUYHYIO MMPUOBLIH CHCTEMBI.
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Tema 4. 3JIEMEHTBI TEOPUU MACCOBOI'O OBCJIYKUBAHUSA

Teopus MaccoBOro oOCTY>KMBaHHS MpEICTaBIsieT co00iMl o0nacTh Mpu-
KJIAJTHOM MaTEeMaTUKH, UCIIOJIb3YIOIAs METObl TEOPUHU CIYYaHHBIX MPOIECCOB
U TEOPUU BEPOSITHOCTEH ISl MCCIENOBAHUS CIIOKHBIX CUCTEM PA3IUYHON IpPU-
ponbl. [IpeameToM HcciieIOBaHUs TEOPUS MACCOBOTO OOCTYKUBAHUS SIBIISIETCS
camasi HeTIpUATHAs peasibHas cUTyauusi — oxkujnanue. Ouepean HaOIIOIAI0TCS
BCIO/ly — B KOMITBIOTEPHBIX CHUCTEMaX, Ha aBTO3aIPABOYHBIX CTAHIIMSIX, B CYy-
nepMapkeTax, a Takxke Ha Tele(OHHBIX CTaHIUAX. Teopust MaccoBoro oocCiy-
KMBaHHUS GepeT cBoe Hauano ¢ ucciaenosanuii A. K. Dpnanra™. C Tex mop ero
UJEU HAIIM NMPUMEHEHHE B OOJACTH TEJIEKOMMYHHMKAIUMM, TPAHCIIOPTHOW WH-
KEHEPHUH, BBIUMCIUTEIBHOW TEXHUKHU, TEOPHH HAIEKHOCTH, B OOJACTH MPO-
MBIIJIEHHOTO MPOEKTUPOBAHMS, B YACTHOCTH, MPU MPOECKTUPOBAHHH 3aBOJIOB,
CyIIepMapKeToB, O(GHUCOB U OOJBHUL, a TakXe B YyIOpaBICHUM OHU3HEC-
npoekTaMu. MeTo/ibl TEOpUU MAacCOBOT0O OOCITYKMBAaHUS MPUMEHSIOTCS AJisl OIl-
peneneHus U ONTUMHU3ALMU NMOTPEOHOCTEN B MEpCOHANE, TUIAHUPOBAHUN U UH-
BEHTapU3alli, YTO IOMOTraeT YJIy4dlIUTh OO0IIee OOCIyKHBAHUE KIMEHTOB,
CIIOCOOCTBYIOT HPHUHATHIO OOOCHOBAaHHBIX OM3HEC-PEIIEHUI MpU CO3AAHUU U
YIPABJICHUH 3KOHOMUYECKH 3(PPEKTUBHBIMUA CUCTEMAMH.

4.1. OcHOBHBbIC IOHATHA TEOPHH MACCOBOI0 00CTyKUBAHUA

[Ipu pemieHnn MHOTHX MPUKIAIHBIX 3a7a4 MCCIEIOBATENMN CTATIKHUBAIOTCS
C TIPOIIECCaMM, I KOTOPBIX XapakTepHa 00Imas CTPYKTypa: B ONPEACIEHHYIO
COBOKYITHOCTh TTyHKTOB, HAa3bIBAEMYIO CUCMEMOU OOCIYlCUBaHUs, depe3 HEKO-
TOpBIE MPOMEKYTKH BPEMEHH MOCTYIAIOT 00BEKTHI — 8XOOHOU NOMOK, KOTOPHIE
MOJIBEPTalOTCsl TaM COOTBETCTBYIOIIMM oreparusM (00CTy>KUBaHUIO) U 3aTeM
MOKUJAIOT CUCTEMY — BbIXOOHOU NOMOK, OCBOOOXKIAs JIMHUIO JUISI CIIEYIONIUX
o0wvekToB. Ha mpakThke MpOMEXYTKH BpPEMEHH, 4epe3 KOTOpbIEe MOCTYMAoT
OOBEKTHI, BpeMsl UX 0OCITy>)KHBaHUSA UMEIOT CIIy4ailHbIil Xapaktep. Takum oOpa-
30M, Tporiecc (PYHKIMOHUPOBAHUS CHUCTEMBI OOCTY)KUBAHHS TPEACTABISIET CO-
00i1 ciydaitHbIi mpoliecc.

' Arnep Kpapyn Dpuaanr (01.01.1878 — 03.02.1929) — narckuii MareMaTHK, CTATUCTUK W
WHXXEHEP, KOTOPBIN u3BecTeH perieHneM B 1909 rony kiaccuyeckoi mpo0aeMbl ONpeeICHUS
KOJTMYeCTBA KaHaJIoB CBs3u Ha KomeHrareHckoi teneoHHOW CTaHIMU, HEOOXOJAMMBIX JIJIst
obecrneueHnss MUHIMAIILHOTO BPEMEHH OKUJaHMsI 3BOHKA. TeM cambIM DpIlaHT CTall OCHOBO-
MOJIOKHUKOM T€OPHH MacCOBOT'O OOCITYKUBaHUS.
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https://en.wikipedia.org/wiki/Agner_Krarup_Erlang
https://en.wikipedia.org/wiki/Telecommunication
https://en.wikipedia.org/wiki/Industrial_engineering
https://en.wikipedia.org/wiki/Industrial_engineering
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Statistician
https://en.wikipedia.org/wiki/Engineer

Onpenenenue 4.1.1. Cnyyaiinvie npoyeccwl, coedunswwue 8 cebe, no
Kpaiinel mepe, mpu cocmasiaiowue — 6X0OHOU NOMOK, CUCEMY 00CIYHCUBA-
HUsl, 8bIXOOHOU NOMOK, HA3bIBAIOMCS NPOYECCAMU MACCOB020 OOCYHCUBAHUSL.

K mporeccam MaccoBoro o0Cmy>KMBaHHsI MOKHO OTHECTH:

— cea3b (TenedoH, mouTa, Tenerpad);

— mpancnopm (BO3AYIIHBIN, HA3EMHBINA, MOPCKHE TIEPEBO3KH);

— KYIbMypHO-0b61mogvie npeonpusmus (TeaTpbl, HOJUKIMHUKHI, Mara3uHbl );

— npouszsoocmeenuvle npoyeccvl (COOPOUHBIC JTUHUHM, PEMOHT M 00CITYKH-
BaHHE 000PY/I0BaHUS U T.1.).

Omnpenenenue 4.1.2. Ob6vexmol, nocmynarouwue 6 cucmemy 0OCIYHCUBA-
HUsl, HA3bI8AIOMCS 3AA6KAMU UIU MPEOOBAHUAMU.

Bxoonoii nomok 3asBOK pacCMaTpUBAaIOT KakK MOCIEI0BATEIbHOCTD CIYUAli-
HbIX cOObIMULL, CTIETYIOIINX Yepe3 KaKhe-TO MPOMEKYTKH BPEMEHHU.

[IpumepamMu BXOJHBIX ITOTOKOB 3asBOK SIBIITIOTCS: BBI3OBBI Ha CTaHITUU
CKOPOM MOMOIIY; MPUXOJ] MOKYIaTeIel B CyIepMapKeT; BBIXOJl U3 CTPOS IMPH-
0opoB; moTok cooeB OBM u T.1.

3aKoH pacrpe/esieHus BXOJHOTO TMOTOKAa OO0YCIaBIMBAET XapakTep Mpo-
1ecca MacCoOBOTO OOCTYKUBaHUS.

[Ipn MaccoBOM MOCTYIUIEHMH OOBEKTOB B CUCTEME OOCITYKUBAHUS MOTYT
BO3BHHUKHYTB odepent -. CTPyKTypa odepeseil i MOCTYIUICHHE U3 HUX 3asBOK HA
oOCITy’)KHBaHUE OMPECISIFOTCS KaK CBOMCTBAMHU M BO3MOXXHOCTSIMU CHUCTEM 00-
CIIy’KMBaHUS, TAK U YCTAHOBJICHHBIMU MPABHIIAMH TPOXOXKICHHUS 3asBOK uepes
9TH CUCTEMBI (OUCYUnIuUHa ouepeou).

Hampumep, 3asBKM MOTYT BBITIOJIHATHCS B TMOPSKE MOCTYIUIEHU (ormepa-
UM Ha KOHBEHEpe); C MpUOPUTETOM (BHEOYEpPEAHOE IMPaBO MOIYUYCHHs Ouiie-
Ta); B CIy4yalHOM mopsike (0TOOp 00pa3IoB JjIsl CTATUCTUYECKOTO aHAJIN3a); B
MOPSZIKE TIEPBOTO OYEPETHOTO MOCTYIUICHHS TIPU OCBOOOIUBIIIEMCS KaHasle 00-
CIIy’kKMBaHUs (MTPUEM BbI30Ba TEIEPOHHONU CTAHLIUEW) U T.JI.

Ouepenu MOTYT OTPaHUYMBATHLCS 11O JITTUHE, T.€. M0 YUCITY HaXOISIINXCS B
HEel 3asBOK, U 10 BPEMEHU OXUIaHUS OOCITyKMBaHUS. DTH OTPaHUYCHUS O0Y-
CJIOBJICHBI TUOO BO3MOKHOCTSIMU CAMOW CUCTEMBI OOCITYXKUBaHUS (UHCIIO MECT,
00BEM OTepaTUBHOM MaMAITH), THOO TOBEICHHEM 00BEKTOB 00CTyKUBaHUS (OT-

2 SIpkuM IpUMEPOM TPAKTHYECKOTO TIPUMEHEHHS TEOPUH OYepeEIeH cTala CTaThs Mpodecco-
pa Cmaudopackoit mkonsl 6uzHeca JI. BeiiHa 1 coaBT., B KOTOPOIl KOTOpPbIE aBTOPHI UCIIOJNb-
30BajI €€ IS aHaju3a MOTEHIMAJIbHBIX MOCIEICTBUN OMOTeppOpHCTUYECKON aTaku. beiia
CMOJICTMPOBaHa CUCTEMa MAacCOBOTO OOCTY>KHMBaHUs, MMO3BOJISIFOIIAST COKPATUTH BPEMS OKHU-
JTaHHS JIEKAPCTB, YTO YMEHBIINIIO KOJIMYECTBO CMEPTEN, BBI3BAHHBIX TAKON aTaKOM.

58



Ka3 OT OOCIyXMBaHUS H3-32 HEMPUEMIIEMOCTH JJIMHBI OYEepear WM BPEMEHH
OKUJIaHUS B HEU, perjJaMeHTalus Mopsiika OOCTyKUBAHUS U T.1.).

Takum o0pa3oM, OCHOBHBIMU XapaKTEPUCTUKAMH OUYEPEIU SIBISIOTCS 8pe-
M5L OHCUOAHUSL V1 8DEMSL OOCTLYHCUBAHUSL.

Cucrema 00CITyKUBaHHSI COCTOUT U3 OMPEICIEHHOTO Ynciaa 00CTyKUBAIO-
IIUX E€IUHUIl, HA3bIBAEMBIX KAHAIAMU OOCIAYHCUBAHUSL (cepeepbl), U MOTYT
UMETh Pa3IMYHYI0 OpPTaHU3aIUIO:

— C TIOCeI0BaTeNIbHBIMU KaHAJIAMU;

— C MapaJyIeIbHBIMU KaHAJIAMHU:

— C KOMOMHUPOBAHHBIMU KaHAJIAMH.

B xauecTBe kaHaJI0B MOTYT (DPUTYpHpPOBAThH: JIMHUH CBS3H, PA3JIMYHbBIE TTPHU-
OOpBI, JHIIa, BRITOTHIIONINE TE WIJIA WHBIE OMepaIidy 1 T. TI.

B 3aBucuMocTH OT MOCTYIUICHHS 3asBOK M 00pa30BaHUs O4Yepeeil cucreMa
MOJKET 00J1a1aTh CIIOCOOHOCTSIMH K M3MEHEHHUIO CBOEW opraHu3anuu. M3mene-
HUE OpPTaHMU3AIUU CUCTEMbI OOCITYKUBAaHUS BIUSET HA CTPYKTYPY OUEpEIM U Ha
OTHOIIIEHUE K HEH 00BEKTOB OOCITYKUBAHUS.

Hampumep, npu 3aHATOCTH BCEX KaHAJIOB OOCITYXUBaHMUSI, MOCTYIIAIOIINE
3aABKM MOTYT TOJYYUTh OTKA3 (cucmema OOCIYHCUBAHUSL C OMKA30M) WU CTa-
HOBUTCS B OUEPE/Ib (Cucmema 00CIAYyHCUBAHUSL C OUePeOsIMU).

Taxum 06pazom, npedmemom meopuu Macco8020 0OCIYHCUBAHUS SIBISIETCA
YCTaHOBJICHHE 3aBUCUMOCTEH MEKIy XapaKTEpPOM IOTOKA 3asABOK, YHCIOM Ka-
HAJIOB OOCIY)KHBaHUs, MPOU3BOJUTEILHOCTBIO OTIEIHLHOTO KaHaia U 3 dek-
TUBHBIM OOCITY>KHBAHHEM C IIEJIbI0 Hax0XIeHUs d(()EKTUBHBIX TyTEH ympaBiie-
HUS STUMU TIPOLIECCAMH.

3adaua meopuu maccoo2o oo6CYIHCUBAHUSA — YCTAHOBUTH 3aBUCUMOCTD pe-
3yJIBTUPYIOIIUX TMOKa3aTesied paboThl CUCTEMBI MacCCOBOTO OOCITyKHMBaHUs (Be-
POSITHOCTH TOTO, YTO 3asiBKa OyJeT OOCIy)XKeHa; MaTeMaTHYECKOTO OXKHIaHHS
yucaa o0CIy>KEHHBIX 3as8BOK M T.JI.) OT BXOJHBIX IMOKa3aTesiel (KoJudecTBa Ka-
HAJOB B CHUCTEME, IapaMeTPOB BXOSIIETO MOTOKA 3asiBOK W T.1.). Pe3ynbTu-
PYIOIIMMH TOKA3aTESIMU WIIM MHTEPECYIONMMMU HAC XapaKTePUCTUKAMK CHUCTE-
MbI MaccoBoro obcmyxkuanusi (CMO) siBisitoTcss okaszarenu 3G GeKTHBHOCTH
CMO, koTOpbI€ OMUCHIBAIOT CIIOCOOHOCTH JAHHOW CUCTEMBI CIPABJISTHCS C TO-
TOKOM 3asiBOK.
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4.2. Moaeu TeOpHMH MaCCOBOT0 00CTYKUBAHUS.
IIpocTreiimuii NOTOK COOLITHI

Mopnenu Teopuu MaccoBOro 0OCITY>KMBaHUS OMUCHIBAIOT MPOIECCH MAcCO-
BOTO OOCITY»KUBaHHsI — TIPOIECCHI CITPOCca Ha 0OCTY>KUBAaHUE C YICTOM CITydai-
HOTO XapaKTepa MOCTYIICHUS 3asBOK U TIPOI0JDKATEILHOCTH O0CTYKUBAHHUS.

Ha3znauenne mopenell TEOpUM MaccOBOro OOCITYKMBaHHUS COCTOUT B TOM,
4YTOOBI HA OCHOBE MH(OPMAIMU O BXOSIIEM CIy4ailHOM MOTOKE 3asBOK MpE/I-
CKa3aTh BO3MOXKHOCTU CHUCTEMbI 0OCTY>KUBaHUS, OPTraHU30BaTh HAWITYYIlIee BbI-
MOJIHEHHE TPEeOOBaHUM ISl KOHKPETHOM CUTYallMH U OLICHUTh, KaK 3TO OTPa3UT-
Csl HA €€ CTOMMOCTH.

Cucmema maccosoco obcayxcusanus (CMQO) eosznuxaem moeoa, Ko20a
NPOUCXOOUN MACCOBOe NOSIBACHUE 3A5680K (Mpebo8anuil) Ha 0OCAYHCUBAHUE U UX
nocneoyroujee y0osiemsaopeHue.

Ocob6ennocteio CMO sBIsIETCS CydailHBIM XapaKTep UCCIEAYEMbIX sIBJIC-
Huit. [Ipouecc paborer CMO mnpencraBusier coOoM ciy4yalHbIN mporecc ¢ Auc-
KPETHBIMHU COCTOSIHUSIMU U HemnpepbhiBHBIM BpeMeHeM. Coctosaue CMO wmeHs-
€TCsl CKAUKOM B MOMEHTHI TOSIBJICHHS] KAKUX-TO COOBITUM (ITPUXO0J1a HOBOM 3asB-
KW, WM OKOHYAHMS OOCTY>KWBaHMs, HJIM MOMEHTA, KOT/1a 3asBKa, KOTOPO# Ha-
JIOEJIO KJAaTh, TOKUAAECT OUepebh).

Ocnosnvimu snemenmamu CMO SBASIOTCA:

1) BXoAsIIIUi MOTOK 3asBOK (TpeOOBaHMIA) Ha 0OCITY)KHBaHHE;

2) odepeib 3asIBOK Ha 00CTyKMBaHUE;

3) nmpubopkI (KaHaJbI) 00CTY)KUBAHUS;

4) BBIXOJAIINN TIOTOK 00CTYKEHHBIX 3as5BOK.

Ha pucynke 12 npeacrasnena cxema CMO.

e —

o O O o 0000 ~0— |0 00 0

BXonHOH MOTOK Ouepens : Brxonam ui
: IIOTOK
O
OO0cny:KHBaKOIIHE
IpHOOPEL

Puc. 12. O6oo01mennasa cxema CMO
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Jlnst cucteM, OTHOCAIIMXCSL K CUCTEMaM MacCOBOTO OOCIIYKMBaHUsA, CYIIEe-
CTBYET OIPEICIICHHBIA KJIacC 3ajlay, pEelICHUE KOTOPHIX MO3BOJISIET OTBETHUTH,
HaIpUMep, Ha CIIEAYIOIINE BOIIPOCHI:

— C KakoW MHTEHCUBHOCTBIO JOJHKHO TPOXOUTH OOCTY>KUBAaHUE WUITU JTOJI-
YKEH BBITOJHATHCS MPOIIECC MPHU 33IaHHOW MHTEHCUBHOCTH U JIPYTUX MapaMmeT-
pax BXOJSIIEro MOTOKAa TPeOOBaHUM, YTOOBI MUHUMU3UPOBATH OUEPE/Ib WM 3a-
JIEP’KKY B MOJATOTOBKE JOKYMEHTA WM JPYroro Buaa HHGopMauu?

— KakoBa BepOSATHOCTb MOSIBICHUS 3a/IEPKKU WU ouepean?

— CKOJIbKO BpeMEeHHM TpeOOBaHHE HAXOJUTCSA B OYEPENd, U KaKuM 00pazoM
MUHHUMU3UPOBATH €T0 3aJCPKKY?

— KakoBa BepoATHOCTh IOTEpU TpeOOBaHUS (KIUEHTA)?

— KakoBa joipkHa ObITH ONTHMAaibHAas 3arpy3ka OOCIYKHBAIOIIUX KaHa-
70B?

— Ilpu kakux mapamerpax CHUCTEMbI JOCTUTAIOTCd MHUHUMAJbHBIE MOTEPU
npUObLITN?

K sTomy nepeuHio MO>XHO JOOABUTH €111€ LEbIN Psijl 3a1ad.

Cucmema obcnysicusanus cuumaemcsi 3a0aHHOU, eciy N3BECTHBDI:

1) moTok 3asBOK (TpeOOBaHMI1), €T0 XapaKTep;

2) MHOKECTBO OOCITYKUBAIOIIUX KaHAJIOB;

3) nucuMIuinHa 00CTy>KMBaHUS (COBOKYITHOCTD MPABUII, 3a1aI0ITUX IPO-
1ecc 00CTyKUBAHUA).

YacTo 6x00HoU nomok 3as60Kk TPEICTABISETCS B BHUIE Npocmeliue2o no-
moxKa, 00JaaroIIero CBOMCTBOM CTallMOHAPHOCTH, OTCYTCTBHS TOCIIEICTBUS U
opauHapHocTd. HamoMHauMm, 4To 1oa nomokom codovimutl TOHUMAETCS MOCIe 0~
BaTEJIbHOCTh COOBITHH, MPOUCXOMASIINX OJHO 3a APYTUM B KaKHE-TO MOMEHTHI
BpeMeHHU. byjieM paccMaTpuBaTh JUIIb MOTOK OJHOPOJHBIX COOBITUM, T.€. pas-
JUYAIOIINXCS TOJIBKO MOMEHTaMU MOSBICHUS. Takol MOTOK MOKHO U300pa3UuTh
KaK IOCIEA0BATEIBHOCTh TOYeK {1 t) . 1k Ha 4MCIIOBOM OCH, COOTBETCTBYIOIUX
MOMEHTaM TOSIBJICHUSI COOBITHIA.

Onpenenenue 4.2.1. Ilomok cobbimuii Ha3bleaemcs pecyisapHuIM, el CO-
ObIMUsL CIedyiom 0OHO 3a OPY2UM Yepe3 CMpOo20 ONpeOeNeHHble NPOMEN’CYMKU
8pemenl.

TunnunaeM 111 CMO siBiIsseTCs Ciy4aidHbIA MOTOK 3asBOK.

Onpenenenue 4.2.2. [lomox cobbimuii Hazbl8aemcs, CMayUOHAPHLIM, eCilu
8EPOAMHOCMb NONAOAHUSL MO20 UTU UHO20 YUCLA COObIMULL HA YYACOK 8peMe-
HU OIUHOU T 3A6UCUIN MOTILKO OM OJIUHbL YYACMKA U He 3a8UCUM OM MO020, 20e
umenHo Ha epemenHol ocu Ot pacnonooicen amom yyacmox.
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t Puc. 13.

IIpocTreiimmuii MOTOK COOLITHI

Onpenenenue 4.2.3. [lomok cobbimuii Ha3bl8aemcst NOMOKOM be3 nocie-
oelicmeusi, eciu OJisl TI00bIX He NePeKpbl8aloWUuxcsl YUacmKo8 6pemMenu Ty U Tp
YuCcao coobIMULL, NONAOAIOWUX HA OOUH U3 HUX, HE 3A8UCUN OM YUCIA COObIMULL,
nonaoarwux Ha opy2ou.

Omnpenenenue 4.2.4. [lomok cobvimuii Hazvieaemcsi OpOUHAPHBIM, eCau
8EPOAMHOCMb NONAOAHUSL HA BPEMEHHOU UHMepP8al Manou onumenvHocmu At
08yX unu 6onee cobblmuil npeHedpe’CUMO MAlad NO CPABHEHUIO C BePOAMHO-
CMbl0 NONAJAHUSL 00HO20 COOBIMUSL (M.e. 8EPOSIMHOCIb PEaluU3ayul 0MoeIbHO-
20 cobvimus na unmepeane At pasna AAt+o(At), a 08yx u 6onee pasna o(At).

Onpenenenue 4.2.5. Bxoonou nomok cobvimutl, 061a0awuil c80UCMeEa-
MU CMAYUOHAPHOCIU, OPOUHAPHOCMU U eClIU OH He UMeem Nociedelicmsus, Ha-
3b18aemcs NPOCMeEUWUM UTU CIMAYUOHAPHBIM NYACCOHOBCKUM NOMOKOM.

3ameuanne 4.2.1. YCI0BUIO CTAlIMOHAPHOCTH YAOBJIETBOPSIET MOTOK 3asi-
BOK, BEPOSITHOCTHBIEC XapaKTEPUCTUKU KOTOPBIX HE 3aBUCAT OT BpeMeHH. B ua-
CTHOCTH, JUIsl CTAIlMOHAPHOTO TIOTOKA XapakTepHa TMOCTOSHHASA IJIOTHOCTD
(cpemHee YKciio 3asBOK B €/1. BDEMCHH).

IMpumep 4.2.1. IToTok BbI30BOB Ha ropojckoi cranuuu ¢ 12:00 go 13:00
MOKET CUYUTATHCS CTAIIMOHAPHBIM, ITOTOK BBI30BOB JK€ B TCUCHHE CYTOK YXKE HE
MOKET CUUTATHCS CTAIMOHAPHBIM, TaK KaK HOYbIO TUIOTHOCTH HIDKE, YEM JTHEM.

3ameuanne 4.2.2. YCIOBUEM OTCYTCTBUS MOCIEICHCTBUS O3HAYAET, UYTO
3asIBKM MOCTYMAOT B CUCTEMY HE3aBHCHMO JPYT OT JpyTa.

IIpumep 4.2.2. [ToTok naccaxupoB, BXOASAIINX HA CTAHLIUIO METPO, MOXKHO
CUMTATh TIOTOKOM 0€3 TOCIEACHCTBYSA, T. K. IPUYUHBI, OOYCIIOBHBIINE MPHXO.
OTIIETLHOTO TIAaCCAXXUPA B TOT, & HE IPYTOM MOMEHT, KaK MPaBWIIO, HE CBS3aHBI C
aHAJIOTUYHBIMU TIPUYMHAMH JUIS JPYTUX MaccaxupoB. IToTok maccakxupos, 1mo-
KHJIAFOIINX CTAHIIMIO METPO, HE CUMTACTCS MOTOKOM O€3 IMOCICACUCTBUS, T. K.
MOMEHTHI BBIXO/Ia TACCAXUPOB, MPUOBIBIINX OJHUM M TEM XK€ MOE3/I0M, 3aBU-
CHUMBI MEX1y COOOH.

3ameuanue 4.2.3. YcnoBue opMHAPHOCTA O3HAYAET, YTO 3aIBKU MPHUXO-
JIST TIOOJTUHOYKE, a HE TTapaMu, TPOHKaMH U T.J.
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Ipumep 4.2.3. [IoTOK KJIMEHTOB, BXOMSIIUX B CaJOH KPAacOTbI, MOMKET
CUMTAThCSl OPJAMHAPHBIM, YErOo HEJb3sl CKa3aThb O MOTOKE KIMEHTOB, HAmpas-
nsroruxcs B 3AI'C myist peructparuu 6paxa.

PaccmoTprm OCHOBHBIE CBOMCTBA MPOCTEUIIIETO MOTOKA.

Teopema 4.2.1. /luckpemnas cryuaunas eeauyuHa n(w), NPUHUMAIOWAS
snauenus 0, 1, 2, ..., u xapakmepu3syiowas npu npocmeuuiem 6Xx00HOM NOMOKe
YUCTIO 3A5180K, NOCMYNAIOWUX 8 CUCTNEM) OOCTYHCUBAHUS HA BPEMEHHOM UHMeD-
sane onunvl 1, pacnpedenena no 3axouny llyaccona c napamempom At.

CaencrBue 4.2.1. Eciu 6xo0H0t nomok A615emcsi npocmeium, mo cpeo-
Hee YUCI0 3Aas680K, NOCHYNUBUUX 8 CUCEMY OOCIYHCUBAHUS HA BPEMEHHOM UH-
mepesaine onunsl t pasno At, m.e. E n(w)= At.

3ameuanmne. [lapamerp A npencrasiseT co0oil cpeHee YUCIO 3asiBOK, O-
CTYNIaBIIMX B €. BPEMEHH, MOATOMY €r0 HA3bIBAIOT UHMEHCUBHOCHbIO WIH
NJIOMHOCMbIO NPOCMeULUe20 NOMOKA.

CaencrBue 4.2.2. Eciu 6x00HOU NOMOK 3A5680K AGIAEMCA NPOCMEUUUM,
mo oucnepcusi CIVYaUHOU GeluduHvl N(w), Xapakmepuyowas pacceusamue
yucna 3asagox, nocmynasuux 6 CMO na epemennom unmepagane onunwl t, omuo-
CUMeNbHO UX cpeOHe20 3HaveHus, pagua At, m.e. Dn(w)= At.

N3 onpeneneHus mpoCTEUIIET0 MOTOKA IUTEIBHOCTh T BPEMEHHOIO WH-
TepBajga MEXKIY ABYMS TOCICIOBATEIBHO MOCTYMAIOMUME 3asSBKAMH SIBISICTCS
CTy4yallHOU BETMYMHOU T(®).

Teopema 4.2.2. B cnyyae npocmetiuie2o 6Xx00H020 HOMOKA C UHMEHCUBHO-
CMovio A OIUMenbHOCMsb T(w) 8PeMEeHH020 UHMEPBANA MeHCO) 08YMS NOC1e00-
BAMENILHLIMU 3AABKAMU UMeen IKCNOHEHYUANbHOe pacnpedelieHue ¢ napamems-
DPOM A.

CaencrBue 4.2.3. B cnyuae npocmetiuieco nomoka ¢ UHMEHCUBHOCMbIO A
OIUMENbHOCMb T((W) 8PEMEHH020 UHMEPBANA MeHCOY O08YMS NOCMYNAWUMU
3aA68KaAMU ABNAEMCS CAYUAUHOU BEAUYUHOU C NIOMHOCMbIO

(e, T>0
pT(T)_{ 00 T<0
Ex(0) = —

TL® _A
1
DT((D)=A_2

Kpome xapakTepuCTHK BXOIHOTO IMOTOKA 3asBOK, PEXKUM PabOTHI CUCTEMBbI
3aBUCUT OT XapaKTEPUCTUK ITPOU3BOAUTEIIBHOCTH CAMOM CUCTEMBI — YKCJIa Ka-
HAJIOB U OBICTPOACUCTBUS KaKI0T0 KaHana. OIHON U3 BaKHEUIIEH XapaKTepH-
CTUKOU SIBIISIETCS BpeMsl 00CITYy>KHBAHUSI OTHON 3asIBKH T .
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Onpenenenue 4.2.5. Bpems obcnyscusanus unu epems npebwvléanus 0OHOU
3a6KU 8 KAHALe OOCIYHCUBAHUS S8IeMCsl CLYYAUHOU 8eIUYUHOU, pacnpede-
JIEHHOU N0 YKCNOHEHYUANbHOMY 3AKOHY pacnpedesienuss ¢ NiomHOCMbIO pacnpe-
oellenust geposmuocmeli

_ (pe7H >
g(t) = 0 ¢ < o "€ H— MHTCHCHBHOCTH 00CITy)KMBaHUSI.

1
Ilo omp. E9(t) = ; t

OyHKIUS pacnpeereHus: BpeMeHU 00CTy>KUBAaHMs 3asBKU paBHA

t
. _(1—e™, t>0
G(t)—j godr={1 " 1

—00

Ee 3HaueHue paBHO BEPOSTHOCTH TOT'O, YTO K MOMEHTY BpeMeHU | o0ciy-
YKUBAaHHE 3a5BKU OyAET 3aBEpUICHO, T.€. OCBOOOIUTHCS KaHa 00CITYKUBaHUS.

4.3. Knaccudukauusi CHCTEM MAaCCOBOT0 00CIyKUBAHUS

Jlist oGneryeHust mporecca MOACTMPOBAHUS UCTIONB3YIOT KIIACCU(DUKAIINIO
CMO mno pa3nu4HbIM MPU3HAKAM, I KOTOPBIX MPUTOJHBI ONpeeICHHbIC
IpyNIbl METOJOB U MOJIETIEH TEOPUU MAacCOBOTO OOCITY>KMBaHUS, YIPOIIAIOIIHE
noAOOp aJeKBaTHBIX MaTeMaTHYECKUX MOJEJEH K PEIICHUIO 3a/1a4 00CTyKUBa-
Hus. HccnenoBanne CMO 3akimodaeTcsi B HAXOXKICHUU MOKA3aTeleH, XapaKTe-
PHU3YIOLIMX KA4eCTBO U YCJIOBUS pabOThl 0OCTYKUBAIOUIEH CUCTEMBI, U MOKa3a-
TeJeH, OTPaKAIOIINX YKOHOMUYECKUE TTOCIICICTBUSI IPUHATHIX PEIICHUH.

Knaccudukanms CMO omupaeTcss Ha BaKHEHIIIEe MOHSATHEM B aHAIM3E
CMO — nonsiTue COCTOAHUSI cUcTeMbl. COCTOSIHUE €CTh HEKOTOPOE OINKMCAHUE
CUCTEMBbI, HA OCHOBAHHWU KOTOPOTO MOXKHO IPEJCKa3aTh ee Oyayliee MoBeIeHHE.
[Tycte S; — BO3MOXXHOE COCTOSIHME CHUCTEMBI OOCITY)KUBaHHS. 32 OCCKOHEUHO
MaJiblii IpoMexyToK BpeMenn Al cucrema o6cayxuBanus ¢ IPOCTEHIIAM T10-
TOKOM 3asIBOK U IKCITOHEHITUATBHBIM 3aKOHOM PACTIPEIEIICHUS BPEMEHH 00CITy-
YKUBAHUSI OCTACTCS B MPEKHEM COCTOSIHHUH Sj, TUOO MEPEXOIUT B COCTOSHUE Sitg
win Si; ipu i>1, Sy, nipu 1=0. [Ipu 3TOM:

—ecm 1=0,M 10 3ansTO | KaHANOB U oYepeIn HET — MHO20KAHAIbHAS

cucmema o0CIyHCUBaHUs be3 ouepeou,;

—ecou | =mM,M+1 1o 3auaTel Bce M KaHANOB, U B OYEPEIM HAXOAUTCS
(n-m) 3asBoOK;
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— eclii N=M, TO PacCMaTPUBAIOT cUCMEMY OOCLYHCUBAHUS C OMKAZAMU —
dbopMupoBaHUE OYeped HE pa3pelieHo, MOATOMY 3asiBKa, MpUIIEANas B MO-
MEHT, KOT'/la BCE KaHaJIbl 3aHSTHI, IOJy4aeT O0TKA3 U TEPSETCS;

— eca M<N<oco, TO PaCCMATPUBAIOT CUCEM) OOCAYHCUBAHUS C OSPAHUYEH-
HOU OIUHOU oYepeou,;

— €CII N=00, TO PACCMATPUBAIOT CUCINEMY OOCLYHCUBAHUS C OAHCUOAHUEM
0e3 orpaHMYeHUN Ha JUIMHY O4Yepelld — TMOCTYIUBILIAs 3asBKa, 3aCTaB Bce 00-
CIIy’KUBAIOIIUE TPUOOPHI 3aHATHIMU, CTAHOBUTCS B O4Yepelb U JOKUIAETCs 00-
ciykuBaHus. Yucno MecT A OKuJlaHud (JJIMHa ouepenn) He orpanuyeHo. He
OTPaHUYMBACTCS U BPEMS OKUIAHUS.

[Topsimok mocTyruieHus 3asiBOK Ha OOCIY’KMBAHUE HA3bIBACTCSA JHUCLIMILIN-
HOUl oOciyxuBanusi. B CMO ¢ ouepenbto MOTYT OBITh CIIEIYIOIINE BAPUAHTHI
JUCUUIIIIMHBI 00CITYKUBaHUS:

a) B IOpAJIKE MOCTYIUICHHS 3a4BOK (MIEPBBIM MPUIIEIN — IEPBBIM 00CTYKHUJI-
cs1), HaIpUMeEp, Mara3uHsbl, MPEANPUITHS OBITOBOTO OOCITYKUBAHUS |

0) B mopsijKe 0OpaTHOM TMOCTYIUICHUIO, T. €. MOCJEAHIS 3asgBKa 00CITyXu-
BaeTcs MepBoi (MOCIETHUM TPUIIEN — MEPBBIM OOCTYXKUJIICS ), HAIIPUMEpP, BbI-
€MKa 3aroToBOK 13 OyHKepa;

B) B COOTBETCTBUU ¢ npuoputeToM (yuactHruku BOB B nmonukiuHuke);

r) B ciay4daitHoMm nopsizke (B cucteme [IBO oObekTa mpu oTpakeHUU BO3-
JYIIHOTO HaJjieTa MPOTUBHUKA).

[To xonmuecTBy oOCITy)UBarOIKMX MpuOopoB (kanamoB) CMO penstcs Ha
0O0HOKaHabHble (XUMUYUCTKA, MOWKA aBTOMOOWIICH) U MHO2OKaHANbHble (TUIAT-
Has JI0pora ¢ HECKOJIbKUMHU MOJIOCAMHU JIBHXKCHUS).

Crpykrypa CMO 1 XapakTepHCTHKA €€ DIEMEHTOB IIPUBEACHBI HA PUCYHKE
14,

[Tpu ananuze CMO onpenensitoT Tak e YCpeIHEHHbIC TToKa3aTeau 00Ciy-
*UBaHUs. B 3aBUCUMOCTH OT peraeMoil 3aja4yd UMH MOTYT OBITh:

— cpeJiHee KOJMYeCTBO 3asBOK B cucteme (L);

— cpenHee BpeMs nipedsiBanus 3asaBku B CMO (T);

— cpeaHee BpeMsi oxkuianus B ouepenu (Tq);

— cpenHee BpeMs HaxoxJieHus Ha oocimyxxkuBanuu (Ts);

— Cpe/iHee KOJMYECTBO 3asBOK B ouepenu (Lq);

— CpellHee KOJMYECTBO 3asBOK Ha o0ciyxuBanuu (Ls);

BapbeupyembiMu mapaMmeTpaMu OOBIYHO SIBJISIFOTCS CIEAYIOIIME: KOJIUYECT-
BO KaHAJIOB, UX MPOU3BOAUTEIHHOCTD, JUCIUILIIMHA OYEPEIH.
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ITo mepe mocTymmenns

C mpuopHTETOM

Jasern
[IPHHIMAroTCA CrnyuaiiHEm [TopaIEoM
Ilocneguaa - nepeoi
— I - Brmonxoit moTo
OTOK Orepens TMoncuctema
— e PR g e . |—> > > -
> 3a9B0K > oDV HMEBAHMA
. —— OnonHorananeHad
—  CrammoHapHBE — C oTeazaMH
. —— MuorokanansHan
—— HecraumosapHsi — C oxsipaHneM
— OponHApHEIA —— C orpampaenssemn BO Onrodasmas
—  Heopouuapesii — C orpamrgennoit 10 Muorodastas
— OpHoponHaz
. Heopmopoouas

Puc. 14. CTpykKTypa H XapakrepucTuka 3jiemenToB CMO

3Hasi OCHOBBI TEOPHUH CIIyYalHBIX IMPOLIECCOB, MPUHLHUIIBI MOJEIUPOBAHUS
IPOLIECCOB YUCTOTO POXKICHUS, POKIECHUS U TMOEIN, MOXKHO BBHIBECTH MHOXKeE-
CTBO pa3JIMUHbIX Mojeeil ouepeneit. CaMoi MpOCTON MOJIENBIO SIBJISETCS OAHO-
KaHaJIbHAsl CUCTEMA ¢ OTKazaMu. MIMeeTcst OAuH KaHal, Ha KOTOPbI MOCTyHaeT
MOTOK 3asiBOK C MHTEHCUBHOCTBIO A. [IOTOK OOCHyXMBaHMII UMEET HHTECHB-
HOCTh W (puc. 15). CoctostHus paccmatpuBaeMoii CMO npoHyMepoBaHBbI ciie-

TYIOIIMM 00pa3oM: Sg — KaHaT 00CITy)KMBaHUS CBOOOJICH; S;— KaHaJI 3aHSAT.

S

0

S

1

A
>
{—
7

Puc. 15. I'pad onHOKaHAIBHON CHCTEMBI C 0TKAa3aMHU

OmnpenenuM npeneabHble BEPOSITHOCTH CUCTEMBI M MOKa3aTenu ee 3¢ ¢ek-
TUBHOCTH, UCTIOJIb3Yysl ypaBHEeHHsI KonmoropoBa. CocTaBUM CHCTEMY ypaBHEHUI

JUISL CTAallMOHAPHOTO PEKUMa PabOThI
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_lpo"‘ﬂpl =0
—Hp; +Ap, =0
Po + P1 =1

PemuB CUCTCMY, IMOJYYHUM 3HAYCHUS IS ITPCACIIBbHBIX BCpOHTHOCTCﬁ:

Mo A
] p1:
A+ u A+ u

Po =

[IpenenbHbIE BEPOSTHOCTH Py U P; MOKHO BBIPA3UTh YEPE3 CPEAHHUE Bpe-
MeHa oxupanus kaHana (Tq) u obcmyxuBanust onHo# 3asBku (Ts). C aroit me-
7610 B (hOPMYJIBI JUISl IPEACIIBHBIX BEPOATHOCTEH MOJICTABIISIEM 3HAUCHUS

1 1
u=—, A=—. B pe3ynbrare numeem:
T, T,
T T
_ q . — S
Po T, +T, Py T, +T,

[TpenenpHBIC BEPOSTHOCTH BBIPAKAIOT CpeHEE BpeMs MPeObIBaHUS CUCTE-
MBI B COCTOSIHHSX Sp U Sy, T.€. ONPENENSIIOT OTHOCUTENIBHYIO MPOMYCKHYIO CITO-
coOHOCTh Q M BEPOATHOCTDH OTKA3A:
__H __ A
CA+u " A+u’

AOCOTIOTHYIO MPOIMYCKHYIO CIIOCOOHOCTh MOYXKHO HAaMTH, YMHOXHB OTHO-
CUTEJILHYIO MPOITYCKHYIO CITOCOOHOCTh HA MHTEHCUBHOCTh OOCITY)KHBaHUS, T.C.

A:AQ:i?L.

Armnmapar TeoOpuH MaccOBOTO OOCITYKMBAaHUS MOXKET OBbITb MPUMEHUM KO
MHOTHUX peadbHbIM cuTyanusiM. C 1ieiapio MakcuMu3zauu (GUHAHCOBOM ddek-
TUBHOCTH CHUCTEMbl U MUHUMM3ALUM KOJUYECTBA OOCITY>KUBAIOIIMX CEPBEPOB
HEOOXOJIMMO MOJEIMPOBATH HE TOJILKO OJTHOKaHAIbHBIE CHUCTEMBI OOCITY>KUBa-
HUSI, HO 1 MHOTOKaHabHbIe. PaccMoTpuM HEKOTOpbIe OCHOBHBIE Moaenu CMO.

4.4. OnHOKaHAJIbHbIE CUCTEMbI 00CTYKUBAHUS € 0KUTAHUEM
(c orpaHUYEeHHOIT 0UYepeabIo)

[Tycts CMO umeet oauH KaHai oociyxuanusi. Eciau 3asBka noctynusia B
CUCTEMY B MOMEHT 3aHSATOCTU KaHaJla, OHa CTAHOBUTCS B odepelb. Ecim mocTy-
IIMBILIAs 3asBKa 3aCTaJIa 3aHATHIM KaHAJ U BCE M MECT B OUYEPEIH TOXKE 3aHSATHI,
TO 3asiBKa MOKHUJAET cucrteMy HeoOciyxeHHOW. Eciau motok 3asBok B CMO
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MPOCTEUIINN C UHTEHCUBHOCTBIO A M BpeMsl 0OCITy)KMBaHUS OJHON 3asBKU pac-
MpeesieHO M0 MOKa3aTeIbHOMY 3aKOHY C MapaMeTpoM L, TO rpad COCTOSHUN
CUCTEMBI sBJIsIeTCSl rpadoM mporecca rudenu u pazMHoxkenus. ['pad cocrosnuii
TaKOW CUCTEMbI M300paKeH Ha pUCyHKe 16.

) 4

So $ F1 % ™ ™ 8 [ .Y Sun
H “n I )

b

Puc. 16. I'pa¢ cocrosinuii oqnokanaabHoii CMO ¢ orpaHu4eHHOI
ovepenbro

Cocrostnuss CMO npoHyMepOBaHbI CIEIYIONIUM 00pa3oM: Sy — KaHal 00-
CIIy’KMBaHUsI CBOOOJIEH; S;— KaHaJl 3aHAT, HO OYepenu HET; S; — KaHajl 3aHsT,
OJTHA 3asIBKA CTOUT B OUCPENH; ...; Sy+1 — KAHAJ 3aHAT, M 3asIBOK B OUEPEIIH.

O0o3Havas Mmoka3aTellb Harpy3KH CHUCTEMBbI uepe3 p=A/, MOJIy4uM, 4TO B
ATOM CHUCTEME BEPOSITHOCTU COCTOSHUM BBIPAXKAIOTCS YE€PE3 BEPOATHOCTH IMPO-
CTOSL Po 110 hOpMyIaM P1 =Po £, P2 =Po P> --., Pms1 =Po p™ . [losTOMY U3 pa-
BEHCTBA Po+ P1+...+ Pm+1=1 , HAXOTUM

-1 —
P,= A+ p+p"+.. 4 p™) = iTp

B »T0l cucteMe BepOATHOCTh OTKa3a COBIAIAET C YHCIOM
m+1

PomK: pm+1:p pO;
T. €., KOraa O4CpCab 3all0JJHCHA, JOIIOJITHUTCIIbHAA 3asdBKa 0T6paCI>IBaeTC$I.

OTHocHTeNbHAS U a0COJIIOTHAS ITPOITYCKHbIE CIIOCOOHOCTH PaCCUYUTHIBAIOT-
csl o TeM ke (hopMmysiam, 4TO U B cCUCTEME O€3 OUepeIn:
Q=1- P, AFA Q =N (1- P,

CpeiHee uMClI0 3aHATHIX KaHAOB BeiuKcisgercs no gopmyne K =1-p,.

Cpenu ApyTrux XapakTEPUCTUK MPUMEHSIOT CIICTYOIINe:
— cpexHee uncIo 3asBoK B ouepenu (L)

1—pm(m+1—mp)],o2
L =0- 1 e+ (M+1)- =[
q pO + pl+ +( + ) pm+1 (1_pm+2)(1_p)

— CpeIHee YKCIIO 3a9BOK B CUCTEME OOCTYKUBAaHUS L, = L, +k;

— CpeaHee KOJINYECTBO 3asiBOK, HAXOIAIIUXCS B CUCTEME L = Lq +L;
_ L.
— cpeaHee BpeMs OKHUJIaHUs 00CITy )KUBaHUA T¢= -

L
— CpezHee BpeMs HaXO0XKJIEeHHs 3asBKH B 04epenu [ =7q;
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— cpenHee BpeMs MpeObIBaHMs 3aBKU B CUCTEME 00CITYy>KHBaHUS
T= h + L = L .
A A A
3ameuanue 4.4.1. Oopmysbl ISl CTAIMOHAPHOTO PEeKUMa PabOThI CUCTE-
MBI L=AT, L, = AT,, L, = AT, u3BECTHBI KaK (GOPMYJILI OUEpEIH JIurtna®,

3ameuanue 4.4.2. Ecii 4nciio M — oo, TO B Mpeese MOTYyIUM OJHOKA-
HaJIBHYIO CUCTEMY C HEOTpaHMUYEHHOM ouepenbto. Takas cucrema OyneT UMETh
CTaI[MOHAPHBIN PEXKUM TOJBKO B TOM cllydae, Korjga p<l, T.K. MHa4Ye B BhIpaxe-
HUU 151 Po OyIEeT BBIXOJAUTh CYMMa HEOTPAHUYECHHOTO CBEpXY psaga. Eciu p <1,

TO CTAllMOHAPHBIN PEKUM JIJII CUCTEMbI C HEOTPAHUUYECHHOW OYEepeIbI0 CYIIECT-
2

BYET, IPHYEM pm—>0 u pozll_aﬂ_)l_p,a Lq—>1’jp :
P

HOBTOMY OCHOBHBIC I10OKa3aTCJInu OﬂHOKaHaHBHOﬁ CUCTCMbI C HCOI'paHH-
YEHHOU oUuCpCAbIO CBOIATCSA K YHUCJIaM:

pO :1_,01
2
CpeaHCC YMCJI0 3as4ABOK B OUCpCaAn Lq = P )

1-p
CPpCAHCC YHUCJIO 3aHATBIX KaHAJIOB E =pP,

CpEIHEE YHCIIO 3asIBOK B cUCTEME L, = ﬁ ,
cpelHee BpeMs MpeObIBaHUs B cUcTeME T = P
Al-p)
2
CpeIIHee YMCIIO 3asiBOK B ouepenu L, = £ ,
A1-p)

IIpumep 4.4.1. B npueMHO-OTHPABOYHBIA NAPK KEJIE3HONOPOKHON CTaH-
UM TIOCTYIAET MPOCTEUIIHNI MOTOK MOE3JA0B CO CPEAHEH MHTEHCHUBHOCTBHIO 3
coctaBa B 4ac. bpuraga ocMoTpiirkoB o0pabaThIBaeT COCTAaB CO CPEIHEH Mpo-
JOJKUTENBHOCTBIO 15 MuHyT. Onpenenurb CpeHee YHUCIIO COCTaBOB B IApKe,
OKUJIAIOMINX OOCITYKUBaHUS, CpPEIHEEe BpeMs MpeObIBaHMS COCTaBa B TApKe;
CpeaHee BpeMs MPOCTOS B OXKUIAHUNA 00PaOOTKH.

Pemenmue.

Paccmotpum napk kak CMO ¢ olHUM KaHAJIOM OOCTY>KMBaHUsI, C UHTCH-
CHBHOCTBIO 3aBOK A=3(4") M C HHTCHCHBHOCTBIO OOCITYXXKMBAHHUS

Y Brepsoie popmyna L = AT must Bceit cuctemsl Obita omy6mukoBana B 1954 roxy @umumom
M. Mopcowm. ITozauee B 1961 roay J>xon JIuTTa npeayioxkui 10Ka3aTeabCTBO JAHHOTO 3aKO0-
Ha JISI BCEHCUCTEMBI U VIS €€ TTOJICUCTEM.
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1 1 A
=— =—— =44 *Koadduuuesr 3arpy3zgu p=-—-=
TRETri Gun rpy P

HBIW PEKHUM CYIIECTBYET.

U <1, MMO3TOMY CTalLKMOHap-

nlw

2 9/16

CpezHee 4ncio cOCTaBoB, 0XKUAAIOMIMX 00CIyKUBAHUSA | =~

£ = =2,25.
1-p 1-3/4

P _ 3/4
AQ-p) 3@1-3/4)

Cpennee Bpems peObIBaHUS COCTaBa T = =1 (yac). Cpennee

YHUCJIO COCTABOB B Mapke L, = P - 3/4 4 (cocraBa).

1-p 1-3/4

4.5. MHOTrOKaHAJIbHASI CHCTEMA MacCOBOI0 00CTyKMBaHUS 0e3 ouepeau

Besikas CMO npennasHadeHa a1t 0OCITYKUBaHUSI KaKOTO-TO MOTOKA 3as-
BOK, MOCTYNAIONIUX B KAKKE-TO CIydyailHble MOMEHTHI BpeMeHu. O0cTyKuBaHue
3asIBOK MPOJIOJKAETCA KaKOe-TO CIIy4aiiHOe BpeMsi, ITOCJIE€ Yero KaHaja 0CBOOOXK-
JTAETCS M TOTOB K IMpHUEMy cleayromen 3asBku. CiydallHbI xapakTep MOTOKa
3as5BOK M BPEMEH OOCITY)KMBaHUS MPHBOJUT K TOMY, YTO B KaKHE-TO IMEPHOJIBI
BpeMeHHU Ha Bxoje CMO ckarumBaeTcsl U3JIUIIHE OOJIBIIOE YKCIIO 3asBOK (OHH
100 CTaHOBATCS B ouepelp, 100 nokuaator CMO He 00ciTy>)KeHHBIMU); B APY-
rue xe nepuoasl CMO OyzaeTr paboTaTh ¢ HEJAOTPY3KOM WM BOOOIIE MPOCTau-
BaTh. PaccMoTpuM MHOrokaHapHyr0 CMO 6e3 odepenn.

[Tycte CMO uMeeT k KaHallOB, MHTEHCUBHOCTh OOCTY>KUBAHHUS KOTOPBIX
paBHa |1, ¥ IyCTh HHTEHCUBHOCTD 3aBOK IIOCTYMAIOIIUX B CUCTEMY, PaBHa A .

Ecnmm ouepeneit HET, TO TaKyl0 CHCTEMY MOYKHO pacCMaTpUBaTh Kak IPO-
necc rudenu u pasmMHoxkenus. CucreMa S UMeeT CIIeAyIoNe COCTOsTHUS (HyMme-
PyEeM HX IO YHCITY 3asBOK, HAXOAAIIUXCS B CUCTEMeE): So, S1, Sy, ..., Sk, ..., Sp,
rI€ Sy — COCTOSIHHE CHUCTEMBI, KOTda B HEM HAXOIMUTCS K 3asdBOK, T.€. 3aHITO k

kaHa10B. COCTOSIHME TaKOW CUCTEMbI MOXHO MPEACTaBUTh Tpad)oM Ha pUCYHKE
17.

A A Ao A Ao A
Sn B1 ™ 82 T T % [ T Rk
n 2p Ik (kH)  np

Puc.17. T'pa¢ cocrosinmii MHOrokanaiabHoit CMO 6e3 ouepenu

Cucrema ypaBHEHMH il BEPOATHOCTHM CTAllMOHAPHOIO PEKHMa HMEET
BUJI;
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N3 sTOro, ¢ momomplo paBeHCTBA Pot...+ P,=1, HailgeM BepOATHOCTH

2

k
_ L P
P,= 1+ 0+ T ..t k!)

-1

M

Boruucnum po 1 HaiijieM Bce OCTajIbHbIE BEPOSTHOCTH.

JIJisl TaHHOTO THIAa CHUCTEMBI OOCITYKMBaHUS Han0oJiee BAKHBIMH ITOKa3a-
TEJISIMU SIBIISTFOTCS:

BEPOSITHOCTh OTKa3a Py, =Py

OTHOCHTEINbHAS TPOMYCKHAsI CIOCOOHOCTh Q=1—py;
a0COIOTHAsT MPOIyCKHas criocoOHoCTh A=A (1— Py);
CpeJIHEe YMCIIO 3aHATHIX KaHaJoB Kk = p(1-p, ).

Ipumep 4.5.1. Jlucneruepckas ciayxx0a umeeT 5 nuHui cBsi3u. [10TOK BbI-
30BOB NPOCTEHINNIA ¢ MHTEHCUBHOCTBIO A=0,8 BBI30BOB B MuHYyTy. Cpennee
BpEMs IIEPETOBOPOB C TUCIIETYEPOM COCTABISIET 3 MUHYTHI. HaliT abCcoIoTHYIO
U OTHOCUTEJIBHYIO MPOIMYCKHYIO CITOCOOHOCTH JHMCTIETUEPCKON CITyk OBbI; BEpO-
SATHOCTh OTKa3a W CPEJHEE YMCJIO 3aHATHIX KaHaoB. OmpenennuThb, CKOJIBKO Ka-
HaJIOB JOJKHA UMETh CITY>K0a, 4TOObI BEpOSTHOCTh OTKa3a He npesbimana 0,01.

Pemenmue.

VHTeHCHBHOCTh 0OCTykuBanus u=1/3 (mun)’ , mosTomy KodbdUIHEHT

A_08
3arpy3KH CUCTEMBl p=—=——=2/4.
u 1/3
IIpu k=5 BBIUUCIICHUS TAIOT
-1 -1
2 5 5
= PPy = 24 247y 0,004
Po=+p+ 2! ot 5!) (1+2,4+ o ot 5 ) .
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0 p° 79,626
TCHOIA BepOSITHOCTB OTKa3a ps; = ? P, = W

T.e. KaXpIi ABAALATHIN BBI30B MMPUIETCS OTKIOHUTD.

-0,094 = 0,062 .

AbcomoTHas nponyckHas crocoonocts A=A (1- Ps) ~ 0,750, T.e. B cpen-
HEM 3a MUHYTY o0cmykuBaercs 0,75 3asBOK.
OTtHocuTenbHas npoIryckHas crmocooHocTh Q=1-Ps ~0,938.

CpCI[HeC YUCJIO 3aHATBIX KaHAJIOB K=

= [ >

=p(l- ps)z2,251. Tak kak

Po>0,01, TO yncno KkaHaI0B HA/IO YBEJIUYUTD.

Bwvieoo: Pacuerpl mokaspiBatoT, 4to mnpu x=6 P,,,=0,024 u npu x=7
Po,,=0,008. mosTomy, 4TOOBI JOCTUTHYTHh HY>KHOTO YPOBHS, HAaJI0 UMETh HE Me-
Hee 7 KaHaJIOB.

Ipumep 4.5.2. Iucrneiinsiii 3an umeet S5 aucmiees. [loTok moas3oBaTe-
ner npocteimmid. CpelHee YMCI0 MOJIb30BaTeNe, MOCEIAIONIUX JUCTUICHHBIN
3aJ1 3a CyTKH, paBHO 140. Bpems o6paboTku nH(pOpMayu OJJHUM T0JIb30BaTE-
JIEM Ha OJTHOM JUCIUIEE PACIPEAECIICHO 0 MTOKA3aTeIIbHOMY 3aKOHY M COCTaBJIsI-
eT B cpeaHeM 40 munyT. OnpeaennTb, CyIIECTBYET JIU CTAIlMOHAPHBIA PEKUM
paboTHI 3aj1a; BEPOSITHOCTh TOTO, YTO TMOJIb30BATENIb 3aCTAHET BCE AUCILICH 3a-
HATBIMU; CPEIHEE YUCIIO TMOJB30BATENICW B AUCILUIEMHOM 3aJi€; CPEIHEE YHUCIIO
MOJIb30BaTeNIe B OYEpEeaM; CPEIHEE BpPEMsl OKUJIAHHUS CBOOOJHOTO JUCILIES,
cpeaHee BpeMs MpeObIBaHMS T10JI30BATENIS B IUCTUICHHOM 3ajie.

Pemenne.

PaccmatpuBaemas B 3ajaue CMO OTHOCUTCS K KJIaCCy MHOTOKaHaJbHBIX
CHCTEM C OrpaHHYCHHON o4epennio. Uucio kanamoB k=5. Haiigem A — uHTEH-

, 1 24
CUBHOCTH MOTOKA 3a8BOK: A=~ TI€ u= 20" 0,17 (4ac.) —cpenHee BpeMs Me-
Y7,

KOy ABYM: ITOCIICAOBATCIIbBHBIMU 3adBKaMHU BXOAAHIICTO IIOTOKA MOJIb30BaTEIICH.

Tormai = 1 ~ 5,85 moJIb3. /4ac.
017

o 1
Haiinem L MHTEHCHBHOCTH MOTOKA OOCITY>KUBAHUS: ,u:_l_—z5,85 , Te

S

T~40 mun=0,67 4vaca — cpeaHee BpeMsl 0OCITY>KUBAHUS OJHOTO MOJIb30Ba-
TEJIS OJTHAM JTUCILICEM,

1
Torma u=-——~149 (moiab3. /4ac).
Y ( )
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A 585
Boruncinum koaddunment 3arpy3ku CMO p=== Tag~ 393. . U3sect-

u ol
HO, 4TO Jy1si CMO Takoro kijiacca CTallMOHAPHBIN PEXHUM CYIIECTBYET, €CIU
OTHOIIEHUE KOd(PPUuIMEeHTa 3arpy3kd CHUCTEMbl K YHCIy KaHAJIOB MEHBIIE

o 393

eqnHuIbl. HaxoauM 2TO OTHOIIIEHHUE X = E = ? ~0,79<1.

CrnenoBaresibHO, CTAllMOHAPHBIN pekuM cymiecTByet. [IpenensHoe pac-

npe/iesieHne BEPOsITHOCTEH COCTOSIHUI BBIUUCIISIETCS TTO (popMyiam

2 k ) -1
O PO i ) I
izl ko kk 1-=x
i K+
7 =%-pﬂ, ie{l. .k}, Pu, = o Py, Tzl

Kkl
[Mockonbky k=5, nmeem

2 3 4 5 6 -1
P, = 1+£+“G_+“G_+"G_+“G_+“G_. ! =
12l 3l 4 sl 5.5

{1 4 ER S + 15,44 4 60,70 + 238,00 + 9748 4 2684,30 _ 1 }_1
1 2 & 24 120 5.120 1-07%9
=[1+32934+772+1012+ 994 +7.81+29.24]" = [69.76]" =0,014.

Boruucioum Py — BEpOATHOCTH TOTO, YTO MOJIb30BATEIb 3aCTAHET BCE
JIUCIUIen 3aHAThIMU. OYEeBUIHO, OHA PaBHA CyMME BEPOATHOCTEM TaKUX CO-
OBITHI: BCE TUCILICH 3aHSTHI, OUepeau HET (Ps); BCE NUCIUICH 3aHSThI, OJUH
MoJIb30BaTeNlb B ouepenu (Pg); BCE MUCIUICH 3aHSTHI, JBA MOJb30BATENs B
ouepen (p7) u Tak ganee. [locKOIbKY i TIOJHOM TPYIIBI COOBITUN CyMMa
BEPOSTHOCTEH 3TUX COOBITHI paBHA €AUHUIIC, TO CIIPABEIJINBO PABEHCTBO

Pow=pstpetprt...=1 — po—p1—p2— p3—pa.

Haiinem stm BepostHocTu: po=0,014; p,=3,93*0,014; p,=7,72*0,014,
p3=10,12*0,014; p,=9,94*0,014. BerHOCS 32 CKOOKH OOIIMIA MHOKUTEIh, 0~
JTy4UM

P,.=1-0,0148*(1+3,93+7,72+10,12+9,94)=1-0,014*32,71=1-0,46=0,54.
Hcnonb3ys hopMyIbl yisl BRIUMCIEHUS TTOKazaTenel 3 (eKTUBHOCTH, HAHAEM:
CpeaHee YKCIIO MOJIb30BaTesIel B ouepein
o p'p,  (393)°0,914
T k-kI(1-x)?  5-5!(1-0,79)°
CpEIHEE YUCIIO MOJIB30BATENICH B TUCIIJICHHOM 3aJI€
L, =L, +p=195+393~ 588 (110713.);

~1,95 (T1o1B3.);

CpeaHee BpeMs OXKHJIaHHUsI CBOOOIHOTO TUCTLICS
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L 195

=9 _ ~ 0,33 (4ac);
1 585 (ac)
cpenHee BpeMs MpeObIBaHUS MMOJIH30BATENs B AUCILICHHOM 3ajie
L
T, =—= >88 1,01 (9ac).
A 585

OTBeT: cTanMOHAPHBIA PEXUM PaOOTHI AUCTUICHHOTO 3aj1a CYIIECTBYET
U XapaKTepusyercs cleAyrolumu nokasarensmu P, =0,54; L,=1,95 nomus-
3oBarens; Ls=5,88 nonszoBarens; T,=20 muH., Ts~1 yac.

KoHTpoJibHBIE BONPOCHI M 3aa4M 110 Teme 4

1. Kakue nporecchl OTHOCATCA K MPOLEccCaM MacCOBOTO 00CTyKUBaHUs?

2. YKaXWTe MpeaMeT U 3a7a9d TCOPHH MacCOBOTO OOCITY)KHBaHUS.

3. Matite onpenenceHue cuctemMsl MaccoBoro oocmyxkuanus (CMO):

a) C OrpaHUYEHHOM ouepebio, 0) ¢ HEOTPaHUYEHHOU OUepeIbIO.

4. IlepeuncianTe COCTaBHBIE YaCTU CUCTEMbBI MACCOBOTO OOCITYKUBAHUSI.

5. B uém 3axmrouaercs monenupoanrne CMO?

6. Ilepeuucnure kputepun ontumuzanuu CMO.

7. laiiTe onpeaeneHre CUCTEMbl MacCOBOTO 00CITYKUBAHUS:

a) ¢ oTkazamu, 0) ¢ ouepeanto. [lepeuncinre pa3HOBUIHOCTU OYEPEACH B CUC-
TE€Max MaccoBOT'0 OOCITY>KUBaHHUS.

8. OnumuTe 0THOKAHAIBHBIE CUCTEMBI MAaCCOBOT'O OOCITY)KHBAHUSI.

9. OnuimMTe MHOTOKaHAJIbHBIE CUCTEMBI MAaCCOBOT'O OOCITYKMBAHUA.

10. Ilepeuncnute HauboIee Ba)KHBIE MTOKA3aTeNIM MHOTOKAaHAJIBHON CHUCTE-
MBI MacCOBOT'O 00CITyKHBaHUA 0€3 ouepeiu.

11. Tlepeuucnute HanbOosee BaXKHbIE MTOKA3aTeIM MHOTOKaHAIBHOW CUCTE-
MBI MaCCOBOT'0 OOCTY>KMBaHUSI C OTPAHUYEHHON 0Yepe/IbIo.

12. 3anummte GOpPMYIBI I BBIYUCICHUS OCHOBHBIX XapaKTEPUCTHUK O]I-
HOKaHaJIbHOM CUCTEMBbI MaCCOBOTO OOCITYKMBAHUS C OTPAaHUYEHHON OYEPEBIO.

13. B KIMHUHTOBYIO KOMITAHHMIO B CpeHEM mocTynaeT 12 3aka3oB B 4ac.
CunTast IOTOK 3aKa30B MPOCTEUIINM, ONIPEACIUTh: BEPOSTHOCTH TOTO, 4TO 3a 1
MUHYTY HE MOCTYNHUT HU OJHOTO 3aKa3a; 3a 10 MUHYT mOCTynuT He Oosiee Tpex
3aKa30B.

14. Ha npuem B kaOMHET Bpaya MPUXOAUT B CPEIHEM JBa OOJBHBIX B Yac.
Cuutas MOTOK OOJBHBIX MPOCTEUIINM, ONPENETUTh: CPEAHEE YUCIO OOIbHBIX,
NPUXOSIINX K Bpady 3a OJUH paboumii JeHb (8 4acoB); BEpOSTHOCTh TOTO, B
TEYEHUE OJTHOTO Yaca 3auIeT, o KpaiHel Mepe, OJuH OOTBHOM.
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15. IToTok MaluH, CIEeIYIONMX MO TPacce B OJHOM HAINpPaBJIECHUH, MPE-
cTaBisgeT co0OM MpPOCTEHIINK MOTOK ¢ MHTEHCHUBHOCTHIO A. IlyTeriecTBeHHUK
BBIXOJIUT Ha JIOPOTY, YTOOBI OCTAHOBUTH NEPBYIO MOMNABIIYIOCS MAIIUHY, UJY-
IIyl0 B JaHHOM HampaBieHuW. HallTu 3akoH pacripezesieHuss BPEMEHU OXKuia-
Hus T, maTeMatudeckoe oxunanue E(T) u cpeHekBaapaTniyeckoe OTKIOHCHHE
6(T). HaitTu 511 ke XapaKTepUCTUKH B CIIydae PerysipHOTO MOTOKA COOBITUH.

16. TloTox MaiuH, CIEIYIOMIMX MO Tpacce B OJHOM HaNpaBIICHUH, MPE-
CTaBJISET COOOM MPOCTEHUINNI TMOTOK ¢ WHTEHCHBHOCTHIO A=10 (Marmmumn/4ac).
[IyTenecTBEeHHUK BBIXOJAUT Ha AOPOTY, YTOOBI OCTAHOBUTH NEPBYIO MOMABUIYIO-
Csl MallMHY, WIYIIYIO B JAHHOM HampasiieHnd. KakoBa BEpOSITHOCTH TOTO, YTO
eMy IpueTcs KJaaTh Oonblie 15 MUHYT?

17. Cucrema maccoBoro obciyxkuanusi — ATC, koTopas MOxeT obecre-
4YUTh He O0Jiee TpeX MEePEroBOPOB OJHOBPEMEHHO. 3asiBKa-BbI30B, MIOCTYIMBIIAs
B MOMEHT BPEMEHH, KOIa BCE KaHAJbI 3aHATHI, I10JYy4aeT OTKa3 M MOKHUIAET
cucreMy. B cpennem Ha cranmuio nocrynaer 0,8 BBI3OBOB B MUHYTY, CPEHSSA
POJIOJKUTEIBHOCTh Pa3roBopoB 1,5 muH. [{ns cTtanmoHapHoro pexuma pyHk-
nuoHupoBanuss CMO HeoOXO0AMMO OINpPEAENIUTh: BEPOSTHOCTH COCTOSIHUWA CHUC-
TEMbl; aOCOJIIOTHYI0O M OTHOCHUTEJIBHYIO IPOMYCKHYIO CIOCOOHOCTH; BEpOST-
HOCTb OTKa3a; CPEIHEE YNCIIO 3aHATHIX KAHAJIOB.

18. luTeHCHMBHOCTH MOTOKA TeNe(OHHBIX 3BOHKOB B areéHTCTBO IO 3aKa3y
aBUAIIMOHHBIX OWJIETOB, MMEIOIIee OAUH TenedoH, cocTaBisieT 12 BHI30OBOB B
yac. [IpogomkutenbHOCTh OPOPMIICHUST 3aKa3a Ha OWIeT paBHA 5,5 MUHYTHI.
OnpenenuTs OTHOCUTENBbHYIO U a0COMIOTHYIO MPOMYCKHYIO CIIOCOOHOCTh 3TOU
CMO u BeposATHOCTH OTKaza (3aHsATocTH TenedoHa). Ckoiabko TenedoHOB
JIOJDKHO OBITh B areHTCTBE, YTOOBI OTHOCHUTENIbHASI MPOITYCKHAsI CIIOCOOHOCTh
ob11a He MeHee 0,857

19. Cucrema MaccoBoro oOCIy>KUBaHHUsSI — OMJIETHAsI Kacca B KHHOTEATpe C
OJTHUM OKOILIKOM M HEOIpaHMYEeHHOH ouepenbto. Kacca mpojaer OuneTsl Ha /1Ba
bunpMa — 114 B3pOCbIX U IS AeTel. JKenarmux KynuTh OuieT Ha GuiibM AJis
B3pPOCJIBIX, IPUXOAUT B CpeHeM Tpoe 3a 40 MUHYT, Ha PUIIBM AJIs IeTel — IBOE
3a 40 munyt. Ilotok 3putenei npocreimumii. Kaccup B cpenHem oOCIyKUBaeT
Tpex 3puteneit 3a 15 munyT. BpeMs oOcnyxkuBaHus — moka3areiabHoe. Boruuc-
JUTh CpPeHEE YMCIIO 3asBOK B CUCTEME U B OUYEpEIH, CpeHee BpeMs MpeObiBa-
HUS 3aBKH B CHCTEME, CpeHee BpeMsi IpeObIBaHMsI 3asIBKU B OUEPE/IH.

20. ITynkr 3aka30B PocrenekoMm mmeeT yeThipe TenedoHHBIX anmapara. B
CpeaHeM 3a CyTKHM noctynaer 120 3asgBOK Ha yCTaHOBKY TOYKM WHTEpHETA.
Cpennsisi JIMTENIBHOCTh MEPErOBOPOB OOCYXJIeHUs TpeOyeMbiX pador 15 mu-
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HyT. JlinHa odepean He AOJKHA MpeBblaTh 3 a00oHEeHTOB. IIOTOKM 3asBOK U
oOciy>KuBaHUil — mpocreimue. OnpenenuTb XapakKTEPUCTUKU 00CITyKHUBaHUS
MYHKTA 3a5BOK B CTAI[MOHAPHOM PEKUME (BEpOSTHOCTh IIPOCTOSI KAaHAJIOB, BEPO-
ATHOCTh OTKa3a, BEPOATHOCTb OOCIYKMBaHUSA, CPEAHEE YMCIO 3aHATHIX KaHa-
JIOB, CPEJIHEE YMCJIIO 3asBOK B OUEPEU, CPETHEE YMCIIO 3a8BOK B CHCTEME, a0CO-
JIOTHYIO TPOIYCKHYIO CIIOCOOHOCTb, OTHOCHTEIBHYIO MPOIYCKHYIO CIIOCO0-
HOCTh, CpEJIHEE BpeMs 3asiBKU B OYepe]H, CpellHee BpeMs 3asiBKH B CHCTEME,
cpeliHee BpeMs 3asiBKH M0J1 00CTy>KUBAHUEM ).
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